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Preface 


The aim of this monograph is to give a unified account of the classical 
topics in fixed point theory that lie on the border-line of topology and non- 
linear functional analysis, emphasizing developments related to the Leray- 
Schauder theory. Using for the most part geometric methods, our study cen- 
ters around formulating those general principles of the theory that provide 
the foundation for many of the modern results in diverse areas of mathe- 
matics. 

The main text is self-contained for readers with a modest knowledge 
of topology and functional analysis; the necessary background material is 
collected in an appendix, or developed as needed. Only the last chapter pre- 
supposes some familiarity with more advanced parts of algebraic topology. 

The “Miscellaneous Results and Examples”, given in the form of exer- 
cises, form an integral part of the book and describe further applications and 
extensions of the theory. Most of these additional results can be established 
by the methods developed in the book, and no proof in the main text relies 
on any of them; more demanding problems are marked by an asterisk. The 
“Notes and Comments” at the end of paragraphs contain references to the 
literature and give some further information about the results in the text. 

This monograph evolved from Fized Point Theory, Vol. I, published in 
the Monografie Matematyczne series in 1982. An outline of the entire treatise 
was conceived by the authors in 1978; in spite of its appearance many years 
later than expected, the content follows the original plan. 

The following is a brief note about the life and work of my close friend 
Jim Dugundji (1919-1985). Jim Dugundji received his B.A. degree from New 
York University in 1940 and, for the next two years, studied at the University 
of North Carolina. After serving in the US Air Force from 1942 to 1946 he 
enrolled at the Massachussetts Institute of Technology, where he earned his 
Ph.D. in 1948 under Witold Hurewicz. Since 1948, Jim Dugundji taught 
at the University of Southern California in Los Angeles, where he became a 
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full professor in 1958. For many years he served as one of the editors of the 
Pacific Journal of Mathematics and of Topology and its Applications. 

While Dugundji’s mathematical work lay mainly in the field of topology, 
he also contributed to dynamical systems and functional analysis, and to 
problems in applied mathematics (electrical engineering, geology, and theo- 
retical chemistry). Among his books are Topology (Allyn and Bacon, 1965) 
and Perspectives in Theoretical Stereochemistry (Springer, 1984), the latter 
written with I. Ugi, R. Kopp and D. Marquarding. 

Jim Dugundji’s mathematical publications are marked by their lucidity 
and frequently by the decisiveness of his results. His work was, in fact, in 
many ways an expression of his character. Although he was self-effacing and 
lacking in any wish for self-advancement, he was totally independent and 
would not tolerate anything which he considered second best. He spent his 
life for science’s sake, aware of the sacrifice and dedication this requires. 
and what he asked from himself—which was quite a lot—he expected from 
others. Man of high integrity and moral strength, he had a great sensitivity. 
and all who were close to him could testify to his caring concern. 

I wish to express my gratitude to our many friends and collaborators who 
so gencrously assisted us during the long years of preparation of this book. 
Most important, without the help and encouragement of Merope Dugundji 
and my wife Monique, it would not have been possible for us to conceive this 
project nor for me to bring it to its completion. First and foremost my thanks 
go to Cezary Bowszyc, who read and commented upon the entire manuscript: 
his detailed and constructive criticism has led to many improvements and 
has been of a very great help. Alberto Abbondandolo, Robert Burckel. Haim 
Brézis, Ed Fadell, Marlene Frigon, Kazimierz Geba, Tadeusz Iwaniec, Marc 
Lassonde. Isaac Namioka, and Gencho Skordev offered valuable suggestions 
in various stages of the writing, all of which are sincerely appreciated. Special 
thanks go to Jerzy Trzeciak for his excellent editorial job; to Anna Rudnik 
for her considerable help with the typesetting; and to the staff of Springer- 
Verlag for their most efficient handling of publication matters. 

I thank also the Killam Foundation and the National Research Council 
of Canada for providing support for my research projects on various topics, 
which are now summarized in this book. 

Finally, I would like to express my gratitude to Albrecht Dold, Ky Fan 
and Louis Nirenberg for their encouragement and inspiration over the years. 


Montreal and Olsztyn, September 2002 Andrzej Granas 
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80. Introduction 


In this introduction we take a brief general look at the subject and discuss 
some simple notions and techniques of fixed point theory. It is hoped that 
this discussion will help the reader to grasp some of the ideas and results of 
the theory, before entering the detailed and systematic study needed for a 
deeper understanding. 

Throughout the book, by space we understand a (Hausdorff) topological 
space. Unless specifically stated otherwise, a map is a continuous transforma- 
tion; however, we do occasionally add the word “continuous” for emphasis. 


1. Fixed Point Spaces 
We begin with a basic 


(1.1) DEFINITION. Let X be any space and f a map of X, or of a subset 
of X, into X. A point x € X is called a fized point for f if x = f(z). 
The set of all fixed points of f is denoted by Fix(f). 


In this definition one recognizes the form typical of existence theorems in 
analysis. For example, finding a solution of the equation P(z) = 0, where 
P is a complex polynomial, is equivalent to searching for a fixed point of 
the selfmap z +» z— P(z) of C. More generally, if D is any operator 
acting on a subset of a linear space, then showing that the equation Du = 0 
(respectively u — Du = 0) has a solution is equivalent to showing that the 
map u+> u—Du (respectively u++ Du) has a fixed point. Thus, conditions 
on an operator, or on its domain of definition, that guarantee the existence 
of a fixed point can be reinterpreted as existence theorems in analysis and 
therefore have considerable interest. 

For a given space X and map f : X — X, the existence of a fixed point 
for f may be due entirely to the nature of the space X itself, rather than to 
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any special feature that the map f has. This is formalized in 


(1.2) DEFINITION. A space X is called a fixed point space provided every 
map f :.V — X has a fixed point. 


EXAMPLES. (i) Any bounded closed interval J = (a, b] C R is a fixed point 
space. Indeed, given f : J — J. we have a — f(a) < 0 and b — f(b) = 0; the 
intermediate value theorem ensures that the equation . — f(r) = 0 has a 
solution in J, and therefore f has a fixed point. 

(ii) The real line R is not a fixed point space. since the translation 
rra+1 has no fixed point. 


In general, it is difficult to decide whether or not a given space is a 
fixed point space; such results usually have many interesting topological 
consequences. An example is the Brouwer fixed point theorem, which asserts 
that: Every compact conver set in R” is a fixed point space. 

The property of being a fixed point space is topologically invariant: for 
if Y is a fixed point space and h : X — ¥ a homeomorphism, then for 
any 9g: Y — Y the map h~!ogoh: X — X has a fixed point 2x9, so 
go h(xo) = h(xo) and h(:x9) is a fixed point for g. 


EXAMPLE. The graph of any continuous f : [a.b] — R, for example. the 
graph of 
rsin(1/r), 0<2<1, 


ia) = { 0 r=Q0, 


being homeomorphic to [a,b]. is a fixed point space. 


If X is not a fixed point space, it may still be true that every map having 
some well-defined general property will have a fixed point. To forinalize this 
notion, we enlarge the scope of Definition (1.2): 


(1.3) DEFINITION. Let X be a space and M a class of maps f : YY — X. 
If each f € M has a fixed point, then Y is called a fixed point space 
relative to M. 


For example, the Banach contraction principle asserts that: Every complete 
metric space is a fized point space for contractive maps. 

The notion introduced is particularly important when M is taken as the 
class of compact maps, i.e., those maps f : 1 — X such that the closure 
f(X) of f(-X) is compact; maps of this type arise naturally in many problems 
of nonlinear analysis. 


EXAMPLES. (i) We have seen that R is not a fixed point space. However. R 
is, in fact. a fixed point space relative to the class of compact maps. For let 
f:R—-— Rbe compact; then f(#) is contained in some finite interval [a, b}; 
in particular, f maps [a,b] into itself, so has a fixed point. 
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(ii) The Schauder fixed point theorem, which has numerous applications 
in analysis, asserts that: Every convex set in a normed linear space is a fixed 
point space for compact maps. 

Because the continuous image of a compact set is compact, the same 
argument as before shows that being a fixed point space relative to the class 
of compact maps is a topologically invariant property. Thus, for example, 
any open (a,b) C R, as well as the graph of sin(1/z), 0 < x < 1, is a fixed 
point space for compact maps. 


2. Forming New Fixed Point Spaces From Old 


In general, a subspace of a fixed point space need not be a fixed point space: 
for example, {a,b} C [a, b] does not have the fixed point property. However, 
certain subspaces do, in fact, always inherit this property. To describe these 
subspaces, we need 


(2.1) DEFINITION. A subset A C X is called a retract of X if there is a 
continuous r: X — A such that r(a) = a for each a € A; the map r 
is then called a retraction of X onto A. 


We note that a retract of a Hausdorff space is necessarily closed, since A = 
{a | r(x) = id(z)}. 

For example, if E is a normed space and K, = {x € E | ||z|| < eo} is the 
closed ball in & with center 0 and radius og, then r: FE — K, given by 


y for |lyl| < 2, 
* r(y) = 
“) = {Po/tull tr bal > 
defines a retraction (called the standard retraction) of E onto Ko. 
The importance of this concept in fixed point theory stems from 


(2.2) THEOREM. If X is a fixed point space (respectively a fixed point space 
for compact maps), so also is every retract of X. 


PRoor. Let r: X — A be the retraction, andi: A — X be the inclusion; we 
have roz = id,. Consider any f : A > A; thenio for: X — X has a fixed 
point, ro. From x9 = i0 f or(zo) follows r(zp) = roio f or(zo) = f[r(zo)] 
and r(zo) is a fixed point for f. The proof of the second part of the theorem 
is similar. C) 


On the other hand, if X has a retract that is a fixed point space, it does 
not follow that X itself is one, since any one-point subspace {a} is a retract 
of any space. 

We further illustrate the retraction technique by deriving from the Schau- 
der fixed point theorem two basic results that have many consequences and 
applications. 
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(2.3) THEOREM (Nonlinear alternative). Let E be a normed linear space 
and IX, the closed ball in FE with center 0 and radius 9. Then each 
compact map F : Ky — FE has at least one of the following two 
propertics: 

(a) F has a fixed point, 
(b) there exist r € ON, and » € (0.1) such that x = AF (z). 


Proor. Let r : E — A, be the standard retraction. By the Schauder 
theorem the compact composite ro F.: Ky, — Kg has a fixed point x = 
rF (xr). If F(x) isin Wp, then « = rF(r) = F(z), so F has a fixed point; if 
F(x) does not belong to A’g, then by (*), z = rF(z) = eF(zr)/||F (2). so 
v € OW,, and taking 4 = e/||F(x)|| < 1 completes the proof. O 


As an obvious immediate consequence of (2.3) we obtain: 


(2.4) THEOREM (Leray-Schauder alternative). Let F : E — E be a com- 
pletely continuous operator (2.e., a map that restricted to any bounded 
set in E is compact). Let 


E(F)={reE|r= AF (zr) for some0<r< 1}. 


Then. either the set E(F) is unbounded, or F has at least one fixed 
point. C) 


To conclude we briefly mention one other way of forming new fixed point 
spaces. For Cartesian products, the result depends on the number of factors. 
The Cartesian product of two compact fixed point spaces need not be a fixed 
point space: however, an infinite Cartesian product of compact fixed point 
spaces will be a fixed point space if and only if every finite product of those 
spaces is a fixed point space. Thus, by Brouwer's theorem, the Hilbert cube 
I™, and in fact any Tychonoff cube I*, are fixed point spaces. 


3. Topological Transversality 


Sometimes, a map f of Y, or of asubset X of Y, into Y will have a fixed point 
because of its behavior on some particular subset. Indeed, many existence 
theorems of analysis are of this type. For example, consider an open set U 
in a normed linear space E and an operator D: U > E such that Du # 0) 
on OU; does the equation Du = 0 have a solution in U? In terms of maps, 
we are given a map f(u) = u— Du that is fixed point free on OU. and seek 
to determine, from its behavior on OU, whether or not it has a fixed point 
in U. 

Putting this now in a more abstract setting, we shall confine our attention 
to compact maps. Let Y be an arbitrary space; by a pair (X,A) in Y is 
meant a closed subset X of Y and an A C X closed in X. By Ha( X,Y) 


§0. Introduction 3) 


we denote the set of all compact maps f : X — Y such that the restriction 
flA: A—-Y is fixed point free. 


(3.1) DEFINITION. Let (X,A) be a pair in Y A map g € -#4(X.¥) is 
called essential if every g* € #4(X,Y) such that g*|A = g|A hasa 
fixed point. A map that is not essential is called inessential. 


In geometric terms, a compact map g : X — Y is essential if the graph 
of g|A does not meet the diagonal A C X x Y. but the graph of every 
compact g* : X — Y that coincides with g on A must cross (i.e. traverse) 
the diagonal. 


EXAMPLES. (i) Let X = [a,b] CR=Y and A= [a,b]. Amapg:X -R 
is essential if and only if [a — g(a)|[b — g(b)] < 0. 

(ii) Let Y be a fixed point space for compact maps. U an open subset 
of Y, and (U,OU) the pair consisting of the closure of U in ¥ and the 
boundary of U in Y. Then for any uo € U, the constant map g|U = up is 
essential. Indeed, let g* : U + Y be a compact extension of the map g|OU 
over U. To show that g” has a fixed point, we extend g* to a compact map 
g:Y —Y by setting g|/(Y — U) = uo. By assumption, 9 must have a fixed 
point; and since no point in Y — U is fixed, that point + = 9(.) must be 
in U, and hence x = g*(z). 


The concept of an essential map is closely related to the notion of a 
continuous deformation. To formulate this in a precise way, we need the 
notion of homotopy. 

Let (X,A) be a pair in Y. By a homotopy is meant a parametrized 
family {h, : X — Y} of maps indexed by t € I = (0,1) such that the 
map h: X x I -Y given by h(z,t) = h(x) is continuous. We say that a 
homotopy h, : X — Y is compact if the map h: X x I — Y is compact; 
a compact homotopy h; : X — Y is said to be admissible (for the pair 
(X,A)) if it is fixed point free on A C X, ie., if for each ¢ € I, the map 
hy|A: A — Y has no fixed point. 


(3.2) DEFINITION. Two maps f,g € #4(X,Y) are called admissibly ho- 
motopic, written f ~ g in #4(X,1), if there is an admissible com- 
pact homotopy h; : X — Y (0 < ¢ < 1) such that ho = f and 
h, = g. Clearly, the relation “~” of admissible homotopy divides the 
set #,(X, Y) into disjoint equivalence classes. 


(3.3) THEOREM. Let Y be a completely regular space, (X,A) a pair in. 
and let f,g € #a(X,Y) be admissibly homotopic. If the map g is 
essential, then Fix(f) # @. 
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PROOF. Suppose Fix(f) = @. Let h: X x I — Y be an admissible compact 
homotopy such that h(x,0) = f(x) and h(x, 1) = g(x) for all x € X. 

Let B = {r € X | x = h(z,t) forsome t € I}. There is no loss of 
generality in assuming that B is nonempty; then B is a closed subset of the 
compact set hCY x I). so it is compact in X. Clearly, AN B = 0, because 
h is admissible; consequently, because X is completely regular, there is an 
Urysohn function 4: X — I with AJA = 0 and A|B = 1. 

Define g*(r) = A(r.1 — A(x)) for  € X. Clearly, g*|A = glA and 
g* is compact: since g is essential, g* has a fixed point; but if g*(z) = 
h(xv,1—A(r)) = 2, then xr € B so X(r) = 1 and zg = h(z,0) = f(x), which 
coutradicts the assumption that Fix(f) = @. () 


We can now formulate a general result of the Leray- Schauder type: 


(3.4) THEOREM (Leray-Schauder principle). Let Y be a completely regular 
fited point space for compact maps, U open in Y, and (U,OU) the 
pair consisting of the closure of U in Y and the boundary of U inY. 
Let {hy : U — Y} be an admissible compact homotopy such that 
ho = f and h, = g, where g is the constant map sending U to a point 
uo € U. Then f has a fized point in U 


PROOF. Because {h;} is admissible, f has a fixed point by Theorem (3.3) 
and Example (ii). O 


We remark that Theorem (2.3) follows at once from (3.4). 


4. Factorization Technique 


In this section we describe the factorization technique, which can be used 
to establish that a given space is a fixed point space. First we indicate some 
special properties of individual maps that will ensure the existence of fixed 
points. 

The following simple general result is of importance: 


(4.1) LemMMaA. Leta: K — X and B: X — K be two maps. Then 
f =Ba:K —K has a fized point if and only if F = ap: X — X 
has a fized point. In other words, given the commutative diagrams 


< xX 
Zh~ vt 
x—">k K—*>Xx 
we have: Fix(f) 4 @ = Fix(F) # 0. 


PROOF. From 9 = Ba(Zo) it follows that a(rn) = aBla(xp)). O 
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For a subset A of a fixed point space K that is not a retract of that 
space, this leads to the conclusion that a map f : A — A will have a fixed 
point simply if it is extendable to a map f* : A — A. We recall that given 
AC X,amap f:A- is extendable over X if there is an f* : X ~ Y 
with f*|A = f. 


(4.2) PROPOSITION. Let K be a fixed point spaceand AC K.Iff: Aa A 
is extendable to f*: AK — A, then f has a fixed point. 


PROOF. Letting 2: A — X be the inclusion, we have f = f*i; since if* = f* 
has a fixed point, so also does f. C) 


More generally, if A’ is not a fixed point space, the existence of a fixed 
point for f : K — K can sometimes be determined by factorization of the 
map: 


(4.3) LEMMA. Suppose that a map f : K — K factors through a fixed 
point space X, i.e., there are maps a and 2 making the diagram 


Ky 
xk 
commutative. Then f has a fized point. 


PROOF. This is an obvious consequence of (4.1). 0 


(4.4) THEOREM. Let (K,d) be a compact metric space. Assume that for 
each n = 1,2,..., there is a fized point space Z, and maps apn : 
K = Z,, and Bn : Z, — K such that d(z, Bnan(x)) < 1/n for all z. 
Then K is a fixed point space. 


Proor. Let f : K — K be given. For each n, there is a 2, € Zn, with 
On f Br(2n) = 2n; letting Zn = Br2n we find that B,an f(r) = Xn and. by our 
hypothesis, d(f(%n),2n) < 1/n. We can assume rz, — 2p; then fry — Zo: 
but by continuity of f also fz, — fzo, so that fzo = rp and f has a fixed 
point. O 


EXAMPLES. (i) Consider the space Z = {(x,y) | y =sin(1/r), O0< xr < 1} 
U {(0.y) | -1 < y < 1}. By projecting Z onto the portion of the sine curve 
on the intervals 1/n < x < 1, application of (4.4) shows that Z is a fixed 
point space. 

(ii) Consider the Hibert cube 


I® = {x =(r).29....) 1 4r,' < 1/2! for all i} 
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and its subspaces I”, where 
I ={r = {r;} EeF* | x, = 0 for all i > n+ 1}. 
Projecting I~ onto the subspaces I” and using the Brouwer fixed point 


theorem, one finds that I~ is a fixed point space. A similar technique can 
be used for the proof of the Schauder fixed point theorem. 


The factorization method is very effective whenever X las a sufficient 
structure. To illustrate this, recall that X is an absolute retract, written xX 
is an AR, if V is metrizable and given any metric space Y and B= BCY, 
any fy: B — X extends over Y toa map f:Y — X. 

(4.5) THEOREM. Let A’ be a compact metric space. and let f: K — K be 


F , i . 
a map. Assume that f can be factored as i)’  X —> K. where X 
isan AR. Then f has a fixed point. 


PROOF. Consider the diagram 


I~ J ik 
| s 
y kK 


in which I* is the Hilbert cube and s : A — A is a homeomorphism of 
K onto Wh C I™ with inverse s~! : K — KY. Since X is an AR, there is an 
extension y : I~ — X of the map as~!: K — X over I*,ie., yj =as7}, 


where j: Kk — I™ is the inclusion. Consider now the composite 
Ro ee 
We have (,3,7)(js) = 8[yj]s = Blas—"]s = Ba = f Thus. f factors through 
the Hilbert cube I* and consequently has a fixed point. O 
As an immediate consequence, we have 


(4.6) THEOREM. Let X be an AR, and let f :X — X be a compact map. 
Then f has a fixed point. oO 


Because every convex sct in a normed linear space is an AR. the last result 
is a generalization of the Schauder fixed point theorem. 


Elementary Fixed 
Point ‘Theorems 


In this chapter we provide an introduction to those topics of fixed point 
theory that for the most part involve only the notions of completeness, order, 
and convexity. In spite of their elementary character, the results given here 
have a number of significant applications. Some of these are presented at 
the end of the chapter. 


§1. Results Based on Completeness 


The fixed point theorems presented in this paragraph are all related to the 
Banach contraction principle, which asserts that every complete metric space 
is a fixed point space for the class of contractive mappings. 


1. Banach Contraction Principle 


The Banach contraction principle is the simplest and one of the most ver- 
satile elementary results in fixed point theory. Being based on an iteration 
process, it can be implemented on a computer to find the fixed point of a 
contractive map: it produces approximations of any required accuracy, and 
moreover, even the number of iterations needed to get a specified accuracy 
can be determined. 

A map F': (X,d) — (Y, @) of metric spaces that satisfies o(F (x), F(z)) < 
Md(z, z) for some fixed constant M and all z,z € X is called Lipschitzian; 
the smallest such M is called the Lipschitz constant L(F) of F. If L(F) < 1, 
the map F is called contractive with contraction constant L(F); if L(F) < 1, 
the map F is said to be nonezpansive. Note that a Lipschitzian map is 
necessarily continuous. 

Let Y be any set and F : Y — Y a map of Y into itself. For any given 
y € Y, define F"(y) inductively by F°(y) = y and F"*!(y) = F(F"(y)); we 
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call F"(y) the nth iterate of y under F, and the set {F"(y) | n = 0,1,..-} 
is the orbit of y under F. 


(1.1) THEOREM (Banach contraction principle). Let (Y,d) be a complete 
metric space and F : Y — Y be contractive. Then F has a unique 
fized point u, and F"(y) — u for eachy€eY. 


Proor. Let a < 1 be the contraction constant for F.. There is at most 
one fixed point: for if F(zo9) = rp and F(yo) = yo, then 2p # yo gives the 
contradiction 


d(xo, yo) = d(F (20), F(yo)) < ad(xo, yo) < d(Zo, Yo). 


To prove existence, we shall show that for any given y € Y, the se- 
quence {Fy} of iterates converges to a fixed point. For this purpose, observe 
first that d(Fy, F?y) < ad(y, Fy) and, by induction, that d(F"y, F"++y) < 
a” d(y, Fy). Thus, for any n and any p > 0, we have 


n+p—l1 
d(F"y,F"*Py) << S> d(Fty, F***y) 


nr 
< (a +---+a"?")d(y, Fy) < =—dly, Fy) 


since a < 1, so that a” — 0, this shows that {F"y} is a Cauchy sequence 
and, because d is complete, that F"y — u for some u € Y By continuity 
of F, we must have F(F"y) — Fu; but {F"t'y} is a subsequence of {F"y}, 
so Fu = u and uw is a fixed point for F We have therefore shown that for 
each y € Y, the limit of the sequence {F"y} exists and is a fixed point; since 
F has at most one fixed point, every sequence {Fy} converges to the same 
point. O 


Observe that from 


Tr 
d(F"y, Fe tPy) < = d(y,Fy) for every p > 0, 


—a 
we find 


n 


d(F"y,u) = lim d(F"y, Ferry) < d(y, Fy); 


l-—a 
the error of the nth iteration when starting from a given y € Y is there- 
fore completely determined by the contraction constant a and the initial 
displacement d(y, F'y). 

The Banach principle has a useful local version that involves an open 
ball B in a complete metric space Y and a contractive map of B into Y 
which does not displace the center of the ball too far: 
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(1.2) COROLLARY. Let (Y,d) be complete and B = B(yo,r) = {y | d(y, yo) 
<r}. Let F: BY be a contractive map with constant a < 1. If 
d(F (yo), yo) < (1—a)r, then F has a fixed point. 


PROOF. Choose € < r so that d(Fyo,yo) < (1—a)e < (1—a)r. We show 
that F maps the closed ball K = {y | d(y, yo) < €} into itself: for if y € K, 
then 


d(Fy, yo) < d(Fy, Fyo) + d(Fyo, yo) < ad(y, yo) + (l—a)e <e. 


Since K is complete, the conclusion follows from Banach’s principle. O 


2. Elementary Domain Invariance 


In most applications, the complete metric space Y will be a Banach space; 
because of this richer structure, the Banach theorem leads to a result espe- 
cially useful in applications. 

Let X be a subset of a Banach space E. Given a map F: X — E, the 
map z+ xz — F(z) of X into E is called the field associated with F, and is 
denoted by the corresponding lowercase letter: f(x) = 2 — F(z). The field 
f : X — E determined by a contractive F : X — E is called a contractive 
field. 


(2.1) THEOREM (Invariance of domain for contractive fields). Let E be 
a Banach space, U C E open, and F : U — E contractive with 
contraction constant a < 1. Let f : U — E be the associated field, 
f(z) =x — F(a). Then: 

(a) f:U - E is an open mapping; in particular, f(U) is open in E, 
(b) f:U — f(U) is a homeomorphism. 


ProoF. To show that f is an open mapping, it is enough to establish that 
for any u € U, if B(u,r) C U, then B[f(u), (1 —a)r] C f[B(u,r)]. For this 
purpose, choose any yo € B[f(u),(1— a@)r] and define G : B(u,r) - E by 
G(y) = yo + F(y); then G is contractive with constant a = L(F’) < 1 and 


[|G(u) — ul] = Ilyo + F(u) — ull = Ilyo — F(u)| < (1 — @)r, 


so by (1.2), there is a up € B(u,r) with up = yo + F (uo), that is, f(uo) = yo. 
Thus, B[f(u),(1—a)r] C f[B(u,r)] so f : U > E is an open mapping, and 
in particular, f(U) is open in E. To prove (b), we observe that if u,v € U, 
then 


I[f(u) — F(r)|] 2 lu — ol] - LF) — F2)I| 2 (1 — @) [lu — all, 


so that f is injective; since f : U — f(U) is a continuous open bijection, it 
is therefore a homeomorphism. 
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(2.2) COROLLARY. Let E be a Banach space and F : E — E be contractive. 
Then the corresponding field f = [ — F is a homeomorphism of E 
onto itself. 


PRooF. By (2.1) we need to show only that f(Z) = E. Given yo € E, 
define G: E - E by x ++ y+ F(z); G is contractive, so it has a fixed point 
ro = yo + F (zo), that is, yo = f (x0). C) 


3. Continuation Method for Contractive Maps 


Let (Y,d) be a complete metric space, and X a closed subset in Y with 
nonempty interior U and boundary A = 0X. By @(X, Y) we denote the set 
of all contractive maps from X to Y 

For a contractive map F from X to Y, we are concerned with the ex- 
istence of solutions of the equation r = F(z). One method of determining 
whether or not such an equation has a solution starts by embedding F' in 
a parametrized family {H)} of maps “joining” F to a simpler map G and 
then attempts to reduce the problem to that of the equation x = G(z). In 
geometric terms, one “deforms” the graph of F to that of G and seeks to 
conclude from the nature of the deformation that if the graph of G intersects 
the diagonal A Cc X x Y CY x Y, then the graph of F must also do so. 

Our main result of this section gives conditions under which such a con- 
clusion is valid. Let (A, 0) be a “parameter” space with a metric 9. In our 
discussion, some special families {H | 4 € A} of maps in @(X, Y), depend- 
ing on a parameter A € A, will be needed: 


(3.1) DEFINITION. A family {H) | A € A} of maps in @(X.Y) is called 
a-contractive, where 0 < a < 1, provided for some AJ > 0 and some 
0 < x <1, we have 


(x) d|H) (x1), Hy(x2)) < ad(x,,22) for all AXE A and x,, 22 € X, 
(+x) d{H (zx), Hy(x)] < M[o(A, w)]* for all x € X and Ape A. 


Observe that: 
(i) if {A} is a-contractive, then the map H : Ax X — Y given by 

(A, 2) + H(A, 2) = H(z) is continuous; 

(ii) the map H determines the family {H)} and vice versa; 

(iii) for any parameter A € A, the fixed point set Fix(H)) is either empty 
or consists of exactly one fixed point denoted by z); 

(iv) given 2, = H)(z,) and x, = H,(z,), and using (*) and (**), we 
get 


d(xa, Ly) < d(H) (x), H,(2,)] + d{H,,(z), H,,(z,)] 
< AT [o(A, 1)]* + ad(xy, ty) 
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and therefore 
M 
(**#) d(x, 2.) S Tle. w))* 
Let @a(X,Y) be the set of all maps F in @(X,Y) such that the restric- 
tion F|A: A — Y is fixed point free on the boundary A of X. We are now 
ready to formulate the main result: 


(3.2) THEOREM (Elementary implicit function theorem). Let A be con- 
nected, and let {H) | X € A} be an a-contractive family in @4(X,Y). 
Then: 
(i) if the equation H)(x) = x has a solution for some d € A, then it 
has a unique solution x for each  € A, 
(ii) if 2) = AHy(xy) for » € A, then the map + x) from A to U is 
Holder continuous. 


ProoF. (i) Consider the nonempty (by assumption) set 
Q= {XE A| x) = H(z) for some x, € U} 


and observe that: 
(a) Q is closed in A: Indeed, let {An} be a sequence in Q such that 
An — Ao; for 2), = Ay, (2),,) and 2, = Ay, (2,,), using (+#**), we get 


M 
d(x, ’ Lm) < Tog lon Am)]*, 


showing that {x,,} is a Cauchy sequence. By completeness of d, 2, — 29 
for some Zo in X, and hence, by continuity of H, x, = Hy, (2,) - 
H), (xo); this gives zo = H>,(xo), and thus we conclude that Ap is in Q. 

(b) Q is open in A: Letting Ao be in Q with x), = H),(z,), we fix an 
open ball B(x),,7) = {x € X | d(z,z,) < r} C U, and choose € > 0 so 
that e*% < (1—a)r/M, where the constants M and » come from (**). Now, 
if \ is any point of the open ball B(Ag, €) = {A € A| o(Ao, A) < e}, then 


A[H (29) fro) = [Hy (Lr), Hr (Lr0)] < Mle(A, Ao)]* < (1 — )r. 


Because, by (1.2), any such H) has a fixed point, we infer that B(Ao,€) C Q 
and, consequently, Ao € Int(Q). 

Because Q is nonempty, the connectedness of the parameter space A, in 
view of (a) and (b), implies that Q = A; thus the proof of (i) is complete. 
As for (ii), it follows at once from (i) and (***). O 


4. Nonlinear Alternative for Contractive Maps 


For applications, we now assume that our metric space Y is a closed convex 
subset C of a Banach space EF and our parameter space A is (0, 1]. Because 
of this richer structure we are now able to derive the desired result: 


1d I. Elementary Fixed Point Theorems 


(1.1) THEOREM (Nonlinear alternative). Let U be a (relatively) open subset 
of C withO€@U Then any bounded contractive map F : U — C' has 
at least one of the following properties: 

(i) F has a unique fixed point, 
(ii) there exist yp € OU and d € (0,1) such that yy = AF (yo). 


ProorF. For (A,r) € [0,1] x U we let Hy(z) = F(z). It is easily seen that 
{H) | \ € (0, 1]} is an a-contractive family in @(U,C) with x = 1. Assume 
first that {H)} is fixed point free on the boundary QU. In this case, since 
H(0) = 0, we conclude, by Theorem (3.2), that H, = F also has a fixed 
point in U. If {Hy} is not in Gyy(U,C), then AF must have a fixed point 
on the boundary OU for some 4 € [0, 1]; clearly \ 4 0 (because 0 € U) and 
therefore: either F has a fixed point on OU, or property (ii) holds. DO 


Several fixed point theorems for contractive maps are obtained from (4.1) 
by imposing conditions that prevent occurrence of the second possibility: 


(4.2) COROLLARY. Let U be a (relatively) open subset of C with 0 € U, 
and let | | be any norm in the Banach space E in which the conver 
set C is contained. Assume F : U — C is a bounded contractive map 
such that for all x € OU one of the following conditions is satisfied: 

(i) LF(z)1 < Ie. 
(ii) [F(z)| < Iz — F(2)I, 
(iii) F(x) P < Ix)? + [x - F(a). 
(iv) (F(az).2) < (x,r), where ( . ) is a scalar product in E. 
Then F has a unique fixed point. 


ProoF. As an illustration, we prove the assertion under the hypothesis (iii). 
If F had no fixed point, there would be a = € OU with z = AF(z) for some 
0<A< 1; in particular F(z) 4 0. Because of (iii), we would have 


F(Z) < DF (2) + F(z) - F(2)P 


and therefore 
1<0?+ (0-1): 


but this is a contradiction, because A? + (1 — i)? < A+(1—A) = 1 for every 
0<A<1. Oo 


The next result represents an clementary version of the antipodal theo- 
rem of Borsuk. 


(4.3) COROLLARY (Antipodal theorem). Let U be an open subset of a 
Banach space (E, || ||), symmetric with respect to the origin and with 


0 € U, and let F: U — E be a contractive bounded map such that 
F(z) = —F(—2) for all x € OU. Then F has a unique fized point. 
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PROOF. Because U is symmetric with respect to 0 and F is contractive and 
odd on OU, it follows at once that ||F(x)|| < ||z|| for any x € OU. Thus our 
assertion follows from (4.2)(i). 0 


5. Extensions of the Banach Theorem 


There are various generalizations of the Banach theorem in arbitrary com- 
plete metric spaces where the contractive nature of the map is weakened. 
Many such results rely on a general principle involving the images of balls 
when their centers are not moved too much: 


(5.1) THEOREM. Let (X,d) be a complete metric space and F: X — X a 
map, not necessarily continuous. Assume 


(*) for each € > 0 there is a (€) > 0 such that if d(z, Fx) < 6, then 
F(B(z, €)] C B(z, e). 


Then, if d(F"u, F"*+u) — 0 for some u € X, the sequence {F"u} 
converges to a fixed point for F. 


PROOF. Write F"u = un; we first show {u,} is a Cauchy sequence. Given 
€ > 0, choose N so large that d(un,uny1) < 6(€) for all n > N; since 
d(un,Fun) < 6, we have F[B(un,e)] C B(un,€) so Fun = ungi € 
B(uy,€) and, by induction, F*uy = uv4n € B(un,€) for all k > 0. Thus, 
d(uz,Us) < 2e for all s,k > N and {un} is a Cauchy sequence, therefore it 
converges to some z € X. To show z is a fixed point for F', we argue by con- 
tradiction: if d(z, Fz) = a > 0, we could choose a uy, € B(z,a/3) such that 
d(un,Un+1) < 6(a/3); we would then have F[B(un,a/3)] C B(un,a/3) by 
hypothesis, so Fz € B(un,a/3); but this is impossible because d(Fz, un) > 
d(Fz, z) —d(un,z) > 2a/3 so Fz ¢ B(un, a/3). Thus, d(z. Fz) = 0. 0 


To illustrate some of the techniques used in applying (5.1), we derive 
two generalizations of the Banach principle. 


(5.2) THEOREM. Let (X,d) be complete, and let F : X — X be a map 
satisfying 
d(Fx, Fy) < yfd(z,y)), 


where yp: R+ — Rt is any nondecreasing (not necessarily continu- 
ous) function such that p"(t) — 0 for each fired t > 0. Then F' has 
a unique fired point u, and F"x — u for eachxe X. 


PROOF. Observe that y(t) < t for each t > 0; for if t < y(t) for some t > 0, 
then monotonicity gives y(t) < y[y(t)] and. by induction, ¢ < °"(¢t) for all 
n > 0. With this observation, we begin the proof. The hypothesis shows 
d(F"x, F™+4z) < y"[d(z, Fr)). so d(F" v. F?*'x) — 0 for each z € X. Now 
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let € > 0 be given, and choose 6(€) = € — y(e); if d(x, Fx) < 6(e), then for 
any = € B(xr,é) we have 

d(F 2.2) <d(F2, Fx) + d(F2,2) < yld(z,2)] +5 < ole) +e -yle) =e 
so Fz € B(x,e). Thus (5.1) ensures that F has a fixed point, and the 


remainder of the proof is obvious. O 


Situations arise in approximation theory where a map is known to be 
contractive, with contraction constant depending on the distance between 
the points considered. This prompts the following weakened version of the 
Banach theorem. 


(5.3) THEOREM. Let (X,d) be complete and F: X — X be a map satisfy- 
ing 
d(F x, Fy) < a(z,y)d(z, y), 


where a : X x X — Rt has the property: for any closed interval 
[a,b] c Rt — {0}, 

sup{a(z, y) | a < d(z,y) < b} = X(a,b) <1. 
Then F has a unique fized point u, and F"x — u for eachzx EX. 


PROOF. The case A(a,a) — 1 as a > 0 in this version does not follow from 
(5.2), so we give a direct proof of this theorem. For each z € X, the sequence 
{d(F"x, F"*'z)} is nonincreasing, therefore convergent to some a > 0. We 
must have a = 0: otherwise, d(F"z, F"t'z) € [a,a+ 1] for all large n; we 
could then choose such an n and use c= A(a,a+1) to get, by induction, 


a<d(FTt*s, FMF y) < fd(F"z, F"*2) < c(a+1) 


for all k > 0, which, because c < 1, is a contradiction. 

Now, let € > 0, let A = A(e/2,€) and choose 6 = min[e/2, €(1 — )]. Let 
d(x, Fx) < 6 and z € B(z,¢); then d(Fz,z) < d(F2z,Fr)+d(Fzx,x) and we 
consider two cases: 


(a) d(z,z) < €/2: then 
d(Fz,xz) < d(z,x)+d(Fa2,2) < €/2+¢/2=e; 
(b) €/2 < d(z,xz) < e: then 
d(Fz,z) < a(z,z)d(z,r)+d(Fz,z) < \e+ (1—A)e =e. 


Thus, F[B(z,¢)] C B(z,e), and (5.1) ensures that F has a fixed point. The 
remainder of the proof is left for the reader. oO 


There is another way of extending the Banach theorem that does not 
rely on comparing d(Fz, Fy) with d(r.1). but concentrates instead on the 
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behavior of d(x, Fx). Several such generalizations are based on the follow- 
ing general principle involving minimizing sequences for suitable real-valued 
functions: 


(5.4) THEOREM. Let (X,d) be complete and py: X — Rt an arbitrary 
(not necessarily continuous) nonnegative function. Assume that 


(+*) inf{y(xz) + y(y) | d(z,y) >a}=p(a)>0 for alla>O. 


Then each sequence {x,} in X for which y(rn) — 0 converges to one 
and the same pointue X. 


PROOF. Let A, = {zx | v(x) < y(ztn)}; these sets are nonempty, and any 
finite family has a nonempty intersection. We show 6(A,,) — 0: given any 
€ > 0, choose N so large that y(tn) < gpu(e) for all n > N; then for 
any n > N and z,y € Ap we have v(x) + v(y) < p(e); therefore, (**) gives 
d(x,y) < €,80 5(An) < €. Thus, 6(An) — 0; because 6(A;,) = 6(An) — 0, we 
conclude from Cantor’s theorem that there is a unique u € f{),, A, and, since 
tn € An for each n, that zn — u. For any other sequence {y,} satisfying 
Y(yn) + 0 we get Y(2n) + (yn) — 0, so, from (**) as before, d(tn, yn) — 0 
and therefore 7, — u also. C) 


The following fixed point theorem is an obvious consequence: 


(5.5) THEOREM. Let (X,d) be complete and F : X — X continuous. 
Assume that the function p(x) = d(x, Fx) has the property (**) and 
inf.cx d(x, Fx) =0. Then F has a unique fixed point. 


Observe that the Banach theorem follows from (5.5); for if d(Fz, Fy) < 
ad(zx,y) with constant a < 1, then the condition (++) is satisfied with p(x) = 
d(x, Fx) because 


(1 —a)d(x,y) < d(z,y) —d(Fx, Fy) < d(z, Fr) + d(y. Fy) 
and infz¢x d(x, Fx) = 0, since we have seen that 


d(F"z,F"t'z) 0 for each  € X. 


6. Miscellaneous Results and Examples 


A. Fixed point theorems in complete metric spaces 


(A.1) Let (X,d) be complete and F : X — X amap such that F N : X — X is contractive 
for some N (easy examples show that F itself need not be continuous). Prove: F has a 
unique fixed point u, and the sequence of iterates F"x — u for each z € X. 

[Given any set X and F: VV — NX. if F ™ has a unique fixed point, then so does F.] 
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(A.2) Let X be a complete metric space, and Fr, X — X a sequence of continuous 
maps. Assume that each F), has a fixed point rp. 

(a) Let Fn — F uniformly on X. Show: (i) If 2p — ro, or if F(2n) — Zo. then zo is a 
fixed point for F; (ii) if F is contractive then rp converges to the unique fixed point of F. 

(b) Let Fn — F pointwise, with each F, Lipschitzian, L(Fn) < Al < x for all n. 
Prove: (i) F is Lipschitzian with L(F) < AZ; (ii) if tn — x9, then sro is a fixed point for 
F; (iii) if A < 1, then {rn} converges to the unique fixed point of F. 

(c) The condition L( Fn) < AI < 1 in (b)(iii) cannot be relaxed to L(Fn) < 1 even if 
L(F) < 1. Define Fa : ? — 2? by 


Frn(xy.---.0n.---) = (0,...,(1 <= 1/n)rn + 1/n,0,...). 


Then L(Fn) < 1 for each n and ||.rn|| = |](0.--.. 1,0,...)|] = 1, but Fy converges pointwise 
to the function F = 0. 


(A.3) Let (.X.d) be a locally compact complete mctric space and F : X — X be contrac- 
tive. Assume Fy, .Y — X is a sequence of contractive maps converging pointwise to F’. 
Let rn (respectively 7) be the fixed point of F), (respectively of F'). Show: rn converges 
to X (Nadler [1963]). 


(A.4) (Parametrized version of the Banach theorem) Let (X.d) be complete. (A. 9) be 
metric and let {Hy | 4 € A} be a family of contractive maps of NX into itself. Assume 
H XX x A— X is continuous in the second variable and for each A € A, let r) be the 
unique fixed point of H). Prove: 

(a) If all Hy) are a-contractive with 0 <a <1, then A+ x) is continuous. 

(b) If X is locally compact, then A +> 7) is continuous. 
[For (b). use (A.3).] 


(A.5) Let (XV. d) be complete and {an} a sequence of nonnegative numbers with }>?—_, an 
< oo. Let F : X — X be such that d(F"z, F"y) < and(x.y) for all x,y € X. Prove: F 
has a unique fixed point u and F"r — wu for each x € X (Weissinger [1952]). 


(A.6) Let (.X,d) be complete and F : X — X be such that for any closed A C X with 
6(A) # 0. we have 6(F(A)) < ad(A), where 0 < a < 1. Prove: F has a fixed point 
(H. Amann). 


(A.7) Let (X.d) be complete and F': Y — X be a map satisfying d(Fr. Fy) < d(z.y) 
for r # y. 

(a) Prove: If for some ro € X, the sequence {F"zo} has a convergent subsequence, 
then F has a unique fixed point. 

(b) Prove: If F(X) is compact (i.e.. F is a compact map), then F has a unique fixed 
point u and F"r — u for each x € NX. 

(c) Construct a map F : X — X satisfying the inequality above without fixed points 
and such that for some zo. yo € X. the sequence d(F".r9, F" yo) does not converge to 0. 

[Consider the map .r +> In(1 + e”) of R into itself.] 


(A.8) Let (Y.d) be complete. A map F': Y — Y' is expanding if d(F xr. Fy) > d(x, y) for 
some {> 1 and all r.ye} Let F-} — ¥ be surjective and expanding. Prove: 

(a) F is bijective. 

(b) F has a unique fixed point u and F~"y — u for cach ye Y 


(A.9) Let E be a Banach space and F : E — E a linear operator such that (I — F)~! 
exists. 
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(a) Let G : EB — E be Lipschitzian with ||(I — F)~1||L(G) < 1. Show: The map 
re Fr+Gzr, x € E, has a unique fixed point. 

(b) Let r, A be positive numbers with 1 < 1, and let K = A(0.r). Assume G 
K(0,r) — E is a Lipschitzian map satisfying ||G(0)|| < (1 — )r/||U — F)~' |]. Show: If 
| — F)~*||L(G) < A, then the map r+ Fx + Gz, x € K, has a unique fixed point. 


(A.10) Let (X,d) be complete metric and F : XY — X be a-contractive with rg = Fry. 
Show: For each € > 0, there exists a 8 > 0 with a + @ < 1 such that for any (a + 33)- 
contractive map G : X — X, the condition d(Fr,Gzr) < £ for all x € X implies yo = 
Gzo € B(x0,€). 


(A.11) Let U be an open bounded set in a Banach space E withO € U and F,G:U0 4 E 
be two contractive maps such that F|OU = G|QU. Show: Fix(F) 4 @ = Fix(G) £ 0. 


(A.12) Let U be an open bounded set in a Banach space E such that U = —U, and 
V CU bean open nbd of the origin with V C U. Let F : U — E be a contractive map 
such that: 

(i) Fx = —F(—-z) for all r € OU, 

(ii) there exists xp such that r 4 Fx + Azo for all r € OV and A> 0. 
Show: F' has a unique fixed point u€ U —V 


(A.13) Let E = A@B be a Banach space represented as a direct sum of two closed linear 
subspaces A and B with linear projections Pa: E —~ Aand Pg:E—- 8B. Let F:A-E 
and G: B — E be two Lipschitzian maps, and let f: A— E and g: B— E be given by 
at+a-— F(a) and b+ b — G(b) respectively. Show: If 


|PallZ(F) + IlPallZ(G) < 1, 


then the intersection f(A) g(B) consists of exactly one point. 
{Prove that if H : E — E is contractive, then r++ x + H(z) is a homeomorphism of 
E onto itself.] 


(A.14) (Discrete Banach theorem) Let Y be a set, and {Rn |n =0,1,...} CY xYa 
sequence of equivalence relations such that (a) Y x Y = Ro D Ri D-+-. (b) Np Rn = 
the diagonal in Y x Y, and (c) if {yn} is any sequence in }" such that (yn. yn41) € Rn 
for each n, then there is a y € Y such that (yn.y) € Rn for each n. Let F:/ + ¥ bea 
map such that whenever (z, y) € Rn. then (Fx, Fy) € Ryj+1. Prove: F has a unique fixed 
point u, and (F"y, u) € Rn for each n and each y € Y (S. Eilenberg). 


B. Extensions of the Banach theorem 


(B.1) A metric space (X, d) is e-chainable if for each pair r,y € X there are finitely many 
points r = 20, 2},---,2n,fn41 = y such that d(x;,Zi41) < € for allO Ci <n. Let (X,d) 
be complete, and let F : X — X bea map. Assume that there isane >Oanda0<k<1 
such that d( Fr, Fy) < kd(x,y) whenever d(x, y) < €. Prove: If (X.d) is e-chainable, then 
F has a unique fixed point (M. Edelstein). 


(B.2) Let (X,d) be complete and F : X — X a map satisfying d(F xr. Fy) < y[d(r, y)] for 
all x,y € X, where y. R*+ — Rt is any function such that (i) y is nondecreasing. (ii) 
y(t) < t for each t > 0, (iii) y is right continuous. Prove: F has a unique fixed point u 
and F"x — u for each z € X (Browder [1968}). 

[Apply (5.2) by showing that ,-"(/) ~ 0 for each t > 0.] 
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(B.3) Let. (X,d) be complete and F : X — X continuous. Assume that 
d(Fx, Fy) < kmax[{d(z,y),d(z, Fz), d(y, Fy), d(z, Fy), dy, F2)| 


for some k € (0,1) and all z.y € X. Prove: F has a unique fixed point u and F"z > u 
for each x € NX (L. B. Cirié). 
[Use diam(orbit F" x) < k diam(orbit F"~!z).] 


(B.4) Let (.X.d) be complete and F X — NX continuous. Assume that for each € > 0 
and each pair x,y € X. there is an n = n(zx,y,€) such that d(F"z, F"y) < €. Prove: If 
the function y(r) = d(x, Fx) has the property (*+*) of (5.4), then F has a fixed point 
(D. F. Bailey). 


(B.5) Let (X,d) be complete and F : X — X continuous. Assume that there exists an 
integer n and 0 < k < 1 such that 


d( Fa, Fy) < k{d(x, F"2z) + d(y, F"2)] 
for all x,y,z € X. Prove: F has a unique fixed point (F. Pittnauer). 


(B.6) Let (X.d) be an arbitrary metric space, and let A C X be compact. Let y : X — Rt 
be an arbitrary (not necessarily continuous) nonnegative function such that 


inf{y(x) | d(z, A) > a} >0 


for each a > 0. Prove: Each sequence {zn} in X for which y(rn) — 0 contains a subse- 
quence converging to some point of A. 


(B.7) Let (.X,d) be an arbitrary metric space and F : X — X a map satisfying d( Fz, Fy) 
< d(z,y) whenever x # y. Assume that for some z € X, the sequence {Fz} has a 
subsequence converging to a point u. Prove: wu is a fixed point for F. 

[Use (B.6) with y(z) = d(z, Fr) — d(F x, F?z) + d(x, u).] 


(B.8) If (X,d) is a metric space and F : \ — X is a map, we denote the diameter of the 
orbit {F"r |n =0,1,...} of r € X by 6(x). The map F is said to have shrinking orbits 
if for each x with 6(z) > 0, there is an n with 6(F"z) < 6(z). 

Let (X.d) be a bounded metric space, and F : X — X a map satisfying d( Fx, Fy) < 
d(x,y) for all x,y € X. Assume that for some z € X, the sequence {Fz} has a subse- 
quence converging to a point u. Prove: If F has shrinking orbits, then u is a fixed point 
for F. 

[Show that x + 6(z) is continuous on X, then apply (B.6) using y(z) = 6(z) - 
6(F*x) + d(x, u) for each s > 1,] 


(B.9) Let (X,d) be a metric space and F : X — X continuous. Assume that for 
some z € X, the orbit {F"z} contains a convergent subsequence {F"'z}. Prove: If 
d(F™ 2, Fitna z) — 0, then F has a fixed point. 

[Use (B.6) with p(x) = d(z,u) + d(Fz,u), where u = lim F"'(z).] 


(B.10) Let (X,d) be a metric space and F : XY — X continuous. Assume that there is a 
continuous nonnegative real-valued function V : X x X — Rt with V~!(0) contained in 
the graph of F, and such that inf {V(z,2z) | z € X} =0. Show: 
(a) If the function y(x) = V(z,z) has the property in (B.6) relative to some compact 
AC X, then F has a fixed point. 
(b) If (X,d) is complete and y(z) = V(z,z) has the property (+*) in (5.4), then F 
has a fixed point. 
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C. Some applications of the Banach theorem 


(C.1) Let E = (BC!(R", R”),|| |l,) be the Banach space of C!-bounded functions from 
R” into itself equipped with the C! norm. Let f € E have a fixed point zo and assume 
that Dfzy € 2(R", R”) does not have eigenvalue one. Show: For each € > 0 there exists 
6 > O such that every function g € E with ||f — g|l1 < 6 has a unique fixed point To 
satisfying ||zo — Zo|| < e. 

[Use the inverse function theorem in R” and the contraction principle] 


(C.2) (Square roots in Banach algebras) (a) Let E be a Banach algebra, and let z € E 
with ||z|| < 1. Show: There exists a unique x € E such that ||z|| < 1 and 2? —-22+2=0. 

[Letting E(z) be the subalgebra of E generated by z, d any number satisfying ||z|| < 
d<l,and K = K(0,d)N E(z), prove that the map F': KiAk given by 


Fre= 5(z* +2), rE K, 


is contractive and apply the Banach theorem; use the fact that E(z) is commutative.] 

(b) Assume E has a unit e (i.e., ex = ze = x for all x € E). Show: If |le — z|| < 1, 
then z has a “square root”, i.e., there exists a unique element y = e — x with x € E(z), 
l|z|| < 1 and y* =z. 

(c) Let X be an arbitrary set and B(X) be an algebra of bounded real functions on X 
equipped with the sup norm (the product being pointwise multiplication). Show: If B(X) 
is complete and contains the unit function, then: (i) any nonnegative function f € B(X) 
has a square root f!/? € B(X), (ii) if f € B(X), then |f] = (f7)!/2 € B(X), (iii) if 
f,g € B(X), then max(f,g) and min(f,g) also belong to B(X). 

(d) A subset S of B(X) separates points of X if for every pair (x,y) of distinct points 
of X there is a function f € S such that f(x) # f(y). Show: If S is a subalgebra of B(X) 
that separates points of X and contains the constant functions, then for any numbers 
a, 8 € Rand any distinct x,y € X, there is a g € S such that 9(z) = a and g(y) = B. 

(The above results are due to Bonsall-Stirling [1972] and J. Zemanek [1978]}.) 


(C.3) (Weierstrass-Stone theorem) Let X be a compact space, C(X) be the Banach 
algebra of all continuous real-valued functions on X, and E be any subalgebra of C(X) 
containing the unit function and separating points of X. Show: E is dense in C(X). 

[Fix f € C(X) and e > 0 and proceed (using (C.2)(c), (d) with S = E, B(X) = E) in 
three steps: 

1. For each x,y € X, find gz,y € E such that gz,y(x) = f(z) and gz,y(y) = f(y). 

2. For each y € X choose a nbd Uy of y such that gz,y(z) < f(z)+¢ for all z € Uy. Sup- 
posing {Uy; | j = 1,..-,t} cover X, define hz € E as the minimum of the corresponding 
{9x,y, |j =1,.-.,t} and note that hz(z) = f(z) for all x € X and 


hz(z) < f(z) +e forallzEX. 


3. For each x € X choose a nbd Vz of zx on which hz(z) > f(z) — €; letting {Vz, |i = 
1,...,8} cover X, define h € E as the maximum of the corresponding {hz, |i = 1,...,5} 
and show || f — Al] < e.] 


(C.4) (Geometry of fractals) Let (X,d) be a metric space and (CB(X), D) the space of 
nonempty closed bounded subsets of X with the Hausdorff metric 


D(A, B) = max{sup d(a, B), sup d(b, A)}. 
acA beB 


We denote by K(X) the subspace of CB4N’) onsisting of the compact subsets of X. 


lo 
lw 
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By an iterated function system (or briefly an [F-system) we understand a system 


(*) ((X,08)s figessa Se) 
consisting of a complete metric space (X,d) together with «,-contractions fj : X — X, 
i=1,..., fk, Given such a system we define F : K(X) — K(X) by 


k 
F(A)= (J f(A) for AE K(X). 


t—] 


Show: 
(a) F is an a-contraction with a = max{a..... a}. 
(b) There exists a unique B € K(X) (called the attractor for the IF-system (*)) such 
that B= U*_, fi(B). 
(c) For each r € X, the iterates F* (x) converge to B in the Hausdorff metric on 
K(X). 
[Use the fact tod (K(X). D) is complete; cf. Kuratowski [1966].] 
(The above results are due to Hutchinson [1981].) 


(C.5) (Stability of attractors) Let (4.9) be a metric space and 
(*)) (C444); fa,as- +++ Sk) 


be a family of IF-systems depending on a parameter 4 € A. Assume furthermore that for 
any? =1,..., k we have: 

(a) fi,, : X — X is aj-contractive for all A € A. 

(b) A f,.,(z) is continuous for each z € X. 
Show: The attractor B) of the IF-system (+*)) depends continuously on 4 (cf. Jachymski 
[1996}). 


(C.6) (Dynamic programming) Let X be an arbitrary set and B(.\) the Banach space 
of all bounded real-valued functions on .Y equipped with the sup norm and the natural 
partial order relation f < g. Let E be a linear subspace of B(.X) containing the constant 
functions and F': EF — E be a map (not necessarily continuous) satisfying: 

(a) f <9 => F(f) < F(g) for all fig € E. 

(b) there exists a positive constant a < 1 such that for any constant function zr c 

on .. we have 
F(f te) < F(f) tac for all f € E. 


Prove: F has a unique fixed point (Blackwell [1965]). 


(C.7) (Shadounng property) Let (X.d) be a metric space and f : X — NX. A sequence 
{tn} nez is called an orbit (respectively a d-orbet, with 6 > 0) for f provided f(tn) = 2n41 
(respectively d(f(rn).2n+1) < 4) for all n € Z. We say that f has the shadowing property 
if for each € > O we can find a 6 > 0 such that given any 6-orbit {r,}, there exists an 
orbit {yn} such that d(rn.yn) < € for all n € Z. 

(a) Let (Xd) be complete and f : X — NX be a-contractive. Show: f has the shad- 
owing property. 

[Given € > 0, let {rn} be a 6-orbit for f with 6 = e(1 — a). Define (AI, 0) by AL = 
{y = {yn}nez | d(zn, yn) <€ for all n € 2}, o(y. z) = sup{d(yn, zn) | n € Z} and apply 
the Banach principle to the map F'- M — M given by y > {f(yn-1)}nez-] 

(b) Let E be a Banach space and L € GL(£) a linear isomorphism. We say that L is 
hyperbolic provided E = FE, @ Fs and LL, * La, where L; € GL(E;), i = 1,2, with 
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[|Lil| < 1 and ||ZZ*\] < 1. Show: If L € GL(E) is hyperbolic, then L has the shadowing 
property. 
(The above results are due to Ombach [1993].) 


7. Notes and Comments 


Contraction principle and elementary domain invariance 


Theorem (1.1) is due to Banach [1922]; it is an abstraction of the classical 
method of successive approximations, introduced by Liouville [1837] and 
developed systematically for the first time by Picard [1890]. 

The arguments based on domain invariance and their applications to 
analysis were introduced by Schauder. Under some additional (unnecessary) 
assumptions Theorem (2.1) appeared in Schauder [1933], as a special case 
of domain invariance for maps of the form f(x) = x — [F (x) + G(z)], where 
F is a compact map and G is contractive. 


Lwoéw, 1929. Top row: K. Kuratowski, B. Knaster, S. Banach, W. Stozek. E. Zylifiski, 
S. Ruziewicz. Bottom row: H. Steinhaus, E. Zermelo, S. Mazurkiewicz 


Continuation method for contractive maps 


The presentation of this method follows Granas [1994]. The elementary im- 
plicit function theorem (3.2) appears here for the first time; its “continuous” 


24 I. Elementary Fixed Point Theorems 


and “differentiable” versions can be found in (4.6.E.1). When the space A of 
parameters is [0,1] and (X,d) is a Banach space, Theorem (3.2) yields the 
nonlinear alternative and Leray-Schauder type results for contractive maps. 
For some applications of these results to differential equations in Hilbert 
and Banach spaces, see Frigon-Granas [1994] and Lee -O’Regan [1995]. 


More general and related results 


For (5.2) see Matkowski [1975]: for generalized contractions of (5.3) see the 
book by Krasnosel'skii et al. [1969] and Dugundji-Granas [1978b]. Eilenberg 
(see (A.9)) formulated a discrete analogue of the Banach theorem, which has 
applications in automata theory. For various other extensions of the Banach 
theorem see Edelstein {1961], [1962], Dugundji [1976], the survey by Brow- 
der [1976], and “Miscellaneous Results and Examples”. Some noteworthy 
extensions and applications of the Banach theorem are also given in Section 
I(a) of “Additional References” 

Concerning extensions of (2.1), we remark that for the generalized con- 
tractions in (5.2) and (5.3) (or, more generally, for a continuous map having: 
(i) the property (*) of (5.1) and (ii) a unique fixed point u to which F"z 
converges for each x € X) the corresponding field in a Banach space will 
have the domain invariance property; this can be seen directly, by examining 
the proof of (2.1). Even more important, however, is that if a continuous 
map F of a complete metric space (X, d) into itself satisfies (i) and (ii), then 
X has an equivalent complete metric under which F' becomes contractive; 
this follows from the result of Meyers quoted below. 

Concerning some extensions of the continuation method for contractive 
maps, see Frigon—Granas [1994], [1998] and Frigon [1996]. 


Converse of the Banach theorem 


Bessaga [1959] obtained the following result: Let F : X — X be a map of 
an abstract set X into itself such that each iterate F” (n = 1,2....) has 
a unique fized point. Let a be any number with 0 < a < 1. Then there 
is a complete metric d for X such that F is contractive with contraction 
constant a. In another direction goes the following theorem of Meyers [1967]: 
Let X be a complete metric space and F : X — X be a map satisfying 
(i) F(zo) = zo for some zp € X, (ii) lim,ioo F"(x) = x0 for all c € X, 
(iii) there is a nbd U of xo such that for any nbd V of xo there is ny such 
that F"(V) C U for all n > ny. Then for each a € (0,1) there is an 
equivalent complete metric on X such that F is contractive with contraction 
constant a. For more details on the converse of the Banach theorem the 
reader is referred to the survey by Opoitsev [1976]. 
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§2. Order-Theoretic Results 


The Banach theorem and its generalizations are founded on the notion of 
completeness. We now present some fixed point theorems based on the con- 
siderations of order; these results have proved of importance in algebra, 
the theory of automata, mathematical linguistics, linear functional analysis, 
approximation theory and the theory of critical points. 


1. The Knaster—Tarski Theorem 


Let (P, <) be a partially ordered set and M C P a nonempty subset. Recall 
that an upper (respectively lower) bound for M is an element p € P with 
m ~< p (respectively m > p) for each m € M; the supremum of M, if it 
exists, is an upper bound for M which is a lower bound for the set of all 
upper bounds of M. Recall also that a linearly ordered subset in P is called 
a chain. A map F': P — P is isotone if F(x) < F(y) whenever x X y. 


(1.1) THEOREM (Knaster-Tarski). Let (P,~<) be a partially ordered set 
and F : P = P isotone. Assume that there is ab € P such that both 
(1) b < F(b) and 
(2) every chain in {x € P| x > b} has a supremum. 
Then the set of fixed points of F is not empty, and among them there 
is a fixed point X maximal in P (i.e. F(A) = X and there is no fixed 
point a with a > 4). 


ProoF. Consider the partially ordered set 
Q = {z| x23 F(z)}N{x| x= d}; 


this is not empty, because b € Q. Every chain C in Q has an upper bound: 
for if u = supC, then c < uw for each c € C, so by the isotone property, 
c < F(c) X F(u) for each c € C,, showing that F(u) is an upper bound for C, 
therefore that u < F(u) and thus u € Q. By the Kuratowski-Zorn lemma, 
there is a maximal element A in Q; since \ < F(A), we have F(A) < F[F())], 
so F(X) € Q, and if A # F(A), this would contradict the maximality of i. 
Thus, 4 is a fixed point, and it is clearly maximal in P O 


In a partially ordered set P, it has been fruitful to regard a countable 
chain as being a “sequence” and the supremum of that chain, if it exists, 
as being the limit of that “sequence”. Guided by this, we define a map F: 
P => P to be continuous if for each countable chain {c;} having a supremum, 
F(sup{c;}) = sup[{F(c:)}]. Observe that a continuous map F': P — P is 
necessarily isotone; for if x < y, then y = sup{z,y}, so by continuity, we 
must have F(y) = sup{F(a). Ffy\} therefore F(z) < F(y). For continuous 
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maps F': P — P, the conditions on P in (1.1) can be relaxed, and a fixed 
point can be found by the method of successive approximations. This is 
given in 


(1.2) THEOREM (Tarski-Kantorovitch). Let (P,<) be a partially ordered 
set and F : P — P continuous. Assume that there is a b € P such 
that both 
(1) bx F(b) and 
(2) every countable chain in {x | x = b} has a supremum. 

Then F has a fixed point wp = sup, F"(b), and p is the infimum of 
the set of fixed points of F in {x | x = 5}. 


PRrooF. Because b < F(b) and F is isotone, we find F(b) < F?(b) and, 
inductively, that F"(b) < F"*+!(b) for each n > 1. Thus, {F"(b) | n > 1} is 
a chain in {z | x = b} so p = sup F"(b) exists. Since F is continuous, 


F(u) = sup F{F"(b)} = sup F"*"(b) = p, 


and p is a fixed point. To complete the proof, we must show that if ji is any 
other fixed point in {z | x > b}, then p X pL. To establish this, observe that 
since b < ji, we have F(b) < F(ji) = i and, by induction, that F"(b) < 2 
for every n > 1; thus j/ is an upper bound for {F"(b) | n > 1}, so p < and 
the proof is complete. 0 


The constructive character of the formula for the minimal fixed point pu 
in (1.2) is quite important for applications. 


2. Order and Completeness. Theorem of Bishop—Phelps 


The notion of order and the notion of completeness have each led to a fixed 
point theorem. We now obtain some results based on an interplay of these 
two notions. 
Let py: X — R be any real-valued function on a metric space (X,d) and 
A a positive number. Following Bishop-Phelps, define a relation <,,, on X 
by 
axy,.y ifand only if Ad(zx,y) < y(z) — yy). 


It is easy to verify that x, is a partial ordering in X; the transitivity of 
xv, follows from the triangle inequality. The space X, together with this 
partial ordering, is denoted by Xy,,; we let X, = Xy1 and write <, or 
simply < for Xy1- 

Observe that if x,y € Xy,, are known to be related, then the condition 
y(y) < v(x) alone ensures that Ad(r.y) < (7) — v(y), ie, 2X, y. 
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Recall that a function y : X — R is called lower semicontinuous (l.s.c.) 
whenever {x € X | v(x) < a} is closed for each a € R, and upper semicon- 
tinuous (u.s.c.) if —y is lower semicontinuous. 


(2.1) THEOREM (Bishop-Phelps). Let (X,d) be complete andy: X ~R 
be a lower semicontinuous function with a finite lower bound. Then 
for any x9 € Xp, there is a maximal element x* € Xy with 
Lo Ay, x Precisely: for any xo € X there is an x* € X such 


that 
p(x*) + Ad(xo,z*) < (Zo) 


and 
P(x*) < p(x) +Ad(z,2*) for anyx# x* 


PROOF. Clearly (for the proof) we may suppose that \ = 1 and consider 
Xy = Xv. For any z € Xy, denote the terminal tail {y | y = z} by T(z). 
We observe that since T(z) = {y | y(y) + d(z,y) < y(z)} and the map 
yt v(y) + d(z, y) is lower semicontinuous, each T(z) is closed in X. 

Now let zo € Xy be given. We construct an ascending sequence Xp < 
41 ~ x2 X< --- inductively, first choosing x, € T(xo) so that v(x) < 
1 + inf[y|T(xo)] and when zo,...,2%n—1 have been selected, choosing xp € 
T(%n-1) so that 

pln) < 1/n+ inflylT(en-)) 


The sequence T(x%9) D T(x1) D --- of closed sets is clearly descending. 
We estimate the diameter of each T(x,) whenever n > 1: given € € T(zn) C 
T(Zn-1), we have y(€) > inf[y|T(tn_-1)] => y(en) — 1/n, so since zp X €, 
we find d(2n,€) < (tn) — y(€) < 1/n. This implies that diamT(r,) < 2/n 
for each n > 1, so by Cantor’s theorem, there is a unique x* € ()>) T(£n). 
Since x* € T(x), we have z* > Zo; moreover, x* is maximal in X,: for if 
z>& a*, then z > 2* > 2p for all n > 0, so z € (\7_)T (zn) and therefore 
2a 


This leads immediately to 


(2.2) THEOREM (Caristi). Let (X,d) be complete andy: X — R a lower 
semicontinuous function with a finite lower bound. Let F: X — X 
be any (not necessarily continuous) function such that d(z,F xr) < 
p(x) — p(Fx) for eachx € X. Then F has a fixed point. 


PROOF. Consider the partially ordered set X,, and let zp be a maximal 
element. Since d(x, Fzo) < y(xo) — y(F' Zo), we have Xp X Fxo in X,, and 
since 2 is maximal, it follows that r9 = F2o. 0 


We remark that the existence of a fixed point for a contractive map F 
in a complete metric space (.\.d) is 1 conscauence of (2.2); for if we have 
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d(Fa. Fy) < ad(r,y) with a < 1, then d(Fx, F?x) < ad(x, Fx); therefore 
d(x, Fx) — ad(x, Fx) < d(x, Fx) — d(Fz, F?2), 


so with the nonnegative function y(x) = (1 — a)~'d(x, Fx), the conditions 
of (2.2) are satisfied. 


3. Fixed Points for Set-Valued Contractive Maps 


Let (.X.d) and (Y,o@) be metric spaces and (CB(Y),D) be the space of 
nonempty closed bounded subsets of Y with the Hausdorff metric 


D(A, B) = max{sup (a. B), sup e(b, A)}. 
acA beB 
A set-valued map F : X — CB(Y) is called a-contractive, where 0 < a <1, 
if 
D(F2,Fy) <ad(z,y) forall z,y € X. 


The following result extends the Banach principle to set-valued contrac- 
tive maps. 


(3.1) THEOREM (Nadler). Let (X,d) be a complete metric space and F : 
X — CB(X) an a-contractive map. Then F has a fized point. 


PROOF. First, notice that for any x € X and any y € Fz, we have 
d(y, Fy) < D(Fx,Fy) < ad(z, y). 
Now fix e > 0. For any z € X there exists y-(z) € Fx such that 
d(x, ye(x)) < (1+ )d(x, Fz). 
From this we get 


( 7 ) a] ate, ve(a) S d(x, Fa) — ada, ye(2)) 


l+e 
< d(x, Fx) — d(ye(z), Fye(z)). 
Let 


Ye(x) = (ss) -a| dle. Fe), 


If € is chosen such that (1+¢)7! > a, then y, is continuous and bounded 
below. Furthermore, we have just shown that for any z € X, 


EAy. Ye(x) and ye(x) € Fax. 


Let x* be a maximal element for the partial order x), in X,. From 
x* Aye Ye(x*) we get = uz ry and therefcre z* E Fr. O 
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4. Applications to Geometry of Banach Spaces 


Let K = K(z,r) be a closed ball in a Banach space. For any z ¢ K, the 
convex hull of x and K is called a drop and is denoted by D(z, K); it is clear 
that if y € D(z, K), then D(y, K) C D(z, K), and if z = 0, that |ly|| < [zl]. 


(4.1) THEOREM (DaneS). Let A be a closed subset of a Banach space E, 
let z € E—A, and let K = K(z,r) be a closed ball of radius r < 
d(z, A) = R. Let F: A— A be any map such that F(a) € AND(a, K) 
for eacha € A. Then for each x € A, the map F has a fized point in 
AN D(a, K). 


PROOF. We can assume z = 0. Let ||z|| = 0 > R and let X = AN D(z, hk); 
clearly, F maps X into itself, we shall estimate ||y — F(y)|] on X. 

Given y € X, there is ab € K with F(y) = tb+ (1—t)y; since ||F(y)|| < 
t[b|| + (1 — ¢)[lyll, we have 


t(Ilyll — Hl) < Hlyll — FP @)IL 
so because ||y|| — |b|| > R —1r, we find 


lvl — WFyl 


t< 
= R-r 


Thus, 
lly — Fy) Il < tlly — oll < e(llyl] + Hell) < te +7) 


<2 +r 
= (yl — LP). 
Therefore, applying the theorem of Caristi with 
v(t) = p— lel 


yields the result. O 


= 


As a consequence we obtain 


(4.2) THEOREM (Supporting drops theorem). Let A be a closed set in a 
Banach space E, and z€ E—A a point with d(z,A) = R>0. Then 
for anyr < R< © there is an zp € OA with 


lz—zol]<e@ and AND(zo,K(z,r)) = {xo}. 


Proor. Let A = AN K(z,0). It is a nonempty closed subset of E. Let 
K = K(z,r). For each x € A choose F(x) € AND(zx, K) such that F(x) # x 
if AN D(x, K) # {x}. One can easily see that fixed points Zo of F can occur 
only at points of OA and that AND(ro. K) = AN D(xo, K). Oo 
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5. Applications to the Theory of Critical Points 


Let y : X — R be a real-valued function on a metric space X with finite 
7 = inf{y(z) | 2 € X}. Recall that a minimizer (respectively a strict 
minimizer) of y is an element x9 € X with y(zo) = 7 (respectively such 
that the relation y(z) < y(zo) implies z = xg). Recall also that a sequence 
{rn} in X for which y(2n) — 7 is called a minimizing sequence for yp. 


(5.1) THEOREM (Ekeland). Let (X,d) be complete, and lety: X — R bea 
lower semicontinuous function with finite lower bound n. Let {x} be 
a minimizing sequence for y and An = (v~(2n)—7)'/? > 0. Then there 
exists a minimizing sequence {yn} for yp such that for any natural n 
we have: 


(i) Ylyn) < Y(Zn) and d(zn, Yn) < An, 
(ii) yn 7s a strict minimizer of the function py, : X — R given by 


Yn (z) = p(z) + And(z,yn) forz EX, 
(ili) Glyn) = Yn(Yn) S Y(z) + And(z,yn) for z € X. 


PROOF. We first describe the construction of {y,}. For a given natural n, 
consider the space X,p,y,,, where An = (y(tn) —7)!/?. By the Bishop-Phelps 
theorem applied in X,,,,. for the point xz, there exists an element y, in 
Xy,rn Such that (a) Zn Ayan Yn and (b) yp, is maximal in X,,. We 


now show that y, and the function y, defined in (ii) have the properties 
(i)—(iii). 
Indeed, the relation z, X,.,, Yn in Xy,,, translates into the estimate 
AnAd(Ln, yn) < (Ln) — Y(yn); 


and gives 


(elem) — Plum) S 50+ 2 =n) = dn 


thus (i) is satisfied. 
To establish (ii), suppose that yp(z) < Yn(yn) for some z in X; then 


Yn(z) = p(z) + And(z, Yn) < Y(Yn) = Yn (Yn); 
which (by the definition of the order in Xy,y,,) gives yn Xy.y,, 2. Since yn 
is maximal in X,,,, the last relation implies y, = 2, showing that yp is a 
strict minimizer of y,, as asserted. 
(iii) is an obvious consequence of (ii). 
Thus we constructed a minimizing sequence {yn} satisfying (i)-(iii). O 
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(5.2) COROLLARY. Let E be a Banach space, p: E > R be a differentiable 
function on E with finite lower bound n, and {x,} a minimizing se- 
quence for yp. Then there exists a minimizing sequence {yn} in E for 
yp such that p(yn) < p(tn) for each n and Dyp(yn) 3 0 in E*. 


Proor. By (5.1), there exists a minimizing sequence {y,} in E for y such 
that for all n, y(yn) < y(n), and with A, = (y(zn) — n)/?. 


(*) (yn) < Y(z)+An|lz—ynl| for all z EE. 


For a given n, letting z = y, + we obtain from (*) the estimate 


(Yn) S P(Yn +) + Anll(Yn +) — nll 
= 9(yn +v)+An|lv]| for all ve £, 


and consequently, 


(IDyv(yn)|lz- — lim sup (Yn) — Plyn + v) < An: 
oO jlul|<o llell 
v0 


Thus, ||Dy(yn)|le- < An for all n, and as An — 0, our assertion follows. O 


6. Miscellaneous Results and Examples 


A. Fized points in partially ordered sets 


(A.1) Let X,Y be two sets and f: X — Y, g: Y — X two maps. Show that X and Y 
can be written as disjoint unions, X = X, U X2 and Y = Y, UY9, where f(X)) = Y, and 
g(Y2) = Xe. Derive the Bernstein-Schroeder theorem: If both f and g are injective, then 
there exists a bijective F : X — Y 

[Consider the map y: 2* _,2* given by Ar X — g[Y — f(A)] and use (1.1).] 


(A.2) A partially ordered set is called a complete semilattice if every nonempty subset 
has a supremum. In a complete semilattice L, show: 
(a) Every nonempty set having a lower bound has an infimum. 
(b) An isotone map f : L — L such that b x f(b) for some b € L, has a maximal 
fixed point and a minimal fixed point in {zx | b x z}. 
[For (a), consider the sup of the set of lower bounds.] 


(A.3) A partially ordered set is a Dedekind-complete semilattice if every nonempty subset 
having an upper bound has a supremum. Show that (1.1) need not be true for Dedekind- 
complete semilattices. 

[Consider the map z++ x + 1 of R into itself.] 


(A.4) Let f,g be isotone maps of a complete semilattice L into itself such that fg(xr) = 
gf(x) for each x € L. Prove: If gf has a fixed point, then f and g have a common fixed 
point. 

[By (1.1), gf has a maximai fixed nvint.' 
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(A.5) Let f.g be isotone maps of a complete semilattice into itself such that (a) if z x 
f(r), then f(r) < 9(x), and (b) if f(r) <a, then g(x) < f(z). Show: If either f or g has 
a fixed point, then f and g have a common fixed point. 


(A.6) Let P be a partially ordered set and f P — P be isotone. Assume f(u) x u for 
some u € P and that every chain in {x | z < u} has an infimum. Show: f has a fixed 
point minimal in {r |r < u}. 

[Consider the set P with the partial order x < y if and only if y < x and use (1.1).] 


(A.7) Let P be a partially ordered set and f : P — P amapsuch that f(infC) = inf f(C) 
for every countable chain. Assume f(u) < u for some u € P and that every countable 
chain in {xz | x < u} has an infimum. Show: f has a fixed point maximal in {z | z < u}. 


(A.8) Let P bea partially ordered set and FY a nonempty commutative family of isotone 
maps (i.e., fog =gof for every f.g € #). Assume that f(u) < u for some u € P and 
all f € .%, and that every chain in {x | x < u} has an infimum. Show: There is a minimal 
common fixed point for F (i.e., f(a) =a for all f € and no ag < a has this property) 
(DeMarr [1964]). 


(A.9) Let E be a topological space and C C E a nonempty compact subset. Let P = 
{A Cc E | ANC' is closed and nonempty}, partially ordered by inclusion. Let ¥ be 
any nonempty commutative family of isotone maps of P into itself. Show: There exists a 
minimal nonempty A C E with f(A) =A for all f € F 


(A.10) Let E be a connected compact space, and .7 a commutative family of continuous 
maps f : E — E. Show: There is a nonempty connected closed A C FE with f(A) =A for 
all f € -F and such that no nonempty connected closed B C E which is a proper subset 
of A has this property. 

[Partially order the nonempty connected closed sets by inclusion and use (A.8).] 


B. Results related to the Bishop-Phelps theorem 


(B.1) (Expanding maps) Let X = (X,~<) be a partially ordered set; for every z € X, 
denote the terminal tail {y | z < y} by T(z). 

(a) A map F: X — NX is said to be expanding if x < F(.r) for each x € YX. Show: If 
F : X — X is expanding, then: (i) every tail in Y is invariant under F (i.e., F(T(z)) C 
T(z)). (ii) each maximal element of X is a fixed point of F’. 

(b) A set-valued map F : X — 2* is expanding if it admits a single-valued expanding 
selector F X —» X. Prove: If F: X — 2* is expanding then: (i) for every tail T(z) 
in X, 2£++ F(x) MT(z) defines a set-valued expanding map from T(z) to T(z), (ii) each 
maximal element ro in X is a fixed point of F, i.e., r9 € F(z). 


(B.2) Let X = (.X,d,<) be a metric space with a partial order. We say that X admits 
arbitrarily small tails if given any tail T(z), for each € > 0 there exists T(y) C T(z) with 
diam T(y) < €. Assume that X is complete and admits arbitrarily small tails. Show: 
(a) For any zo € .X there exists an ascending sequence xo < x) <--- in X such that 
limzrn= rE (\T (zn). 
(b) If f X — X is continuous and expanding, then there is an  € X such that 
z= f(£) € T(x0). 


(B.3) (Cantor spaces) Let X = (X;d,~<) be a metric space in which a partial order ~< is 
defined. We say that X is a partially ord ‘red Coutor space or simply a Cantor space if: 
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(i) d is complete, (ii) each tail T(z) is closed in X, and (iii) X admits arbitrarily small 
tails. Show: If X is a Cantor space, then: 
(i) every tail T(z) in X is a Cantor space. 

(ii) X has a maximal element rx”, 

(iii) every tail T(z) contains at least one maximal element z* € T(=). 

(iv) if F : X — 2” is expanding, then every tail T(z) in X contains at least one fixed 

point of F 

[For (ii), use the Cantor theorem.] 


(B.4) Show that the statement (ii) of (B.3) implies the Cantor theorem: If (Xd) is com- 
plete and {An} a descending sequence of closed sets in X with 6(An) — 0, then (1) An 
contains exactly one point. 


(B.5) Let (X,d) be a complete metric space, y : X — Ran arbitrary function and A > 0. 
Recall that Xy,, is the space appearing in (2.1). 
(a) Assume ¢ has a finite lower bound. Show: \,,, admits arbitrarily small tails. 
(b) Assume y is l.s.c. and has a finite lower bound. Prove: X,,,, is a Cantor space. 


(B.6) Let (X,d) be complete and y X — Ran arbitrary function with a finite lower 
bound. Suppose F': .Y — X is a continuous function such that d(z, Fx) < v(x) — y(Fr) 
for each x € .Y. Show: F has a fixed point (Brondsted [1974]}). 


(B.7) Let (X,.d) be a complete metric space, py: X — Ra 1.s.c. function with a finite 
lower bound, and A > 0. Show: If F: X — N is any map (not necessarily continuous) 
such that d(z, Fx) < v(x) — y(Fr) for all x € X, then for each z € X there exists a fixed 
point =* of F such that d(z, z*) < y(z) — y(z*). 


(B.8) Let (Xd) be a | complete metric space and y: VN — RaLs.c. function bounded 
below. Let F : X — 2* be a set-valued map such that for each x € X there is a y € F(z) 
satisfying d(z,y) < v(x) — y(y). Show: F has a fixed point (W. Takahashi). 

[Consider the Cantor space -\ and observe that F is expanding.] 


(B.9) Let (X,d) be a metric space. We say that X is metrically conver if for any distinct 
points r,y € XN the metric interval (x,y)x = {2 EX |r #2 y. d(x.y) =d(r.z) + 
d(z,y)} is nonempty. Let (X.d) be complete and metrically convex and F': X — X bea 
continuous map such that for each z # F(x) there exists a point y € (x, Fr)x satisfying 
d( Fx, Fy) < ad(x,y) for some 0 < a < 1. Show: F has a fixed point (F. Clarke). 

[Consider the space Y, with y(z) = psdz. Fx) and show that the assumption 
x” # F(x"), where x* is a maximal element in X,;. leads to a contradiction.| 


(B.10) Let \ be a space with a partial order < such that: (a) each tail T(r) = {y | y = z} 
is closed, and (b) each nondecreasing sequence r1 < x2 X --- converges. Assume that for 
each chain C, there is some map yc : C — R such that yco(z) > yc(y) whenever z < y. 
Prove: Given any zo € -X there is a maximal clement r* € X such that zo < 2” 

[Given any chain C, choose cn € C' so that yc(en) | inf yc and show that S = {cn} 
is cofinal in C; the limit of the sequence {cn} is an upper bound for C: now use the 
Kuratowski-Zorn lemma.] 


C. Continuation method and fized points for set-valued contractive maps 


Let (X.d) and (¥.@) be metric spaces, and let (CB(}"),D) be the space of nonempty 
closed bounded subsets of }” with the Hausdorff metric. A family {H¢ : X — CB(}’)} of 
set-valued maps, depending on é © 4] *> catled a-cntractive provided: 
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(i) D( Ht(.v1), He(r2)) < ad(x1, x2) for all t € [0,1] and 71,22 € X, 
(ii) there is a continuous and strictly increasing function y : [0,1] — R such that 


D(H1, (x), Hte(£)) < |y(t1) — y(te)| for all z € X and f;,t2 € [0, I]. 


(C.1) Let (X,d) be complete, r9 € X and r > 0. Let T : K(zo.7) — CB(X) be an 
a-contractive map (0 < a < 1) such that d(Tr9.z9) < (1 — @)r. Prove: T has a fixed 
point. 

[Define by induction a sequence {yn} in K(zo.r) such that yn41 € T(yn) and 
d(yn+1.yn) <a"(1—a)r. Then, using the estimate 


d(ynep.yn) <[Ltata? +---+a?}a"(1—a)r, 


show that {yn} is a Cauchy sequence and hence converges to a certain yo € A(zo.1r). 
From D(Tyo, Tyn) < ad(yo. yn) conclude that yo € Tyo-] 


(C.2) Let (X,d) be complete, U C NX open, and {H; U — CB(X)} an a-contractive 
family of maps which are fixed point free on the boundary QU. 

(a) Suppose Q = {(t.r) € [0,1] x U | x € Ay(z)} is nonempty and partially ordered 
by 

Ny al 
(t’.2’) ~< (t” x”) et’ <t" and d(z’.z") < oll vit) = vit) ; 
-a 
Establish the existence of a maximal element (to. x9) in Q. 

[Let P be a chain in Q and t* =sup{t € [0.1] | (t.z) € P}; take a sequence {(tn. zt, )} 
in P with (tn. ct, ) X< (tn41,2tn4,) and tn — t* Show that z;,, — 2” € U and (t*.2”) is 
an upper bound for P. Apply the Kuratowski~Zorn lemma.]. 

(b) Show: If Ho has a fixed point, then so does H; (Frigon-Granas [1994}). 

[Letting (to.29) be maximal in Q, suppose to the contrary that tg < 1 and choose 
t € (to, 1) with 

2(y(t) — v(to)) V1 
— APTA NON < Lar. OU). 
r OS 5dlz0..0U) 
Then, using (C.1), find a fixed point r € Hz(x) in K(z9,1r), so that (t9,r9) < (t.z), a 
contradiction.] 


(C.3) (Nonlinear alternative) Let E be a Banach space, U a domain in E containing 0 
and T : U — CB(E) an a-contractive map with T(U) bounded. Prove: Either (i) T has a 
fixed point, or (ii) there exist yo € OU and 4 E€ (0,1) such that yo € AT yo. 


7. Notes and Comments 


Order-theoretic fized point results 


The first fixed point result based on considerations of order was established 
by Knaster and Tarski in 1927 (Knaster [1927]). Some refinements of the 
initial result were established by Tarski in 1939; see Tarski [1955], where fur- 
ther bibliographical comments can be found, and also Kantorovitch [1939]. 

The following theorem is due to Tarski [1955]: Let (L.<) be a complete 
lattice. (i) The fixed point set of every isotone map y : L — L is nonempty 
and forms a complete lattice: under the icherited order. (ii) If L is in addition 
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a Boolean algebra, then given two isotone maps y,w:L — L anda,b € L 
there are c,d € L with yp(a—c) = d and ~(b—d) = c. Several theorems 
on equality of cardinalities (for example, the Cantor—Bernstein theorem) 
reduce directly to (ii); (i) and (ii) are applicable to topological functions 
(closure, derivative); for example (i) gives a familiar result: every closed 
set has a largest perfect subset. Tarski’s theorem can also be applied to 
partial differential equations (Simon et al. [1992], Simon [2000]), and to 
variational inequalities (Jerome [1984]). For applications of the Knaster- 
Tarski theorem to differential equations, see Volkmann [1995] in “Additional 
References” IVb. 

In Amann’s survey [1976], the following strengthening of the Knaster- 
‘Tarski theorem is proved: The fired point set Fix(F|Q), where Q = {x | a X 
F(x)} N {x | x & b}, contains a fixed point minimal in the set Fix(F|Q); 
Amann found a number of applications of this extended version to fixed 
point problems of functional analysis. 

We mention two other results: (i) Fuchssteiner [1977] obtained a theorem that contains 
Tarski’s theorem as a special case and implies several fixed point results of functional- 
analytic type. (ii) Baclawski and Bjérner [1979] established a (discrete) Hopf-Lefschetz 
theorem for isotone maps on finite partially ordered sets. Acyclic sets (i.e., those that are 


like a point homologically) are shown to have the fixed point property for isotone maps; 
various sufficient conditions for acyclicity are developed. 


Order-theoretic fixed point theorems also have applications in automata 
theory (Scott [1971], [1975]). For a number of order-theoretic fixed point 
results in functional analysis, see the surveys by E. Bohl [1974], Amann 
[1976] and books by Krasnosel’skii [1964a] and Zeidler [1986]. 


Bishop--Phelps theorem and its applications 


The formulation and proof of (2.1) are taken from Dugundji-Granas [1982]. 
The original formulation appeared as a remark (in a somewhat different but 
equivalent form) in a survey, written in 1971, by Phelps [1974]. Examining 
the proof of (2.1) leads to the “Cantor order-theoretic theorem”, which 
provides a unified approach to a long list of results related to the Bishop- 
Phelps theorem (see Granas—Horvath [1999] and “Miscellaneous Results and 
Examples”). For some extensions of (2.1) (outside the scope of complete 
metric spaces) the reader is referred to Brondsted [1974], Brézis~Browder 
[1976], and Altman [1982], among others. 

In Sections 2 through 5, we give only a few applications of the Bishop- 
Phelps technique. For (2.2) see Caristi [1976], for (4.1), (4.2) see Danes 
[1972], and for (5.1), (5.2) see Ekeland [1972]. The proof of (3.1) (Nadler 
[1969]) follows that given by Takahashi [1990]. 

For certain interrelations of these results the reader is referred to DaneS 
[1985] and Penot [1986]. Further applications of the Bishop—Phelps technique 
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can be found in Ekeland [1979] (variational problems) and the lecture notes 
by Phelps [1993] (convex analysis). 


The Bishop- Phelps technique presented in Sections 2 through 5 originated in and 
evolved from the work of the above authors in the theory of support functionals in Banach 
spaces. Let E be a Banach space and X C E. A point x9 € X is a support point of X if 
for some f € E*, called a support functional of X, we have f(zo) = sup{f(z) | z € X}. 
The following theorem was established by Bishop-Phelps [1963]: Let C’ be a closed convex 
subset of E. Then (a) the support points of C are dense in the boundary OC of C, and 
(b) the support functionals of C' are norm dense in the set {f € E* | supc f < x}. 

In connection with this result, we make the following comments: 

(i) If Int(C) # @ then every x € C is a support point of C; this follows at once from 
the Mazur separation theorem. 

(ii) If C is the closed unit ball in £, then the set {f € E* | f(x) = |lf|] for some 

x € OC} is norm dense in E*; this is a special case of the Bishop—Phelps theorem. 

(iii) If C is the closed unit ball in E, then [each f € E* is a support functional of C] 

< [the space E is reflexive] (theorem of James [1972]. 

(iv) Let py: E — R be convex and lower semicontinuous. We define the subdifferential 

of y at x € E by 


Oy(x) = {f € E* | f(y— 2) < ly) — (2) for all y € E}. 


Because the elements of Oy(xr) can be identified with support functionals of the closed 
convex epigraph epi(y) C E x R of y at (z,y(z)), the Bishop-Phelps theorem leads to 
the following result: The set {x € E | Oy(x) # 0} is dense in E. This frequently used 
result (and, in fact, its “extended” version valid for functions y possibly equal to 2<) is 
due to Brendsted Rockafellar [1965]. 


Fized points for set-valued contractive maps 


An extension of the Banach theorem to set-valued contractive maps is due 
to Nadler [1969]. The continuation method for such maps can also be es- 
tablished (see Frigon-Granas [1994] and “Miscellaneous Results and Ex- 
amples” ). 


In the following remarks, X and Y are Banach spaces, W C X an open set, and 
f:W —Y a continuous map. Let AY be a subset of XY and zo € AJ. A vector r € X is 
tangent to Af at xo if there is 7 : (—e,€) + X with 79 +txr+7(t) € Al for t € (—e,e€) and 
||7(t)||/t + 0 as t — 0. We let Tz, AJ be the set of all tangent vectors to M at ro. We say 
that f: W — Y is strictly differentiable at xo € W if it has a derivative L = Df(xo) € 
.2(X,Y) at xo with the property: for each € > 0 there is a nbd VW’ C NH" of xp such that 


I|F(2) — f(z’) -— L(x-2')|| <ellz—2'l]| for all z.2’ EV. 


The following result (which is of importance in optimal control theory) was established 
by Lusternik [1934]: Let f : W — Y be strictly differentiable at zo € W with Df(zo) 
surjective. Let M = {x € X | f(x) = f(x0)}. Then (A) there erists a nbd U C W 
of x9 and a map 9: U — X such that, for all x € U, we have x + 3(x) € M and 
2(x)|| < K||f(z)—f(zo)|l|, where K > 0, and (B) Tr, Af = Ker Df (zo). For a proof of the 
above theorem that uses the fixed point theorem for (generalized) set-valued contractive 
maps in conjunction with the open mapping principle, see Ioffe-Tikhomirov [1978]. 
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In this paragraph we present an introduction to the geometric theory of 
KKM-maps. We first establish a geometric analogue of the Knaster-Kura- 
towski-Mazurkiewicz theorem and then derive from it, among other results, 
the theorems of von Neumann and Markoff-Kakutani. Topological aspects 
of the theory, based on the Brouwer theorem, will be given in the next 
chapter. The paragraph ends with the Kakutani theorem in normed linear 
spaces. 


1. KKM-Maps and the Geometric KKM-Principle 


The general principles of the theory of KKM-maps use simple notions related 
to set-valued maps. For the convenience of the reader, and to establish the 
terminology, we recall the relevant definitions. 

Let X and Y be two sets. The set of all subsets of X is denoted by 2* 
A map S: X — 2” is called a set-valued map; the sets Sz are the values of 
S and the sets 


Gs={(z,y)EXxY|yeSz} and S(X)= LU Sr 
rex 
are the graph and image of S, respectively. 

The inverse S~! : Y — 2* and the dual S* : Y — 2* of S are the maps 
yo Sty = {4 € X | y € Sx} and yrs Sty = X — S~!y. The values of 
S~! (respectively of S*) are called the fibers (respectively cofibers) of S. 

Note that S is surjective (i.e., S(X) = Y) if and only if its fibers S~!y 
are all nonempty. By a fized point of a set-valued map S : X — 2* is meant 
a point xp € X for which zo € Sz. Clearly, if S has a fixed point, then so 
does $7}. 

It will also be convenient to have the following notation at our disposal. 

Given a vector space EF (always over R) and A C E, we shall frequently 
denote by [A] the convex hull, conv A, of A. For any integer n € IN we shall 
write 

[nN] = {ie N|1<i<n}. 

We are now in a position to introduce the basic class of set-valued maps 

that will enter our discussion, as follows: 


(1.1) DEFINITION. Let E be a vector space and X C F an arbitrary subset. 
A map G: X — 2° is called a Knaster-Kuratowski-Mazurkiewicz 
map (or simply a KKM-map) provided 


[A] = conv{z),..., 25} C G(A) = U Gz; 
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for each finite subset A = {2),...,25} of X. We say that G is a 
strongly KKM-map if (i) x € Gz for each x € X, and (ii) the cofibers 
G*y of G are convex. 


We first record two simple properties of KKM-maps for future reference. 


(1.2) Lemma. Let E be a vector space, C C E convex, and G:C > 2” 
strongly KKM. Then G is a KKM-map. 


Proor. Let A = {71...., 15} C X, and let yo € [A]. We have to show that 
yo € Uj, Giri. Since yo € Gyo, we have yo ¢ G* yp. and therefore [A] is not 
contained in G* yo. Since the set G* yo is convex, at least one point x; of A 
does not belong to G*yo, which means that yo € Gz. O 


(1.3) LemMA. Let E be a vector space and C C E a nonempty conver set. 
Let G:C — 2© be a set-valued map such that G* : C — 2° is not a 
KKM-map. Then: 

(i) there exists a point w €C with w € conv(Gw), 
(ii) if G has convez values, then G has a fized point. 


PROOF. Because (i)=>(ii), we need only establish (i). As, by assumption, G* 
is not a KKM-map, there is w € conv{z,...,%n} for some z),....2n EC 
such that 


weEC-|)G@*z;=C-|J(C-G"'x;) = a G7 y;. 
i=1 i=] i=] 


Consequently, x; € Gw for each i € [n]. and so w € conv(Gw). O 


Before we give a few examples of KKM-maps, we recall some definitions. 

Let E be a vector space and C' C E a convex subset. A function y : 
C — Ris said to be conver if p(tz + (1 —t)y) < ty(r) + (1—t)y(y) for all 
t € [0,1] and x,y € C. The sum and the maximum of two convex functions 
are convex. A function 7): C — R is concave if —y) is convex. 

A function y : C — Ris quasi-convez if {y € C | p(y) < A} is convex for 
each \ € R. A function 7%: C — R is quasi-concave if —y is quasi-convex. 
Clearly, every convex function is quasi-convex. 


EXAMPLES. In the following two examples of KKM-inaps the domain of a 
map is convex, so it is enough to show that the map is strongly KKM. An 
exainple of a KKM-map that is not strongly KKM will appear in (4.4.9). 

(i) Let X, Y be convex subsets of vector spaces Ey and Fy-, and let 
f:X xY —R bea concave-conuez function (i.e., rt f(x,y) is concave 
for each y € Y and y+ f(x,y) is convex for each r € X). Then the map 
G:XxY—2**Y defined by 


G(r.y) = (2.0 Ey + Fe! f(xy’) - f(2',y) <0} 
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is strongly KKM. Indeed, (x,y) € G(x. y) for each (z,y) € X x Y, and 
because (x,y) > f(z,y') — f(z’, y) is concave, the cofibers 
G*(2',y') = {(z,y) EX x¥ | f(z, y') — f(z’. y) > 0} 

of G are convex. 

(ii) Let C be a convex subset of a vector space E and g:C xC — R be 
a function such that: 

(a) g(x,x) < 0 for each x EC, 

(b) z+ g(x, y) is quasi-concave on C for each y € C. 
Then the map G: C — 2° given by x » Ga = {y € C | g(x,y) < 0} is 
strongly KKM. Indeed, it follows from (a) that x € Gx for each x € C’, and 
(b) implies that the cofibers G*y = {x € C | g(x, y) > 0} of G are convex. 


Let EF be a vector space. A subset A C E is called finitely closed if 
its intersection with each finite-dimensional flat L C E is closed in the 
Euclidean topology of L. 

Recall that a family {A | \ € A} of subsets of some set is said to have 
the finite intersection property if the intersection of each finite subfamily is 
nonempty. 

The basic geometric property of KKM-maps is given in 
(1.4) THEOREM. Let X C E, and let G: X — 2© be a KKM-map with 

finitely closed convex values. Then the family {Gx}rex has the finite 
intersection property. 


Proor. Let A = {21,...,2n} be a finite subset of X. We are going to show 
that 


nr 
(1) [A] N [| Ga; # 0. 

i=] 
The proof is by induction. For A consisting of a single element x of X our 
statement holds, because x € Gx for any x € X. Assume the statement 
is true for any set containing n — 1 elements. For each i € [n], choose an 


element y; in the set 

() Gaj N[A\ {zi}], 

xi 
which is nonempty by the inductive hypothesis, and consider the compact 
convex set 

Y = [y.---. Yn] C [A]. 
To establish (1) it is clearly enough to show that Nye: GainY 4 9. Suppose 
that, on the contrary, : 
() Gz:nNY = 0. 


ya} 
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Working in the finite-dimensional space L spanned by A, let d be the Eu- 
clidean metric in L; note that because G.r, N L is closed in DL, we have 
d(r,Gr, NY) = 0 if and only if € Ga;nY 

For each j € [n]. define gj; : ¥ - R by y,(y) = d(y. Ga NY’); note that 
because each y; is convex and continuous, so also is the function p: Y — R 
given by y(y) = max{y(y),-.-.~n(y)} fory EY Let y¥ € Y be a point at 
which y attains its mininium. Since by assumption (]Gz;NY = 0, we must 
have y(#) > 0. Because G is a KKM-map, we have Y Cc [A] C Uj_, Gx, 
and heuce the point ¥ belongs to one of the sets Gz;, say Grp. 

To get a contradiction, we shall evaluate the functions y, at points % = 
ty¥+(1—t)yn of the interval [j. yn] C ¥ First. for i = n. because yp(y) = 0, 
we have 

Pn(=t) S ton(y) + (1 — thpn(Yn) S (1 — tpa(yn). 


This implies w,(2z) — 0 as t — 1, and hence, for some to sufficiently close 
to 1, we get 


(2) Pn(2to) < p(Y)- 
Furthermore, for any i € [n — 1], because Y;(yn) = 0. we have 
Pi(2ty) S toy.(¥) + (1 — toes (Yn) < (9). 
This, in view of (2), implies that p(z:,) = max{y;(z:,) | i € [n]} < »(y), 
and, with this contradiction, the proof is complete. O 
Theorem (1.4) implies at once the main result of this section: 


(1.5) THEOREM (Geometric KKM-principle). Let E be an arbitrary linear 
topological space, X C E, andG: X — 2° a KKM-map with closed 
convex values such that Gxo is compact for some xy € X. Then the 
intersection (\{Gx |. € X} is not empty. O 


In the next two sections we illustrate the technique of KKiM-maps by 
deriving from Theorem (1.5) some further results, including the theorems of 
von Neumann and Markoff Kakutani. 


2. Theorem of von Neumann and Systems of Inequalities 


We give an immediate application of the geometric KKM-principle by de 
riving a classical result in game theory. 


(2.1) THEOREM (von Neumann). Let X and Y be two nonempty compact 
convex subsets of two linear topological spaces Ex and Ey-. Let f : 
XxY—R be a real-valued function satisfying: 

(i) rr f(z,y) is concave and u.s.c. for each y EY, 
(ii) yro f(z, y) is canrer ond Lise. for each xz EX. 
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Then: 
(A) there is a point (xo. yo) € X x Y (called a saddle point for f) 
such that 


f(z, yo) < f(zo.y) forall (r.y)EX x, 


B e i = . — 1 oe " 
(B) seat f(x,y) = f(Zo. yo) nines f(x,y) 
PROOF. Because (B) follows at once from (A). we need only establish (A). 
To this end, define a map G: X x Y — 2**? by putting 


G(z,y) = {(2’,y') € Ex x Ey | f(x,y’) — f(z’) < 0}. 


By Example (i), because f is concave-convex. G is a KKM-map. Further- 
more, because for each (r,y) the function (z’.y’) + f(x,y’) — f(z’. y) is 
convex and l.s.c., the sets G(x,y) are convex and closed. Consequently, 
by Theorem (1.5), there exists (29. yo) such that (zo. yo) € G(x. y) for all 
(x.y) € X x Y; this means exactly that (zo, yo) is a saddle point for f O 


From the above theorem we now obtain two innportant results in the 
theory of infinite systems of inequalities. 

Let X C E be compact convex in a linear topological space FE. and let 
& = {yp} be a nonempty family of real-valued functions y : Y — R that are 
convex and lower semicontinuous. To formulate a general result we let. [4] 
be the convex hull of & in the vector space R*: we are concerned with the 
following two problems: 


(P,) There exists xo € X such that y(zo) < 0 for all y € &. 
(P2) For each w € [9] there exists T € X such that y(Z) < 0. 


(2.2) THEOREM. The problems (P,) and (P2) are equivalent. In other 
words, either 
(a) there is x9 € X satisfying p(xo) <0 for all y € ®. or 
(b) there is y € [D] such that y(z) > 0 for allz EX. 


PROOF. Clearly, it is enough to show that (P2)=(P,). Assume (P2) holds 
and let S(y) = {x € X | v(x) < 0}. To establish our claim, we have to show 
that (),cg 5(y) is not empty. Since the sets S(y) are convex, closed and 
nonempty (by (P2)), this reduces to showing that the family {S(y) | ¢ € 4} 
has the finite intersection property. To this end, let y)..... Yn © @. Set 


A= {(Ay++-)An) € R”|d;>0 for all i and wee 
i=] 


and on the product of two compact eouvex sets X and A, consider the 
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function f :.X x A— R given by 
Tl 
f(r.) = D7 Avil). 
is 1 


As is easily seen, f satisfies all the conditions of Theorem (2.1), and conse- 
quently it has a saddle point. Thus, there exists (x9, A) € . x A such that 
f(ao.d) < f(a.d) for all (7.4) € X x A. Said differently, there exist 2p € X 
and ur = 5x"., Aiy, € [G] such that yi(xo) < v(x) for all i € [n] and z € X. 
Now, by (P2). there exists F € X such that (FT) < 0, so yi(zy) < O for all 
i € [n}: that gives xp € (}"_, S(y,). and the proof is complete. O 


Let XV be a set and = {y} a nonempty family of real-valued functions 
yw: \ — R. We say that © is concave in the sense of Fan (or simply F- 
concave) provided for any convex combination 577, A147, of ~1,---:n €@ 
there is y € & such that y(.r) > SO, Ary (xr) for each x € X. 


(2.3) COROLLARY. Let X be a nonempty compact convex subset of a linear 
topological space E and © = {7} an F-concave family of convex l.s.c. 
real-valued functions y: X — R. Then the following conditions are 
equivalent: 

(A) there exists xo € -X such that yp(x9) <0 for all y € &, 
(B) for each y € © there exists X € X such that p(x) < 0. 


PROOF. Clearly, it is enough to show that (B)=(A). To the contrary. sup- 
pose that (A) does not hold. Then by Theorem (2.2) there is a convex 
combination 57", Ar. € [P] such that 


n 
> Aww) > 0 for all r EX, 
w=1 
and hence, by definition of the F-concave family, we have, for some y € @, 


y(r) >> Awilz)>0 forall re X. 


i=1 


This contradicts (B), and the proof is complete. O 


3. Fixed Points of Affine Maps. Markoff—-Kakutani Theorem 


In this section we first obtain an elementary fixed point theorem for contin- 
uous affine maps and then establish the Markoff Kakutani theorem. 

Given a linear topological space E, we denote by E* its conjugate space, 
i.e., the space of all continuous linear functionals on E. We say that E has 
sufficiently many linear functionals if the elements of E* separate points 
of E, i.c., for every nonzero r € F there js an | € E* such that U(x) 0. 
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(3.1) THEOREM. Let E be a linear topological space with sufficiently many 
linear functionals, C C E a nonempty compact convex set. and F : 
C — E a continuous affine map. Suppose that for each y € C unth 
y # Fy the line segment [y, Fy] contains at least two points of C. 
Then Fix(F) # 0. 


PROOF. Let | be a given element of E* We first treat the problem of solving 
in C the inequality 


(*) (Fy —y) <0. 


To this end, consider the continuous function I|C' : C'’ > R; let yp EC be a 
point at which it assumes a maximum in C’.. If Fyo 4 yo, then by assumption 
there exists a A > 0 such that the point AFyo + (1 — A)yo is in C. Then 


l[AF yo + (1 — A)yo] < U(yo); 


and thus Al(Fyo — yo) < 0, i-e., the point yo solves the inequality (*). 
Consider now on C the family 6 = {yp} of continuous convex functions 
yp:C — R of the form y(y) = l(Fy — y), y € C, where 1 € E*. To show 
that Fix(F) 4 Q, it is clearly enough to find yo € C that solves the system 
of inequalities 
l(Fyo—yo) <9 for allle E”. 


By Theorem (2.2), and because the family © is convex, this problem reduces 
to solving (*) for a given | € E*; but since this was already established, the 
proof is complete. O 


As an immediate corollary we obtain at once one of the basic results in 
linear functional analysis: 


(3.2) THEOREM (Markoff-Kakutani). Let C be a nonempty compact con- 
ver set in a linear topological space with sufficiently many linear func- 
tionals, and let F be a commuting family of continuous affine maps 
of C into itself. Then ¥ has a common fized point. 


Proor. By (3.1), Fix(F) 4 @ for each F € ¥: moreover, Fix(F’) is com- 
pact, being closed in the compact set C, and Fix(F’) is convex because 
F is affine. We must prove that (\{Fix(F) | F € #} 4 0; because each 
set Fix(F) is compact, it is sufficient to show that each finite intersection 
Fix(F,,..-, Fn) = Me, Fix(:) is nonempty. 

We proceed by induction on n, the result being true for n = 1. Assume 
that Fix(Fi,...,F;) 4 @ whenever i < n, and consider any n members 
Fi,..., Fn of F. Because F is commuting, we find that 


F,[Fix(Fi..-. Fa a 2 Fisthh,...,Fr-1): 
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for if x € Fix(Fi,...,Fn-1), then Fi[Fa(x)) = Fn[Fi(z)] = Fn(z) for each 
i<n,so F,(x) € Fix(F\,...,Fy-1). Since Fix(Fi,..-. Fn-1) is a nonempty 
compact convex set, we conclude from (3.1) that Fix(F,,..-,Fn) # 0. This 
completes the induction. CO 


The Markoff-Kakutani theorem has numerous applications, including a 
refined Hahn-Banach theorem the proof of which will be given in the next 
paragraph. 


4. Fixed Points for Families of Maps. Theorem of Kakutani 


If G is any family of maps of a space X into itself. by a fized point for G is 

meant a point rg € X such that g(ro) = to for every g € G. Our aim in 

this section is to prove the theorem of Kakutani on fixed points for certain 
families of self-maps in normed linear spaces. The proof does not depend 
on the previous material of this paragraph: it is given to indicate another 
technique that is also based on the notion of convexity. The approach given 
here is due to W. Hurewicz; it relics on some simple properties of metric 
spaces and affine maps. 

We begin with terminology and notation. Let G be a family of maps of 

a space X into itself. For each x € X we let G(x) = {g9(z) | g € G} be the 

orbit of x under G; a subset A C X is called G-invariant if g(A) C A for all 

g € G. If (X,d) is a bounded metric space, G is said to be equicontinuous 

provided given any € > 0, there is an 7 > 0 such that d(z, x9) < 7 implies 

d(g(x),9(20)) < € for all g EG. 

(4.1) Lemma. Let (X,d) be a bounded metric space and G an equicontinu- 
ous family of maps g: X — X. For each x € X, let D(x) = 6(G(z)) 
be the diameter of G(x). Then the function D: X — R is continuous. 

PROOF. Given xp € X and € > 0, there is an 7 > 0 such that d(g(x), 9(x0)) 

< for all x € B(zg,7) and all g € G. This says that for any g.g’ € G and 

any x € B(x9,7), since 
d{g(x).9'(x)] < dlg(x), 9(x0)] + d[g(r0). 9'(x0)] + d[g'(z0). 9'(z)]. 
we get D(x) < € + D(zo) + ¢ and, in the usual way, |D(xr) — D(zo)| < 2e.0 
The crucial result in Hurewicz's approach is 

(4.2) LemMMA. Let E be a normed linear space, C a compact convex subset 

of E, containing more than one point, and let G be an equicontinuous 


group of affine transformations on C. Then there exists a nonempty 
G-invariant subset A C C with 6(A) < 6(C) (strict inequality!). 


PROOF. By compactness and equicontinuity, there is an 7 > 0 such that 
lz — yl] <n implies |] g(x) — 9(y)|| < 46(C) for all g € G. 
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Let c1,...,C, be an 7-dense set in C and note that given any ¢ € C and 
g €G, there is at least one c; such that 


0 le- ale) < 58(C), 


For consider the inverse g~! € G; since the {c,} are n-dense. there is at least 
one ¢; with ||c; — g~!(c)|| < 7, so (i) follows from the equicontinuity. 


Now let 
= Ci + ae + Cn 
n 
Then, for any c € C and any g € G we have 


le— a) = fle-9(= 5) | <= Dolle— ate 
j J 


1 4.04:4 
<] tn ~1)6(C') + 5(C)] 


because of (i), so ||c — g(y)|] < (1 — 1/(2n))6(C). 

Finally, choose A = G(y) to be the orbit of y under G and note that since 
G is a group, the set A is G-invariant. Moreover, for any g,g’ € G. taking 
g'(y) = c in the above formula shows 


llg(y) — 9’(y)I] < (2 — 1/(2n))6(C), 
so that 6(A) < 6(C), and the proof is complete. 0 
We are now in a position to prove the basic result. 


(4.3) THEOREM (Kakutani). Let C’ be a nonempty compact convex subset 
of a normed linear space E, and let G be a group of affine transfor- 
mations of C' into itself. If G is equicontinuous on C’. then G has a 
fixed point. 

PROOF. For each c € C, let D(c) = 6(G(c)). By Lemma (4.1), D is con- 

tinuous on the compact set C, so it attains its minimum at some cp € C. 

Assume D(c) > 0. Since G(co) is G-invariant. and each g is affine. we infer 

that so is the set Conv G(co); moreover, we have 6(Conv G(co)) = 6(G(cg)). 

The hypotheses of Lemma (4.2) being satisfied, there exists a G-invariant 

subset A of Conv G(co) with 6(A) < 6(Conv G(cg)). Choosing any yo € A. 

we therefore have G(yo) C A so 


D(yo) < 6(A) < 6(Conv G(co)) = 6(G(co)) = D(co). 
contradicting the assumption that D(cp) = min. Thus D(co) = 0. complet- 
ing the proof. 


An extension of the Kakutani theorem to locally convex linear topological 
spaces will be given in Chapter II. 
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5. Miscellaneous Results and Examples 


A. Geometric KKM-theory 


In this subsection a set will be called compact convex if it is a nonempty compact convex 
subset of a linear topological space. 


(A.1) Let V be aset. Using the notation of Section 1, let A(X), B(X) be two classes of 
set-valued maps ¥ — 2* defined as follows: 


SEA(X) © either ( {sz |re X} #0 oraz € Sz for each z € X, 
T € B(X) © either T has a fixed point or Tz9 = @ for some zo € X. 


Let S,T: X — 2* be two maps. Show: 
(a) If T* € A(X), then T € B(X). 
(b) If S* € B(X), then S € A(X). 


(A.2) Let C be compact convex, and let S$: C — 2° have convex values, open fibers and 
convex cofibers. Prove: Either S has a fixed point or Szo = @ for some xo € C. 


(A.3) (Mazimal elements of binary relations) Let X Be a set. We establish a one-to-one 
correspondence T ++ <7 between maps TIT X — 2X and binary relations < on X 
by the assignments: < ++ T, where Tx = {y € X | x < y}, and T +» <r, where 
zx~<py<y €Tz; clearly, a point zo € X is maximal in (X, <7) (i-e., for no y € X with 
y # ro do we have zo <r y) if Tzo = 0. 

Let C be compact convex and T:C — 2° be such that: 

(i) T has open fibers and convex cofibers, 

(ii) x ¢ convT x for each c € C. 
Show: There exists a maximal element in (C, <7). 


(A.4) Let X be compact convex, and let §,T:X — 2* satisfy: 
(i) Sx C Tz for allz Ee X, 
(ii) S has convex cofibers, 
(iii) J has closed and convex values. 
Show: If x € Sx for each x € X, then the intersection (\{Tz | z € X} is not empty. 


(A.5) Let X be compact convex, and let f,g: X x X > R satisfy: 
(i) g(x,y) < f(x,y) for all x,y € X, 
(ii) 2+ f(x,y) is quasi-concave on X for each y € X, 
(iii) y+ 9(z, y) is l.s.c. and quasi-convex on X for each x € X. 
Prove: 
(a) For any 4 € R, either (i) there exists a yo € X such that g(x, yo) < 2 for all 
x € X, or (ii) there exists a w € X such that f(w.w) > X. 
(b) The following minimax inequality holds: 


inf sup g(x,y) < pay f(z,2). 
zEX ye 


[For (a): define S,T X — 2* by Sz = {y € X | f(x,y) < A} and Tr = {y € X | 
g(x,y) < A}, and apply (A.4).] 


(A.6) Let X be compact convex, and let f : X x X — R satisfy: 
(i) c++ f(x,y) is quasi-concave on X for each y € X, 
(ii) yr f(z, y) is l.s.c. and convex on X for each « € Y 


§3. Results Based on Convexity AT 


Show: 


inf sup f(z.y) < ou f(x. 2). 

yEY re. 
(A.7) Let Y be compact convex, and let = {y} be an F-concave family of convex Ls.c. 
real-valued functions y : Y — R. Show: 


a= inf sup y(y) = me ies y(y) = 
yeEY yee ype 
[As always 6 < a, it is enough to show a@ < #3. Supposing the contrary, Iet 4 be such that 
a >> B, and let W be the family of functions y : X — R of the form y = ¢ — A, where 
y € &. Applying (2.3) to Y, get a contradiction.] 


(A.8) (Kneser-Fan theorem) Let X and Y be two nonempty convex subsets of some linear 
topological spaces and assume that Y is compact. Let f : VY x ¥ — R satisfy 

(i) ce f(x,y) is concave for each y € Y. 

(ii) yr f(x,y) is l.s.c. and convex for each z € XY. 
Show: 


inf sup f(x,y) = sup inf f(x,y) 
yey rex zreX yey 
(cf. Kneser [1952] and Fan [1957]). 
[Apply (A.7) to the F-concave family 6 = {yr | xc € X} of convex l.s.c. functions 
yx: Y — R, where yr(y) = f(z. y) for ye ¥] 


B. Invariant functionals, means, and measures 


(B.1) Let X be a nonempty set and B(.X) the Banach space of bounded real-valued 
functions on \ with ||f|| = sup,ex |f(z)|. By & we denote a closed subspace of B(X) 
containing the function e = {e(x)} = {1}, and we let E* be the dual of E. A mean M on 
F is a linear functional AJ € E* such that 

(i) M(f) 2 0 for f 20, 

(ii) Af(e) =1. 

A mean M € E* is invariant under a transformation T : X — X provided Al(f) = 
M(f oT) for all f € E. 

Let Z = {T} be a family of transformations T : X — X such that SoT =ToS 
for all S.T € FY Show: There is a mean Mf € E” that is invariant under all T € F 
(Mazur- Orlicz [1953]). 

[Equip E* with the weak* topology and consider the convex set A = {MI € E” | 
M(f) > 0 for f > 0 and M(e) = 1}; for each T define an affine map Fry K — K by 
Mw Mr, where My(f) = M(f oT) for all f € E:; apply the Markoff-Kakutani theorem 
to the family {Fr} 7. 7-] 


(B.2) (Generalized limits) Show that there exists a method of assigning a “generalized 
limit” Limn—2. to every bounded real-valued sequence {xn} in such a way that 
(i) Limnco In = Limn—oo In41. 

(ii) Limnp—oo(atn + Byn) = aLimn—cc In + BLimn—x Yn, 

(iii) Limnoo tn > 0 if rn 20, 

(iv) liminfp—x Zn < Limn—x rn < limsup,;_,. In. 

(v) if {rn} is a convergent sequence, then Limn—x fn = limnx In 
(Mazur [1927]). 
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(B.3) Let X be a compact topological space, G an abelian group, and let {Sa}aeg be 
a family of homeomorphisms of XN onto X such that Sg oS, = Sq44 for all a,b EG. A 
Borel measure oon X is invariant under {Sa}aeq if (A) = (Sa A) for all a € G and 
all p-mneasurable sets -1.C NX. Show: There exists on Y an invariant measure p such that 
CX) = 1 (KXryloff Bogoliouboff [1937]). 

[First observe that using the Riesz representation theorem, it is enough to prove 
the existence of a positive linear functional on the space C'CY) that is invariant under 
{Su}aeq: then use (B.1).] 


(B.4) Let S be a semigroup and f S — R any function. For a fixed a € S we let 
Luaf(v) = f(axr) for each xr € S:Laf is the left translate of f by a. Let E be a linear 
subspace of B(S) such that . é€ S and f € E imply Lf € E. A left-invariant mean M 
on E is a mean such that (Lr f) = Al(f) for all x € S and f € E. A semigroup S is 
left-amenable if there is a left-invariant mean on B(S). Show: Every abelian semigroup is 
left-amenable (Day [1961]). 


(B.5) Let G be a locally compact topological group and CB(G) the Banach space of all 
continuous bounded functions on G with the sup norm. We say that a function f € CB(G) 
is almost periodic (written f € AP(G)) provided its orbit under left translations O(f) = 
{Lf |. € G} is relatively compact in CB(G). Prove: If f € AP(G), then K = Conv 6(f) 
contains a constant function. 

[For each a € G define an affine map T, : kK — K by Taf = Laf. and apply the 
Kakutani theorem to the family {Ta }aec-.] 


6. Notes and Comments 


Geometric KKM-theory 


The topological KKM-property was discovered by Knaster-Kuratowski- 
Mazurkiewicz [1929]. Really, though, the KKM-theory in the infinite-dimen- 
sional setting began with the articles of Fan [1961], [1964]. [1966], in which 
the significance of the topological KKM-property was brought to light and 
diverse applications were given. Several of those results were simplified 
and codified by Browder [1968], who introduced to the theory the tech- 
nique of selection of set-valued maps. The term “KKM-map” (introduced 
in Dugundji-Granas [1978]) was employed for the first time in a systematic 
way in Lassonde [1983]. In §3, we are concerned with the “geometric” part 
of the theory of KKM-maps; the “topological” part is treated in Chapter 
II. The presentation of results in §3, including the formulation of the “ge- 
ometric KKM-principle” (1.5), follows Granas Lassonde [1991]. We remark 
that (1.5) (which appeared in a different form in Asakawa [1986]) can be 
shown to be in fact equivalent to the following theorem of Klee [1951] (see 
also Berge’s monograph [1959]): Jf Ci,....Cn41 are closed convex subsets 
of a Euclidean space R%, any n of which have nonempty intersection, and 
U"t! C; is conver, then (\"5' C; #0. 


i=] 


The following are some applicatious of the geometric KKM-principle 
discussed in §§3 and 4: 
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1° theory of games (theorem of von Neumann (2.1)); 

2° systems of convex inequalities; 

3° linear functional analysis (theorems of Markoff-Kakutani and Mazur- 

Orlicz); 

4° variational inequalities (theorem of Stampacchia for bilinear forms, 

theorem of Hartman-Stampacchia); 

5° maximal monotone operators. 

Among aplications that can be obtained in the context of the geometric 
KKM-theory we mention the proof (due to Fan) of the following theorem of 
Hardy-Littlewood—Pélya: If the real numbers aj, b; (1 <i<n) satisfy: 

(i) Q, 2-++ 2 an > 0, by >:+-+>b, 20, 

(ii) ye ais ae b (l1<k<n), 

then there exists a doubly stochastic matric P = (Fij)Pj., (ie. Piz = 0, 


dja Pig = 1 for eachi and \77_, P.j =1 for each j) such that 


aj = S~Pyjbj (1S i <n). 
j=1 


In the special case where X C R", Y C R™ are simplices and the map f 
is bilinear, Theorem (2.1) was discovered by von Neumann [1928]; Theorems 
(2.2) and (2.3) are due to Fan [1957]; for earlier versions see Kneser [1952] 
and Nikaidé [1954]. 


Fized points for families of maps 


Theorem (3.2) was proved by Markoff [1936] with the aid of the Schauder- 
Tychonoff fixed point theorem. Kakutani [1938] found a direct elementary 
proof of (3.2) (valid in any linear topological space, not necessarily locally 
convex), and demonstrated the importance of the result by giving a number 
of applications; he also showed that (3.2) (together with the fact that a Ty- 
chonoff cube is compact) permits one to prove the Hahn-Banach principle. 
The following extension of the Markoff-Kakutani theorem is due to Day 
[1961]: Let K be a compact conver set in a locally convex space, and let S 
be a left-amenable (see (B.4)) semigroup of continuous affine maps acting 
on K. Then there is a common fixed point under S. Because every abelian 
semigroup is left-amenable and since in the formulation of (3.2) a “commut- 
ing family” can clearly be replaced by an “abelian semigroup”, the result of 
Day contains the Markoff-Kakutani theorem as a special case. 

The proof of Kakutani’s theorem (4.3) is presented for normed linear 
spaces using the approach given in Hurewicz’s lectures. An extension of the 
above theorem to locally convex spaces as well as other fixed point results 
for families of affine maps are given at the end of Chapter II. 
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Bruhat Tits [1972] introduced a class of complete metric spaces satisfy- 
ing the semi-parallelogram law and established in such spaces the existence 
of a common fixed point for a group of isometries having a bounded orbit. In 
spite of its elementary character, the Bruhat- Tits theorem turns out to be of 
importance in numerous problems of differential geometry (see Lang [1998]). 


Invariant functionals, means and measures 


Because of their numerous applications, fixed point theorems for families of 
affine maps provide a powerful tool in a variety of mathematical areas such 
as linear functional analysis, abstract harmonic analysis, and ergodic theory. 

Let X be a set, G a semigroup acting on X, and FE a linear topological 
space of real-valued functions on X and invariant under translations. An 
invariant mean is a positive linear functional on E that is invariant under 
the action of G. Invariant means were brought to use by Mazur [1927], who 
(before the discovery of the Hahn—Banach theorem) established the existence 
of an invariant mean on the additive semigroup IN of natural numbers; this 
invariant mean (presently called a “generalized limit” or “Banach—-Mazur 
limit”) is a positive functional on the space /*° of bounded sequences that 
extends the ordinary limit functional from the space c over |°° (cf. (5.B.2)). 
The most important case in which invariant means occur is that of X a 
topological group and G the group of left, right, or two-sided translations 
on X. The corresponding means are called left, right, or two-sided. A group 
G is amenable if there is a left-invariant mean on CB(G) (the continuous 
bounded functions). For locally compact groups amenability is equivalent to 
the existence of a fized point for an arbitrary affine action of the group on 
a compact convex set in a locally convex space (see Day [1961] and also the 
monograph of Greenleaf [1969]). 

The consideration of an invariant mean on the space Co(G) (= continu- 
ous functions vanishing at infinity) leads to the important concept of Haar 
measure; when G is compact, we have Co(G) = C(G), and by the Riesz rep- 
resentation theorem such a mean must be of the form M1(f) = f, f(x) du(z), 
where p is a certain Borel measure. The existence of a Haar ee on an 
arbitrary compact group G can be established with the aid of the Kakutani 
theorem; when G is abelian, a much simpler proof can be given using the 
Markoff-Kakutani theorem. For applications in another area, we remark 
that the Markoff-Kakutani theorem has uses in ergodic theory: it yields, 
for example, a simple proof of the theorem of Kryloff-Bogoliouboff [1937] 
concerning the existence of an invariant measure of a dynamical system. 

For more details about invariant means see “Miscellaneous Results and 
Examples”, Dixmier [1950] and also the monographs by Greenleaf [1969] 
and Hewitt—Ross [1963], where further references can be found. 
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This paragraph is devoted primarily to applications of the main theorems 
in the text. We begin with two direct and simple applications of the Banach 
principle, first to establish some fixed point theorems for nonexpansive maps 
in Hilbert space and second to integral and differential equations. In Sec- 
tion 3, we give numerous applications of the elementary invariance of domain 
theorem. The last two sections are devoted to some further applications of 
the geometric KKM-principle. 


1. Nonexpansive Maps in Hilbert Space 


The Banach principle involves a contractive map in an arbitrary complete 
metric space. By giving the space a sufficiently rich structure, the con- 
tractiveness hypothesis on the map can be relaxed to nonexpansiveness; of 
course, uniqueness of the fixed point cannot be preserved, as the reflection 
of R? in a line shows. 

In this section we deal with (real) Hilbert space; the following proposition 
will play a basic role. 


(1.1) PROPOSITION. Let H be a Hilbert space, and let u,v be two elements 
of H. If there is anx € H such that ||x — ull < R, ||z — || < R and 
lz —(u+v)/2|| >r, then |lu—v|| < 2V R? —r? 


PROOF. By the parallelogram law, 
\|u — v||? = |\(« — v) — (x — u)|/ 
= Ala — v||? + 2\|2 — ull? — jz —v+2— ull? 


U+U 
2 


and the conclusion follows. 0 


= 2l|x — vl]? + 2\|x — ull? — 4 


tT 


We apply this proposition to study nonexpansive maps on bounded sets: 


(1.2) Lemma. Let C C Hi be a bounded set, and let F : C — C be 
nonezpansive. Assume that x,y and a = (x + y)/2 belong to C. If 
lz — F(z)|| < € and lly — F(y)|| S€, then 


ja — F(a) | < 2,/25(C) vé, 
where 6(C) = diameter of C. 


PROOF. Because 


a+ F(a 
Je — yl) < fo - 7 FO] 


a+ F(a 
y- 2220] 
H | 
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at least one of the terms on the right, say the first, must satisfy 


ee a+ F(a) 


1 
> —|xz— yl). 
> | 2 5llz — al 


But also |x — al] = 3||z — y|| and 
1 
| — F(a)|| < |lz — F(2)|| + ||F(@) — F(@)|| Se + lle — al] =e + 5ilz — yl. 


By (1.1), we conclude that 


2 2 
lla — F(a) < 2y (e+ gilz—yll)” — (Gila —yll)” = 2VeVve + Ile — yl, 
and since both € and ||x — y|| do not exceed 6(C), the proof is complete. O 

This leads to the desired modification of the Banach theorem. 


(1.3) THEOREM (Browder-Gohde-Kirk). Let C be a nonempty closed 
bounded convex set in a Hilbert space. Then each nonexpansive map 
F:C—-C has at least one fixed point. 


PrRoorF. There is no loss in generality to assume that 0 € C. For each integer 
n= 2,3,... let F, = (1—+)F; because C is convex and contains the origin, 
each F, maps C' into itself. Moreover, each F,, : C — C is contractive, so 
by Banach’s theorem, each F;, has a fixed point z,, and 


tn — Flee) = “IF(@n)I| $ =6(C). 


For each n > 2, let Qn = {x € C | ||x — F(z)|| < +6(C)}; then Q2 5 
Q3 D> --- is a descending sequence of closed sets, and by what we have just 
shown, no Qn is empty. We observe that if x,y € Qgn2 and a = (x + y)/2, 
then according to the lemma 


lla — F(a)|| < 2f26(C) Ag so that au E Qn. 


Let d, = inf{||z|| | z € Q,}; because the Q, are descending, we see that 
dg < dg < --- is a nondecreasing sequence of reals, which, being bounded 
by 6(C), converges to some d. Finally, let 


An = one B(0.d-+ =). 
7 


Then A, is a descending sequence of nonempty closed sets. We calculate 
the diameter of A,: if x,y € An, then ||0—z|| < d+1/n, ||O—y|] < d+1/n, 
and by our observation above. (Q — (x + ¥)/2|| > dn; therefore, by (1.1) 
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we find 
1 2 
Iz —yl] <2 (a++) — d2 = 2,/2dn-! +n-2 + (d? — d2). 


The term on the right is therefore an upper bound for 6(A,), and shows 
that 6(An) — 0 as n > oo. 
By Cantor’s theorem, there is an Zp € [),, An; since Zo € (),, Qgan2, we 
find 
llzo — F(xo)|| < 6(C)/(8n”) for all n; 


therefore, ||zo — F'(xo)|| = 0, and zp is a fixed point. O 


Let C' be a closed ball in a Hilbert space H; we will now consider the 
nonexpansive maps defined on C' with values in H. For this purpose, we 
need the nonexpansiveness of the standard retraction of H on C: 


(1.4) LemMA. Let H be a Hilbert space and C the closed ball {x € H | 
\|z|| < c}. Define a mapr: H —4C by 


x, lz] <¢, 
r(x) = {ee \|z\| > c. 
Then r: H - C is nonexpansive. 
PROOF. We first observe that if u,v 4 0, then 
(u—r(u),r(v) —r(u)) < 0. 
This is certainly true for ||u|| < c since r(u) = u; and if ||ul| > c, we have 
(1-7 ){(u») - cull, ol <6 
(u—r(u),r(v) — r(u)) = ied) 
(1-75) [on — chul], oll > o 


so that because |(u,v)| < ||ul|||ul], our observation is established. To prove 
the lemma, write 


2—y=r(x)—r(y) +2—r(z)+r(y) —y = r(x) —r(y) +4; 


then 
lla — yll? = IIr(x) — r(y) II? + llall? + 2(a, r(x) — r(y)); 


because of our observation, 
(a,r(x) — r(y)) = —(z — r(z), r(y) — r(z)) — (y — r(y), r(z) — r(y)) 2 9, 


so || — ||? > |lr(x) — r(y)||°. aud the proof is complete. 0 
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This leads to the desired result: 


(1.5) THEOREM (Nonlinear alternative for nonexpansive maps). Let H 
be a Hilbert space and C the closed ball {x € H | ||x|| < c}. Then 
each nonezpansive F : C — H has at least one of the following two 
properties: 

(a) F has a fixed point, 
(b) there exist x € OC and d € (0,1) such that z = AF (z). 


PROOF. By (1.4), the map r : H — C is nonexpansive, therefore so also is 
roF:C —+C, and by (1.3), we have rF(x) = z for some z € C. Now we re- 
peat the reasoning of (0.2.3): If F(x) € C, then s = rF (zx) = F(z), so F has 
a fixed point; if F(x) does not belong to C, then z = rF(z) = cF(zx)/||F(z)||, 
so r € OC, and taking = c/||F(z)|| < 1 completes the proof. 0 


Several fixed point theorems are obtained from (1.5) by imposing condi- 
tions that prevent occurrence of the second possibility: 


(1.6) CoroLiAry. Let C = {x € H | |lz|| < r}, and let F: C— H 
be nonexpansive. Assume that for all x € OC, one of the following 
conditions holds: 

(a) |F(2)|l < llzll 

(b) |IF(2)|| < Iz — F(2)Il 

(c) JF(x)||? < lll? + lla - F(x), 
(d) (x. F(z)) < |lz||’, 

(e) F(z) = —F(-z). 

Then F has a fixed point. 


The proof is strictly analogous to the proof of (1.4.2) and (1.4.3), and is left 
to the reader. 


As a further application. we have 


(1.7) COROLLARY. Let H be a Hilbert space and F : H — H tbe non- 
expansive. Assume (z,x — F(x)) > p/(|lzx\l)\|z\], where p(\lx||) - 00 
as ||x|| — oo. Then the nonexpansive field x > f(x) = x — F(z) is 
surjective. 


PROOF. Given a point yo € H let g(x) = x — [F(x) + yo] for r € H. From 


(x,9(z)) _ (x, F(z) _ (2.40) 
lz} fee “|Iall = H(IzI1) — Ilyoll 


it follows that for a sufficiently large r > 0, 
(x,g(x))>0 for all x € A with |\z|| =r. 


By (1.6)(d), because G(x) = F(x) + yo is nonexpansive, we get (zo) = 0 
for some 2%; hence yo = Zu -- F(ty) = f(y). and our assertion follows. O 
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2. Applications of the Banach Principle to 
Integral and Differential Equations 


Use of the Banach principle requires that a given F : Y — Y be contractive 
relative to some complete metric d in Y If the given F is not contractive 
with respect to one metric, it may be possible to find another complete 
metric with respect to which F is contractive. For example, the (linear) 
map (z,y) + *(8¢ + 8y,2+y) of R? into itself is not contractive with 
respect to the usual metric 


d[(z,y), (=, w)] = V(r — 2)? + (y—w)?; 


but it is contractive, with contraction constant 3, relative to the (equiva- 
lent, and complete) metric 


d[(z,y), (z,w)] = |x —z| + |y— wl. 


Thus, each complete metric d in Y determines a class ¥(d) of maps F: 
Y — Y that are contractive with respect to d, and in general, ¥(d) #4 F (d ) 
even for equivalent metrics d and d. 

If & is a Banach space, recall that two norms |z| and |||] are equivalent 
if there are constants m, M > 0 with mllz|| < |z| < Af||z||. so that a map 
Lipschitzian in one norm is Lipschitzian in any equivalent norm. Thus, in 
Banach spaces, to study a Lipschitzian map F : E — E, it is frequently 
very fruitful to seek a norm under which F is contractive. 

These considerations are illustrated in the following proof of the existence 
of solutions for the Volterra integral equation of the second kind. 


(2.1) THEOREM. Let K : [0,T] x [0,T] x R — R be continuous and satisfy 
a Lipschitz condition 


|A(t.s.2) — K(t.s.y)| < Dlx —y| 
for all (s,t) € [0,T] x [0,7], and z,y € R. Then for any v € C[0.T] 
the equation 


u(t) = v(t) + / K(t,s,u(s))ds (0<t<T) 


has a unique solution u € C[0,T]. Moreover. if we define a sequence 
of functions {un} inductively by choosing any uo € C[0, T] and setting 


t 
Un4+i(t) = v(t) +| K(t, 8, Un(s)) ds. 


then the sequence {un} converges uniformly on [0.T] to the unique 
solution wu. 
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PrRooF. Let E be the Banach space of all continuous real-valued functions 
on [0,7] equipped with the norm 


lol = max e™lo(2)I. 


This norm is in fact equivalent to the sup norm ||z||, since 
eT fal] < tal < Hal 


and nmioreover, it is also complete. 
Define F : E - E by 


F(g)(t) = v(t) + 7 K(t, s,9(s)) ds: 


to prove that the integral equation has a solution, it is enough to show that 
F: E — E has a fixed point. We prove that, in fact, F’ is contractive: for 


t 
LF(o) — FON S max e 1K (ts, 9(8)) — K(t,s,A(s))| ds 
<im ae [ \g(s) — h(s)| ds 
E2 —Lt Ls ,—Ls = 
eee i e“Se—*|9(s) — h(s)| ds 


t 
< L|g — h] max e a eS ds 
0 


O<t<T 
Lt 
erat 
= L]g —h]| max e~ 4 —_—_ 
0<t<T L 


< (1—e7**)|g — Al. 


Because 1—e~27 < 1, the map F': £ — E is contractive; Banach's principle 
therefore guarantees first a unique fixed point u € E, and then that the 
sequence {u,} determined by the iterations described in the statement of 
the theorem converges uniformly in the norm |z], therefore also in the sup 
norm ||z||, to that fixed point. oO 


Observe that if we had used the sup norm ||z|| rather than |z], then F 
would be contractive when regarded as a map C(0, A] — C[0, A], where A < 
min{T, 1/L}. Thus, if T > 1/L, then the Banach principle with the usual 
sup norm would have guaranteed a unique solution only on a subinterval of 
[0,7], whereas by modifying the norm we have shown that in fact there is a 
unique solution on the entire interval [0 71. 
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(2.2) THEOREM. Let f : [0,7] x R— R satisfy the Lipschitz condition 


lf(s,z) — f(s,y)| < Liz —y| 
for s € (0,T], z,y € R. Then the initial value problem 


e =f(s,u), u(0) =0, 


has exactly one solution u defined on the entire interval (0, T). 


ProoF. If K(t,s,u) = f(s,u) and v(t) = 0 in (2.1), the Volterra equation 
becomes 


u(t) = i f(s,u(s)) ds, 


and the solution of this integral equation is precisely the solution of the 
present initial value problem. O 


3. Applications of the Elementary Domain Invariance 


We now give applications of the elementary domain invariance theorem in 
various fields such as linear functional analysis and the geometry of Banach 
spaces. 


a. Domain invariance and invertibility of linear operators 
We begin with two simple propositions: 


(3.1) Proposition. Let T: E — E be a linear operator in a Banach 
space. If \|I —T|| < 1, then T is invertible, and 


1 
ee ee 


Proor. The map I —-T: E — E is contractive, since 
(2 — T)(z — y)Il < WZ — Tiiilz — yl, 
so by (1.2.2), the map J — (I — T) = T is a homeomorphism, therefore 
invertible. The bound for the norm follows from 
L=|77" | =||T-' -TU -T) >IT - WT Wr - TI. 0 


(3.2) PRoposiTion. Let T: E — E be an invertible linear operator in a 
Banach space. Then each linear operator S with \|T — S\| < 1/\|T~}| 
is invertible, and 

\7-* I 


—1 
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Proor. Because T is invertible, it is enough to show that J = SoT~' is 
invertible, for then S = JoT has T~!.J—! as inverse. From 


IZ — Jl] = | -— STO = I(T - 8) oT < IT — SIT“ <1 
and (3.1) we find that .J is in fact invertible; and since S~! = T~'J~', the 
norm estimate follows from (3.1). 0 


These results lead to 


(3.3) THEOREM. Let E be a Banach space and # C L(E,E) the set of all 
invertible linear operators. Let Inv : sf — o& be the map T+ T™} 
Then «/ is open in 2(E. E) and Inv is a homeomorphism of & onto 
itself. 


PRrooF. By (3.2), for each T € @, the ball B(T,1/(2\|T—*||)) is also con- 
tained in .@; therefore «/ is open in. “(E. E). To prove that Inv is continuous 
at any given T € @/, it is enough to note that if S € B(T,1/(2||T—"||)), so 
that || — ST~'|| < , then by (3.2) we have S € & and 


Js-' — TOT} = |" (TF — $)s™] 


IP ir- si) < air Pr Sih 
~ 1-|\2-ST-}|| a 
and since Inv oInv = id, it follows that Inv is a homeomorphism. O 


Let E, F be Banach spaces and S$: E — F a linear operator. If there is 
some m > 0 such that ||Sz|| > mllz||,, for all z € E, then it is immediate 
that S is injective; if such an S is also surjective, then it is invertible because 
IS~"yll 2 < (1/m)|lyllp for all y € F shows that the inverse is continuous. 
The following result extends this observation to suitable perturbations of 
such operators, and is of importance in work with “a priori” estimates for 
linear differential operators. 


(3.4) THEOREM (Schauder invertibility theorem). Let E.F be Banach 
spaces and S,T : E — F two linear operators, with S invertible. 
Assume that there is an m > 0 such that for each 0 < t < 1, the 
operator L; = (1—t)S+tT satisfies ||Lyx||- > m|lz\|q for all z € E. 
Then Lt is invertible for all 0 < t < 1, and in particular, T is 
invertible. 


PROOF. We begin by showing that if an operator L, is invertible, then for 
each ¢ in the open interval J; = {t | | — s| < m/||T — S||}. the operator 
L, is invertible or, what is equivalent, that Ly!L, : E — E is invertible for 
each t € J. For this purpose, note that 


Ly =S+s(T—S)+ (t - s\(T --S)-L,+(t—s)(T—S), 
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so that 
LoL, =14+(t—s)L5'(T-S). 


Because ||L,2|| , > m||z||,-, we have ||L;+|| < 1/m, so for t € J,, we find 
- 1 
I(t — s)L5"(T — S)|| < \t- s|—lIT — SI], 


and by (3.1), the operator L;!L, is therefore invertible. 

To prove the theorem, let Y = {t € [0,1] | LZ, is invertible}. By what we 
have just shown, -Y is an open set. If t ¢ Y, then again by what we have 
just shown, no operator L, with s € J; can be invertible, so that [0,1] — % 
is also an open set. Because [0,1] is connected and Y is nonempty, we 
conclude that ¥ = (0, 1). 


b. The inverse function theorem 
As another application we obtain a standard theorem in analysis: 


(3.5) THEOREM (Inverse function theorem). Let E be a Banach space, 
U Cc E open, and f : U — E aC? map. Assume that at some 
xo € U, the derivative Df(zo) : E — E is an isomorphism. Then 
there exists a neighborhood V of xo and a neighborhood W of f (xo) 
such that: 

(1) Df(z): E = E is invertible for each z € V, 

(2) flV:V — W is a homeomorphism of V onto W, 

(3) the inverseg: W 4 V oy f\V is differentiable at each w € W 
and Dg(w) = [Df(gw)]|~" 

(4) the map wt Dg(w) of Ww into L(E, E) is continuous. 


Proor. We first consider the special case where x9 = 0, f(0) = 0, and 
Df (0) = I. Because the set of invertible operators is open in 2(F, E) and 
xt+ Df(z) is continuous with Df (0) invertible, we can find a ball B with 
0¢€ BCU on which Df(z) is invertible. 
Define F : B > E by F(x) = x — f(x). Then F is a C' map, DF(0) = 

I — Df(0) = 0, and because F is continuously differentiable, ao is a ball 
V with 0 € V Cc B such that M = sup{||DF(z)|| | zx € V} < 5. The map 
F': V — E is contractive: for, by the mean value theorem, 


|F’ (21) — F(z2)|| < Mlx1 = xa < 3 (|x = ral for all 41,72 € V. 


Thus, by (1.2.1), the map f : V — E is a homeomorphism onto the open 
set W = f(V) containing f(0) = 0, and the proof of both (1) and (2) is 
complete. We observe, for later reference, that if z,a € V, then 


Iz — all — f(x) — Flat < YF(x) — F(a)I| < pile — all. 
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so that 
lz — all < 2il f(x) — f(@)Il- 


We now prove (3). Let g: W — V be the inverse of f|V. Given y, b € W, 
let g(b) = a, g(y) = x, and write Df(a) =T By the differentiability of f at 
a, we have 


f(z) ~~ f(a) = T(z — a) + p(x, a), 


where y(.r, a)/||z — al| — 0 as |jz—al| — 0. Applying T—! to this expression 
and noting that f(z) = y, f(a) = b, we find 


T~"(y — 6) = gly) — 9(b) + T~*y[9(y), 9(0)] 
so it suffices to show that 


_ (IT7*yl9(y), (Ill 
rn 


Because g|W : W — V is bijective, we have 


p< IT Mllels(y), 9 II lige) — 9(6) 


70 as |ly—6]] > 0. 


~ — flg(y) — g(®) I lly — oll 
-iy llelo(y), 9M _ 47-14 lel, a) 
ST Mow) oO eal” 


where we have used the observation above that ||z — al| < 2||f(x) — f(a)|l 
on V, i.e., |lg(y)—g(8)|| < 2||ly—b|| on W. Thus, as ||y—8|| — 0, the continuity 
of g shows that ||x —a|| — 0, and therefore R — 0. This completes the proof 
of (3). 

To prove (4), we note that w+» Dg(w) is the composition InvoDf og 
of three continuous maps, so it is continuous on W. 

This completes the proof of the theorem in the special case where f(0)=0 
and Df(0) = J. To prove the theorem as it is stated, apply this special case 
to the function 


h(x) = [Df(xo)|~ "(f(z + 20) — f(z0)). 0 


c. Stability of open embeddings and monotone operators 


We now apply elementary domain invariance to stability of open embeddings 
into Banach spaces. 


(3.6) THEOREM. Let X be any space, E a Banach space, and F: X +E 
an embedding of X onto an openU C E. Let G: X — E be a map 
such that GoF~!:U — E is contractive. Then zx > Fx+Gz is also 
an open embedding of X into E. 
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PRooF. Consider h = (F+G)oF-! = 1+GF7!:U — E. By domain 
invariance this h maps U homeomorphically onto an open h(U) C E. Since 
F+G=hoF, the proof is complete. 0 


As an evident consequence we obtain the stability property of Lip- 
schitzian open embeddings into Banach spaces. 


(3.7) THEOREM. Let X be a metric space and E a Banach space, and let 
F:X — E be an open embedding such that F~ is Lipschitzian. Let 
G:X > E be a Lipschitzian map such that L(G)L(F7!) < 1. Then 
zt Fx+Gz is also an open embedding of X into E. 


ProoF. It is enough to observe that L(G o F~!) < L(G)L(F7') and to 
apply (3.6). O 
We next derive some simple facts about monotone operators in Hilbert 
spaces. 
Let H be a Hilbert space and U C H. A map f : U — H (not necessarily 
continuous) is said to be monotone if 


(i) (fe—fycx—y)>0 forallz,y EU; 
f is called strongly monotone if for some C' > 0, 
(ii) (f2—fy,c—y)>Cllc-yll’ for allz,y EU. 


Clearly, every strongly monotone map is injective. 


(3.8) THEOREM. Let U C H be open, and let f: U — H be Lipschitzian 
and strongly monotone, i.e., 


lfc —fyll < Milz—yll for allz,y €U and some M >0 


and 
(fe—fy,x—y)>Cllz-yll? for all z,y €U. 


Then f is an open map, in particular f(U) is open in H, and f is a 
homeomorphism of U onto f(U). 


PROOF. It is clearly enough to show that for a sufficiently small A, the map 
Af is a contractive field. Given 4 > 0, we have for z,y € U, 


(7 —Af)z — (1 - Af )yIl? 
= la — yll? +7 ||fx — fyll? — 2\(f2 — fy,2—y) 
< |lx — yll? + af?? Ix — yl]? — 2AC|lz - yl? 
< (14+ M?)? — 2\C)|lz — yl. 


Fix 4 < 2C/M?; then 1+ M?\? — 2\C < 1, and therefore J — Af is a 
contraction; our assertion now follows from (1.2.1). O 
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As a corollary we have 


(3.9) THEoREM. Let f: H — H be a Lipschitzian and strongly monotone 
map. Then f is a homeomorphism of H onto itself. 


PROOF. By (3.8) it is enough to show that f(#) is closed in H. Let fan — y; 
from (ii) and the Cauchy inequality we get 


lfrn — f2tml| > Cllzn -—Zml| for alln,m2> 1, 


and hence {z,} is a Cauchy sequence. Let x, — x; then fr, — fx, and 
hence y = fx. O 


d. Application to negligible sets 


A subset B of a space Y is called negligible whenever Y —B is homeomorphic 
to Y: a homeomorphism h: Y —-B # ¥ is called a deleting homeomorphism. 
We now show that any complete subset of a noncomplete normed linear 
space is negligible. 


(3.10) THEOREM. Let E be a noncomplete normed linear space and C' a 
complete subset of E. Then there is a homeomorphism hh: E-C & E 
with h(x) = x whenever d(x,C) > 1. 


Proor. Let E be the completion of E; taken with the natural extension of 
the given norm, E is a Banach space. Let {x,} be a Cauchy sequence in E 
converging to some point in E — E, with ||z,|| + Yee In — Ln4il| < 00; 
since no scalar multiple of a point in E—E can belong to E, replacing all the 
Zn by a suitable scalar multiple, we can assume that {z,,} C E converges 
to yo € B- E and |lzill + 222 lien — 2n4ill = 3. 

Let xp = 0, and let L C E be the jagged line in E consisting of the 
segments [19,21] U [21,22] U---; we construct a piecewise linear map y of 
the unit interval [0,1] onto LU {yo} as follows: let so = 0 and for n > 1, 
let s, be the nth partial sum of the series with sum 34; for each n > 0. 
map the interval (2s,,2sn41] linearly onto the segment [rn,2n41) and set 
~p(1) = yo. It is clear that |y(t) — y(t')| = st — t'| whenever t,t’ belong 
to a common interval [2s,, 25,41], so by the triangle inequality, we have 
lp(t) — y(t')| < $|t — #'| for all t,t’ € I. Extend y to a map of (—0o, 1] into 
E by y(t) = 0 for t < 0. 

Now let H : E = E be the map x + y[1 — d(x,C)]. This map is 
contractive, because 


llye[1 — d(x, C)] — y[1 — d(z, C)ll < glld(z,C) - d(z,C)]| < 4x — 21]; 


therefore, by (1.2.1), the map h(x) = z — H(z) is a homeomorphism of E 
onto itself. 
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It is clear that h(E — C) C E; for if  € E —C, then d(z,C) > 0, so 
H(z) € E, and therefore h(x) = x — H(z) also belongs to E. To establish 
the converse inclusion, assume x ¢ E — C, so that x € (E — E) UC: if 
x € E — £, then d(z,C) > 0, so H(z) € E, while if x € C, then x € E and 
H(z) = yo ¢ E; in both cases, exactly one of x, H(x) belongs to E, so we 
conclude that h(x) = 2 — H(z) ¢ E. Thus h(E —C)# E. 0 


The class of linear spaces for which such deleting homeomorphisms exist 
is very broad because of 


(3.11) LEMMA. Every infinite-dimensional Banach space (E,||- ||) admits a 
noncomplete norm | | with |x| < ||z|| for all x € E. 


ProoFr. Assume first that FE is separable. Choose a countable separat- 
ing family {f, | n = 1,2,...} of continuous linear functionals such that 
lfn(x)| < (1/n)|lz|| for each n, and define T : E = I? by T(z) = {fn(z)}. 
This is a continuous linear operator, and T : E — T(E) is bijective be- 
cause the family {f,} is separating. If the linear subspace T(E) C I? were 
complete, then because a bijective continuous linear map of Banach spaces 
is a homeomorphism, the inverse T~! : T(£) — E would be continuous; 
but this is impossible because T{z | ||z|| < 1} is easily seen to be compact, 
and E is infinite-dimensional. Thus, the 1? norm on T(E) is not complete, 
and defining ||z||o = ||T(x)|| gives an incomplete norm on E. We note that 
lzllo < />5(1/n?)|lz|l, so that |] - lo is continuous. 

Now let E be arbitrary. Pick a separable infinite-dimensional closed linear 
subspace L C E and an incomplete norm || - |lo on D. Let A = {2 € L | 
l|x]lo < 1}; because || - |lo is continuous, there is an ¢ > 0 such that LN {z | 
lx|| < e} C A. Let C = conv(A U {z | |lz|| < €}]; since C is a symmetric 
convex body with no rays, the Minkowski functional yo gives a norm, and 
because yo(x) = ||z|lo for z € L, that norm is not complete. Finally, the 
continuity of yc implies that 


b = sup{yc(z) | [lel] < 1} 
is finite, so |z] = b-!yc¢(z) is an incomplete norm with [z| < ||z\]. oO 
Combining this with (3.10) gives 


(3.12) THEOREM (Klee). Let EF be an arbitrary infinite-dimensional normed 
linear space, and C C E compact. Then there is a homeomorphism 
h:BE-CHE. 


PROOF. We can assume that FE is a Banach space, else the result follows 
directly from (3.10). By (3.11), there is an incomplete norm Ix] < cll; 
denote (E,|- |) by E; the identity map j : E — E is therefore con- 
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tinuous, so C = j(C) is compact, therefore complete, in E. By (3.10), 
there is a deleting homeomorphism h:B-CRrE given by h(2) = 
r—gll- aE, C)], where d is the norm-induced metric and @ is a piecewise 
linear map ~ : (—030, 1) - E. 

Because @ is piecewise linear, it is continuous with any linear topology 
in the range space, so regarding it as a map y: (—%,1) — & we have » 
continuous and j oy = @. Now define h: E —-C — E by 


h(x) = x — yl — d(j(z), C)]; 
this map is clearly continuous and makes the diagram 
E-C-1+E 
| F 
E-C—>E 
commutative. Finally, define g: & — E —C by 
g(x) = 2+ y[1 — d(h-*j(2), C)} 
this map is also continuous. We have 
g{h(z)] = A(x) + yl1 — d(h-jh(z), C)] 
= {x — ofl — d(i(z), C)} + oll — dh hj(x), C)] 
=f, 


and similarly hog = id. Thus, h: EF —-C — E is a homeomorphism having 
g as its inverse. 0 


4, Elementary KKM-Principle and Its Applications 


In this section we present a version of the geometric KKM-principle that 
permits us to establish in an elementary manner a large number of important 
results in Hilbert space theory. The approach, in which neither the weak 
topology nor compactness are used, is based on some simple intersection 
property of convex sets in Hilbert spaces. 


a. Basic intersection property of convex sets in Hilbert spaces 


Let (H, || - |]) be a Hilbert space. From the parallelogram equality it follows 
immediately that the norm || - || in H is uniformly conver, i.e., if {z,} and 
{yn} are sequences in H such that the numerical sequences ||zn||, ||ynl|, and 
4 [tn + yn|| converge to 1, then the sequence {||zn — yn||} tends to 0. 


§4. Further Results and Applications 65 


The following preliminary result will be of importance. 


(4.1) LemMA. Let (H,||- ||) be a Hilbert space and {C,,} be a decreasing 
sequence of nonempty closed convex subsets of H. Suppose that d = 
sup, 4(0,C,) is finite. Then there exists a unique point x € ()C;, 
such that ||z|| = d. 


PROOF. Letting P, = C, 9 K(0,d+1/n) for each n = 1,2,.... we obtain 
a decreasing sequence {F,,} of nonempty closed and convex sets and we 
show that 6(P,) — 0, where 6(F,,) is the diameter of P,. Indeed, for any n, 
let Zn, Yn € Py be such that 6(P,) < |ltn — yall + 1/n; since the point 
$(In + Yn) also belongs to P,, the values |[zall, [lynll, and 4[lzn + ynll lie 
between d(0,C’,) and d+1/n, and therefore the three sequences converge 
to d. By the uniform convexity of the norm, we infer that ||rn — yn|| — 0. 
and consequently 6(P,) — 0. Applying now the Cantor theorem, we get a 
unique point z € [) P,,; for this point we have d(0,C,,) < ||z|] < d+ 1/n for 
each n, implying that ||z|| = d. O 


We are now in a position to prove the desired result: 


(4.2) THEOREM (Intersection property). Let {C, | i € I} be a family of 
closed convex sets in a Hilbert space H with the finite intersection 
property. If C;, is bounded for some ig € I, then the intersection 
(\{C; |i eI} is not empty. 


PROOF. Let (J) be the set of all finite subsets of I containing ig. For 
any J € (I), let Cy = (\{C; | 7 € J} and note that since each Cy is a 
nonempty closed convex subset of C’,,. the supremum d = sup jez) d(0, Cy) 
is finite. 

Let {J,,} be an increasing sequence of sets in (J) with d(0,Cy,) > d—1/n. 
Then {Cy} is a decreasing sequence of nonempty closed convex sets in H 
such that d = sup,, d(0,Cy,,). Applying Lemma (4.1), we get a unique point 
z€f),,Cy, with |x|] = d. 

Next, let J € (I) be arbitrary, and set Cp = Cy NCy,. Again. {C,} 
is a decreasing sequence of nonempty closed convex sets in H such that 
d=sup,, d(0, C,,), so by Lemma (4.1), there is a unique point x’ € [),, Cr = 
Cy Nf), Cs, with ||x’|] = d. By the uniqueness it is evident that x = 2’ 
belongs to Cy. 

Finally, we observe that the point x belongs to Cy for all J € (J), which 
proves that the set ){C; |i € J} D(\{Cy | J € (7)} is not empty. O 


Using (4.2) and the basic geometric property (3.1.4) of KKM-maps, we 
obtain the desired version of the geometric KKM principle: 
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(4.3) THEOREM (Elementary KKM-principle). Let H be a Hilbert space, 
X a nonempty subset of H, and G: X — 27% a KKM-map with 
closed convex values such that Gxo is bounded for some x € X. 
Then the intersection (.\{Gx | x € X} is not empty. O 


In the remaining part of this section we give a number of applications of 
Theorem (4.3). 


b. Theorem of Stampacchia 


A function y : X — R on a subset of a normed linear space is said to 
be coercive if {x € X | v(x) < r} is bounded for each r € R. If H isa 
Hilbert space, a bilinear form a: H x H — R is coercive if the function 
rr a(x, x)/|\zx\| is coercive on H — {0}. 


(4.4) THEOREM (Stampacchia). Let C’ be a nonempty closed convex subset 
of a Hilbert space H, a: H x H — R a continuous coercive bilinear 
form, and 1: H — R a continuous linear form. Then there exists a 
unique point yo € C such that a(yo. yo —2) < U(yo—2x) forall r EC. 


PROOF. It follows from the coercivity of a that a(z,xr) > 0 for all r 40, so 
there can be at most one solution. Consider the map G : C — 2° given by 


Gz = {y€C | a(y,y—2z) <l(y—2z)}. 


It is easy to check that the values of G are closed, convex (since z > a(z, 2) 
is continuous and convex) and bounded (because a is coercive); furthermore, 
since x € Gz, and the cofibers of G are convex, it follows from (3.1.2) that 
G is a KKM-map. Therefore, by (4.3), there is a yo € (),¢¢ Gz. which was 
to be proved. O 


We note that the special case C = H of (4.4) yields 


(4.5) THEOREM (Lax-Milgram-Vishik). Let a: H x H = R be a contin- 
uous coercive bilinear form. Then for any continuous linear form |: 
H — R there exists a unique point yo € H such that a(yo,x) = I(x) 
for allx EH. 


PROOF. By the Stampacchia theorem, because C' = H, there exists a unique 
yo © H such that a(yo, z) < l(z) for all z € H; replacing in this inequality z 
by —z we obtain a(yo, =) > (=) for all z € H, and the conclusion follows.O 


c. Variational inequalities. Theorem of Hartman-Stampacchia 


We now extend the above results to a certain class of nonlinear operators 
that we describe below. Let H be a Hilbert space and C be any subset 
of H. We recall that an operator f : C — H is said to be monotone on C 
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if (f(y) — f(z),.y — x) > 0 for all z,y € C. We say that f: C + H 
is hemicontinuous if the function [0,1] 3 t > (f(y +t(z — y)),x —y) is 
continuous at 0 for all x,y € C, and coercive if for some zo € C the function 
zt (f(x),2—29)/|\z — xo|| is coercive on C — {zo}. 


(4.6) THEOREM (Hartman-Stampacchia). Let C be a nonempty closed 
convex subset of H, f :C — H monotone coercive hemicontinuous, 
and 1: H — R a continuous linear form. Then there exists a point 
yo € C such that (f(yo), yo —Z) < (yo — 2) for all c EC. 


PROOF. We consider only the case of a bounded C; an easy proof of the 
general case is left to the reader. Define G, F : C > 2° by 

Gx = {yeC|(f(y),y—2) <l(y—2)}, 

Fe = {ye C | (f(z),y—2) <U(y-2)}. 


Because f is monotone, we have 


(f(y).y—2) 2 (f(z),y—2) forallz.yec, 


and therefore Gz C Fx for each x € C’. Observe that z € Gz and that the 
cofibers of G are convex; thus, by (3.1.2), G is a KKM-map; consequently, 
so is the map F’. Since by definition the values of F are convex and closed, 
we infer by (4.3) that for some yo € C' we have yo € (),¢¢ Fx, and thus 


(f(z),yo—2z) <Uyo—z) forallzeC. 
Choose any x € C and let z = yo + (x — yo) for t € [0, 1]. We have 


(f(yo tt(z — yo)),yo—2z) <U(yo—z) fort>0. 


Now let t — 0; the hemicontinuity of f gives (f(yo), yo — x) < U(yo — 7). 
Since x was arbitrary, the conclusion follows. Oo 


As an immediate consequence we obtain 


(4.7) THEOREM (Minty-Browder). Let f : H — H be a monotone coercive 
hemicontinuous operator. Then for any continuous linear form | : 
H — R there exists a point yo € H such that (f(yo),z) = U(x) for 
allxe H. 0 


As another consequence of Theorem (4.6), we get a version of the fixed 
point theorem of Browder—Gohde-Kirk: 


(4.8) THEOREM. Let C’ be a nonempty closed convex bounded subset of H, 
and let F: C > H be nonezpansive (i.e., \|F(z) — F(y)|| < ||x — yl 
for all x,y € C). Suppose that for each x € C with & # F(z) the 
line segment [x, F(z)| contains at least two points of C. Then F' has 
a fixed point. 
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PROOF. Since F is nonexpansive, the operator f(.7) = 2— F(x) from C to H 
is monotone continuous. Applying Theorem (4.6) we get a point yo € C such 
that (yo — F(yo).yo — x) < 0 for all x € C. Since for some ¢ > 0 the point 
yo +t(F(yo)— yp) lies in C’. we can insert that value into the above inequality 
to get (yo — F(yo). F(yo) — yo) > 0. showing that yo is a fixed point for F.O 


d. Maximal monotone operators 


We conclude this section by deriving some basic facts in the theory of 
maximal monotone operators in a Hilbert space H. A set-valued operator 
T : H — 2" is said to be monotone if (y* —z*, y—.r) > 0 whenever x* € Tr 
and y* € Ty, and mazimal monotone if it is monotone and maximal in the 
set of all monotone operators from H into 2“ ordered by S < T if Sr CTr 
for all x € H. In what follows, we denote by D(T) the domain of T, i.e., 
D(T) = {y € H | Ty F 9}. 

It is clear from the definitions that: 

(1) if T is monotone, then 


sup (x*,y—x)<oo forall g € D(T) and y € Conv D(T), 
r°ET xr 


(2) if T is maximal monotone, then y* € Ty whenever 
(x* —y*,z-—y)>0 forall re D(T) and c* € Tr. 
For the proof of our main result. we need 
(4.9) LEMMA. Let E be a vector space, C' C E convex, and D an arbitrary 
subset of C. Let g: Dx C—>R be a function such that: 
(a) g(z,y) + 9(y,z) <0 for all (x,y) ED x D, 
(b) yr g(x,y) is conver on C for each x € D. 


Then the map G : D — 2° given by Gr = {y € C' | g(x,y) < 0} isa 
KKM-map. 


PROOF. Let A = {z1,...,2n} C D, and let yo = D7, Air; be a convex 
combination of the z;’s; we are going to show that yo € G(A). 
In view of (a), we have 


grit) + 9(xj.2,) <0 for all i,j € [n]. 
So, multiplying by A; and summing over i, we find 
nr n 
i=1 7=1 
and therefore, because y +> g(z,y) is convex, we get 


S > di9(zis 25) +9(2j,yo) <0 for every j € [n]. 


i=1 
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By multiplying each of the above inequalities by 4;, then summing over all 
j, and using the convexity of y > g(x,y), we finally get 


nr nr 
> ig(@is yo) + D> AG9(25.40) < 0. 
7=1 j=1 
This implies that 9(x:, yo) < 0 for at least one point 7;, i.e., yo € UES Gx;, 
as asserted. O 


We are now able to prove the desired result: 


(4.10) THEOREM. Let T : H — 2” be a monotone set-valued operator 
andu: H — H be a single-valued, linear, monotone, and bounded 
operator. Set D = D(T) and C = Conv D(T). Assume that for some 
Xo € D the set 


{yEC| sup (u(y) +2*,y—29) < 0} 
z*ET zo 


is bounded. Then there is a point yo € C such that 


sup (u(yo) +2*,y9 -2) <0 forall xe D. 
xz*e€Tz 


PROOF. We show that the map G : D — 2° defined by 
Gxe={yEC| sup (uy)+2*,y—z) <0} forxEeD 
z°eTz 


satisfies all the conditions of the elementary KKM-principle (4.3). 
First, we show that G is a KKM-map. To this end consider the function 
f:Cx DxC—R given by 


f(,2,y) = sup (u(€) +2", y— 2). 
z*E€Tz 


Because T is monotone, f is well defined and satisfies the following condi- 
tions: 

(a) f(€,z,y) + f(E,y,2) < 0 for all (x,y) € D x D and all € EC, 

(b) yr f(€, x,y) is convex on C for each z € D and each € € C. 
Now, observe that using f, we can equivalently describe G : D — 2° as 


Gz={yeC| fly,z.y) < 0}. 


To show that G is KKM, let A = {),...,2n} C D and let yo € [Al]. 
Define g : A x [A] — R by g(z,y) = f(yo.2,y)- It follows from (a) and 
(b) that g satisfies the conditions of (4.9), so the map G: A > gl4) given 
by Ga = {y € [A] | 9(z,y) < 0} is KKM. This implies in particular that 
yo € Gu; for some x; € A, which means that f(yo,2:, yo) = 9(2i, yo) < 0, 
that is, yo € Gx;. The proof that G is KKM is complete. 
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On the other hand, the values of G are closed and convex (because the 
function y + (u(y),y) is continuous and convex on C), and the value Go 
is bounded by assuniption. By the elementary KKM-principle (4.3), we get 


Ni{Gr|reD} 490. O 


(4.11) COROLLARY (Minty). Let T : H — 2” be a maximal monotone 
operator. Then: 
(a) [+T is surjective (I denotes the identity operator on Ff), 
(b) if D(T) is bounded, then T is surjective. 


PROOF. (a) It is clearly enough to show that 0 € ({+T)(H). By (4.10) with 
u= TI, there is yo € C = Conv D(T) such that 
(x” —(—yo),2-—yo)>0 for all r € D(T) and 2* € Tz. 
Because T is maximal inonotone, we derive that —yo € Tyo, or equivalently, 
that 0 € yp + Tyo. 
(b) As in (a), it is sufficient to show that 0 € T(#). Since T is maxi- 


mal, D(T) is not empty, and therefore C' is closed, convex, bounded. and 
nonempty. By (4.10) with u = 0, we find yo € C such that 


(x*.2—yo)>0 forall re D(T) and zx” €Tr. 


Since T is maximal monotone, this implies that 0 € Typ. O 


5. Theorems of Mazur—Orlicz and Hahn—Banach 


In this section, using the Markoff-Kakutani theorem, Theorem (3.2.2) and 
the fact that a Tychonoff cube is compact, we derive some basic facts of 
linear functional analysis. 

Let E be a vector space and E’ the algebraic dual of E. We recall that 
a functional p: E — R is said to be sublinear if 


(i) Piety) <p(xt)+ply) for all r.ye E, 
(ii) p(ax)=ap(r) foralla>OandreE. 


Note that if p is sublincar, then 0 = p(0) = p(x + (—r)) < p(.r) + p(—2), 
and therefore 


(iii) —p(—x) < p(x) for each x € E. 


(5.1) LEMMA (Banach). Let p: E — R be a sublinear functional. Then 
there exists an f € E’ such that f(x) < p(x) for all x € E. 


Proor. Let X = R® be the lincar topological space of maps E — R 
equipped with the product topology: clearly. X has sufficiently many linear 
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functionals (the evaluation maps f +> f(x) are in fact linear and continuous 
from R¥ to R). Consider now the sets 


Xo = I] [—p(—z), p(z)], 
re€E 
X ={g € Xo | —p(—z) < g(x + y) — g(y) < p(z) for all r,y € E}: 
clearly, both Xo and X are nonempty (because from —p(y—2) < p(x)—p(y) 


< p(x — y) it follows that p € X,). They are both convex and compact (by 
the Tychonoff theorem). 


We define a family {T, | y € E} of maps T, : X; — X) by 
(Tyg9)(z) = g(z+y)—gly) fore E. 


Clearly, the family {T,,} consists of continuous affine maps and is commuting. 
By the Markoff-Kakutani fixed point theorem, there exists an f € X; such 
that 


Tyf=f forallyek£. 
ie., f(x+y) = f(x) + f(y) for all z,y € E. 
Note that the additivity of f gives f(rz) = rf(xz) for each r € Q. Let 2 


be any real number, and {r,} be a sequence of rational numbers such that 
fn > A and ry, < 4. Because f is in X,, we have 


—(A-1Tn)p(—2) < f(At) — f (tnt) < (A — tn) plz), 
and therefore f(Ax) = lim f(rnx) = limr, f(z) = Af(x). Thus. f € E’ and 
f(x) < p(x) for all x € E. O 


(5.2) LEMMA. Let p: E> R be a sublinear functional and xp € E. Then 
there exists an f € E' such that f(xo) = p(zo) and f(x) < p(x) for 
allze E. 


PROOF. Define p* : E — R by 
p* (x) = inf{p(x + Azo) — Ap(zo) |A 20}. TEE. 
Clearly, because —p(—x) < p*(x) < p(x) for all z € E, p* is well defined 
and p* < p. Since for each a > 0, 
p* (ax) = inf{p(ax + Ax9) — Ap(xo) | A > 0} 
= inf{a[p(x + (A/a)x0) — (A/a)p(xo)] | A 2 0} 
= ainf{p(x + '29) — X'p(z0) | X’ = Aa~* > 0} = ap*(z), 


p* is positively homogeneous. Now, for 11,22 € E and fixed € > 0 take 
di, A2 > 0 so that p*(x;) > plr, + A, 79) — A,p(@o) — € for i = 1,2. Letting 
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je = Ay + Ae, and adding the above inequalities, we obtain 
p* (01) + p* (x2) > p(t + Arxo) + p(z2 + A2X0) — pp(Fo) — 2€ 
> pl) + .r2 + x9) — up(xo) — 2€ 
> p’ (11 +422) — 2¢, 


and this (because € was arbitrary) implies that p* is sublincar. By Lemma 
(5.1), there is a linear functional f € E’ such that 


f(r) <p* (xr) < p(x) forallze E. 
Then 
—f (zo) = f(—x0) < p*(—r0) < p(—Zo + AZo) — Ap(zo) 


for all \ > 0, which implies by putting A = 1 that —f(xr9) < —p(xo). and 
hence f(zo) = p(Zo). O 


We are now in a position to prove the following fundainental result: 


(5.3) THEOREM (Mazur-Orlicz). Let p: E — R be a sublinear functional. 
Assume that we are given a family {x,|t ET} of points in E and a 
family {B; | t € T} of real numbers, both indexed by the same abstract 
set T. Then the following two conditions are equivalent: 

(A) there exists a linear functional f € E’ such that f(x) < p(x) for 
allxé E and 2; < f(at) for all te T, 
(B) for every convex combination \>;_, Aizt, of points r4,.....2t 


in EB, 
So Ait, < p( Srv, )- 
i=1 i=1 


PROOF. Clearly, (A)=(B); we are going to show that (B) implies (A). Con- 
sider the convex sets 


Xo = [] -p(-2).r(2), 


reE 
Y ={f € E' | —p(—2x) < f(x) < p(x) for all x € E}. 


n 


By Lemma (5.1), Y is nonempty, and because Y is closed in Xo, it is also 
compact. 

Consider now the family = {y | t € T} of continuous affine functions 
v1: Y — R defined by y:(f) = & — f(zz) for f € Y, and examine the 
following two conditions: 

(C) there exists an f € Y such that 


Yl f) = 9% — fl71) <0 for all y € , 
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(D) for every convex combination ~ = )~A;i%1, € [4] = conv of ele- 
ments of ®, there is an f € Y such that 


b(f) = S-Al&, — F(ae,)] < 0. 


We observe that (C) is clearly equivalent to (A), and by (3.2.2), also (C) 
and (D) are equivalent. 

It follows that it is enough to show that (B) implies (D). So assume 
that (B) is true, and let x = >> Aiy~:, € conv®. By assumption we have 
> Aihe, < (Dd: A:ze, ). Let ro = > A;Ze,; by Lemma (5.2), there is an f € Y 
such that f (zo) = p(x), so we have 


dri, <f(SOAx,). 


and thus #(f) = >> A;[G:, — f(z+,)] < 0; hence (D) is true, and the proof is 
complete. O 


As an immediate consequence we obtain a refined version of the Hahn 
Banach theorem: 


(5.4) THEOREM. Let p: E — R be a sublinear functional, C' a convex 
subset of E andg: C — Ra concave function such that g(y) < p(y) 
for all y € C. Then there is a linear functional f € E" such that 
g(y) < f(y) for all y EC and f(x) < p(x) for all rE E. 


PROOF. Take T = C, 8; = g(t), and x; =t for t € C; then condition (B) of 
(5.3) is satisfied. Consequently, by the Mazur--Orlicz theorem, there exists a 
linear functional f € E’ such that f(x) < p(x) for all r € E and g(t) < f(t) 
for alli € C. O 


Another consequence is concerned with an extended version of the clas- 
sical moments problem: 


(5.5) THEOREM. Let E be a normed linear space, {«m}j7,-1 @ given se- 
quence in E, and {cm}7_, @ sequence of real numbers. Then the 
following two conditions are equivalent: 

(A) there exists a linear functional f € E* such that f(tm) = Cm for 
allm =1,2,... and ||f|| < Al, where AM > 0, 
(B) for every convex combination >> ;_, Aizi of the points 71,....0n 


we have 
Tr n 
Sorc < Ar] Arf 
tz1 i=1 


ProoF. Clearly, it is enough to show that (B)=(A). To this end. letting 
p(x) = M||z\| for x € E, we apply (5.3) to the set T = N and the sequences 
{tm} and Bm = Cm. O 
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6. Miscellaneous Results and Examples 


A. Applications of the Banach theorem and of related resulls to analysis 


(A.1) (Systems of linear cqualions) Consider the infinite systeu: of linear equations 


‘ 
(x) r= oat, + by, 6=1,2,.... ba, Ee R, 
j--1 


aud assume that one of the following conditions is salisfied: 
(a) for some constants 0 <a < 1 and +3 > 0 we have 


(b) for some p > 1 we have 


™~ 


x p-l x 
Oy ja PPD) ct StI < x. 
j=l 2=] 


r=] 
(c) letting ¢, = sup{laj,| | j = 1.2....}, we have 
‘“~ ~~ 
4 <1, > lol <x. 
=] acl 


Prove: The system (*) has a unique solution in the space, respectively: m (the space of 
bounded sequences with the sup norin), [? and /! 


(A.2) (Integral equations) Let A: [a, 6] x [u,b] — R be a measurable and square integrable 
function. Assume that for a real parameter A, 


P 1/2 
ii( J (st) dst <1. 


Show: The integral equation u(s) = f(s) + Af A (s.t)u(t)dt (a < » < 6b), where f € 
L(a, 6], has a unique solution u € L?[a. }}. 


(A.3) (Application of the nonlinear alternative for contractive maps) We seck the solutions 
to the initial value problem 


(P) es = f(t.e(t)), t€ [0.7], 


r(0) = 0, 


where f : [0.7] x R — BR is continuous. Suppose 
(a) for each r > 0 there is an l- € R such that 


[f(t,.c) — f(t.y)| <lrla— yl for all ¢ € [0,7] and x,y € [-r,r], 
(b) there is a continuous function gy : [0,°0¢) — (0, %) such that 
f(t,x)| < y(|z|) for all ¢ € [0,7] and x € R. 


Prove: If T < 5 ae ds/y(s), then the initial value problem (P) has a unique solution 
re c'((0, T]). 
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[Consider the family of problems 


z(t) =Af(t,r(t)), t € [0.7]. 
(Py) { 2(0) = 0, 


depending on a parameter A € [0,1]. Fix an Af so that T < i ds/~(s) and show that 
if x is a solution of the problem (P) for some 4, then |zx(t)| < AJ for all ¢ € [0,7]. Let 
L =Iyq be the constant given in (a), and define the norm || ||, in C((0,7]) by 


lIzll, = sup{e*”|x(t)| | # € (0. T]}. 


Set U = {x € C([0,T)) | |x(t)| < Ad for all t € [0,7]} and prove that G - U — C(([0,T}) 
given by G(x)(t) = i f(s, 2(s)) ds is contractive in the norm |] ||_,; conclude the argument 
by showing that AG has no fixed points on the boundary of U.] 


B. Nonexpansive maps and monotone operators in Hilbert space 


(B.1) Let f : A— H be a map (not necessarily continuous) on a subset A C H. 
(a) f is monotone & (fr — fy,r—y) > 0 for all r.y € A. 
(b) f is strictly monotone = (fx— fy.x—y)>O0forallr,.yeArF# y. 
(c) f is strongly monotone = (fx — fy,£—y) > Cl|x — y||* for all x.y € A and some 
C>0. 
Show: 
(i) Every contractive field is strictly monotone. 
(ii) Every nonexpansive field is monotone. 
(iii) Every strongly monotone map is injective. 
(iv) f is strongly monotone with constant C if and only if ra f —J is monotone. 
(v) If f is strongly monotone, then || fx — fy|] > Cllz — yll. 
(vi) If f : H — H is differentiable, then f is strongly monotone if and only if 
(Df(x)h,h) > ClJh||? for some C > 0 and all he H. 


(B.2) (Minimizing convex functionals) Let C C H be a closed convex set. 

(a) Let py: C — R be a quasi-convex l.s.c. coercive function. Prove: y attains its 
minimum at some yo € C. 

(For each x € C, let Pn = {y €E C | yly) < y(zx)} and apply (4.2).] 

(b) Leta: Hx H — R be acoercive continuous bilinear form, and let! H—Rbea 
continuous linear form. Show: There is a unique yo € C' such that the following equivalent 
properties hold: 

(i) $[a(yo. yo — 2) + a(yo — 2. yo)] < U(yo — vr) for all r EC, 

(ii) the quadratic form z ++ (zr) = da(z. xz) —Il(r) on C attains its minimum at yp. 
[Verify first that (i)<>(ii); to prove (ii), apply (a) to the coercive convex function ¢.] 


(B.3) (Nikodym theorem) Let C C H be closed convex. Show: There exists a retraction 
r: H —C with the following properties: 
(i) If zo € H, then r(zo) is the unique point in C' with ||ro — r(zo)|| = inf{I|zo—=l| | 
x € C} =d(zo.C). 
(ii) For each zo € H, the point r(x) is a solution of the variational inequality 
(r(x0) — £0,7(z0) —z) < 0 for all z EC. 
(iii) The retraction 7 is nonexpansive. 
(iv) If C = Ho isa linear subspace of H, then r : H — Ho is the orthogonal projection 
(i.e., for each z € H, (x — r(x), y) = 0 for all y € Ho). 
(Parts (i) and (iv) are due to Nikodym [1931] } 
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(13.4) Let C be a closed convex set in R” and f:C— RbeaCG 1 function that attains 
its ini at yo € C. Let /(.r) = grad f(r). Show: (F(yo), yo — 7) < 0 for all x EC. 


(B.5) (Complementarity problem) Let RY = {x = (71,....2n) € R” | zr; 2 0 for all 3}, 
and let FR” — R" The complementarity problem is to find yo € R4 such that 
F(yo) € RY and (F(yo). yo) = 0. 

(a) Show: The following statements are equivalent: (i) yo € RG is a solution of the 
complementarity problem, (ii) (F(yo), yo — 7) < 0 for all .r € RY. 

[For (ii)=>(i). note that if yo € RY solves (ii), then letting e, € R” be the standard 
unit basis, we have r= yo +¢, € R% for each + € [nj], aud therefore F(yo) € RZ by (ii); 
deduce that (F'(yo), yo) < 0 and finally that (F(yo). yo) = 0-] 

(b) Let F: R” — R" be strougly monotone and continuous on the cone R| Show: 
The complementarity problem for F’ has a unique solution. 

(The above results are due to Karamardian [1972].) 


(B.6) Let C = {x € A | |x|] < r} and f C' — H be monotone and hemicontinuous. 
Prove: if f(y) 4 Ay for all A < 0 and |[y|| =r. then there is yo € C such that f(yo) = 0. 

[Apply (4.6) to get yo € C' with (fyo.yo — 7) < 0 for all rr € .X, consider two cases: 
[|yo|] = 7 and |lyoll < r-] 


(B.7) Let f : H — H be monotone and hemicontinuous. Prove: If (fx, 2x)/||z|| — 2% 
uniformly as |||] — x. then f is surjective (G. Minty). 

[Given yo € H consider r++ g(r) = f(r) — yo and apply (B.G) to the map g: H + H 
on a sufficiently large ball.] 


(B.8) Let CC’ C A be a closed convex set, and let r : H — C' be the map sending each 
xr € H to its nearest point in C’. Show: r : H -+ C is nonexpansive. 
[Use the reasoning in the latter half of (1-4).] 


(B.9) Show: The nonlinear alternative (1.5) for nonexpansive maps and its corollaries 
(1.6)(a)-(d) remain valid if in (1.5) and (1.6) the closed ball in H is replaced by any 
closed convex bounded subset CC H with 0 € Int(C). 


(B.10) Let C‘ be a bounded closed convex subset of a Hilbert space and .¥ be a family of 
commuting nonexpansive maps of C into C’. Show: The maps in .7 have a common fixed 
point (F. Browder). 


C. Nonexpansive maps in Banach spaces 


(C.1) A Banach space is uniformly convex if there is a monotone increasing surjection 
y : [0,2] — [0.1] continuous at 0, with y(0) = 0.y(2) = 1, such that ||z]] < 1, [lyl] <1, 
and |r — y|| > € implies ||(2 + y)/2|] < 1 — ye). Let 1: [0,1] — [0,2] be the inverse of y. 

(a) Let. E be uniformly convex, and u,v two elements of E. Assume that there is an 
vr € E with |r — ul] < R, lx -— 2] < R, lle — (u+ v)/2|| > r > 0. Prove: 


R-r 
—vii< . 
Ju — 2|| <M] R | 


[Write r = (1 -(R—-r)/R)R.] 

(b) Let & be a uniformly convex Banach space and C C E a closed bounded convex 
set. Prove: Every nonexpansive F : C — C has a fixed point (Browder [1965], Gohde 
[1965], Kirk [1965)). 


§4. Further Results and Applications (a 


(c) Let C be a closed convex set in a uniformly convex Banach space E. Show: For 
each zo € E, there is a unique u € C with ||xo0 — ull = infec ||r0 — el]. 


(C.2) Let K™ = {x = {x;} € co | [lzll = suprejeec lan < 1} be the unit ball in cy. 


Show that py: K* — K™ given by (x1, 29....) — (l..r1,.22,-..) is a nonexpansive map 
without fixed points (Beals). 


(C.3) Let E be a Banach space. A set S C E is star-shaped if there is some p € S such 
that tz + (1—t)p € S for allx € S and0 <t <1. A set AC S is called an attractor for 
amap F: S —- S provided 


U F.(7)N AO foreachre S. 
n>1 


(a) Let S be a compact star-shaped subset of a Banach space. Prove: Every nonex- 
pansive F': S — S has a fixed point. 

(b) Let S be a star-shaped subset of a Banach space and F - S — S a nonexpansive 
map with a compact attractor. Show: F has a fixed point (Géhde [1965}). 

[Assuming, without loss of generality, that 0 € S, establish that given » € (0,1) there 
is a point x) € S satisfying ||z, — Fr || < d(1—.), where d = 6(S): then find a point y) 
in a compact attractor A of F such that |ly, — F")(r))|| < (1—) for a sufficiently large 
integer n(A). Establish the inequality ||y, — Fy)|| < (1 — A)(d +2) and use compactness 
of A to conclude the proof.] 


(C.4) Let E be a Banach space, and A C E any nonempty subset. Let 


ra(A) =inf{r| AC Bia,r)} (ae -A). 
r(A) = inf{ra(A) | a € A}. 
C(A) = {a € A| ra(A) = r(A)}. 


(a) Let A be a bounded closed set. Show: 5[C(A)] < r(A). 

(b) Let K be a bounded closed convex set and T : kK — K nonexpansive. Prove: If 
ConvT(K) =T(K), then T[C(K)] c CK). 

(c) A convex set A in a Banach space is said to have normal structure if r(D) < 6(D) 
for each bounded closed convex D C Kk with 6(D) > 0. 

Let E be a reflexive Banach space, and AY a nonempty bounded closed convex set 
with normal structure. Prove: If 6(4) > 0, then C(4\) is a nonempty proper closed convex 
subset of K (Brodskii-Milman [1948}). 

[Observe K C B(u,r) + u € (\{B(z.r) | z € K}. Next note that for each € > 0. the 
set Ce(K) = (\{B(z.r(K) +e)|x € K} # O and that C(K) =(){Ce(K) | € > 0}. Now use 
the Mazur--Smulian theorem.] 

(d) The Hilbert space I? renormed by |[z]] = supn{3\/ >) r?.[rn|} is reflexive. Let 
K = {z | ||z|| < 1 and 2; > 0 for all 7}. Show: K is a closed bounded convex set that does 


not have normal structure. 
(e) Prove: If E is a uniformly convex Banach space, then every bounded closed convex 


set has normal structure (Brodskii-Milman [1948}). 


(C.5) Let E be a reflexive Banach space, and K a nonempty bounded closed convex set 
with normal structure. Prove: Every nonexpansive T : K — Kk has a fixed point (Kirk 
[1965]). 

[Use the Kuratowski-Zorn lemma to find a minimal nonempty closed convex Ko C A 
with T(Ko) C Ko: show that Conv TW; = Ay: then apply (C.4)(b) and (c). | 
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(C.6) The following example of Alspach [1981] shows that if C is a weakly compact convex 
set ina Banach space, then a nonexpansive T : C > C' need not have a fixed point. 
Let T: I +I" be the “baker's transfonnation” 


r/2,2y), 0<y<i, 
Tir.y) = ee y) ery 3 
(r/2+1/2.2y-1), 4<y<l, 


which can be visnalized as first squeezing I? into the rectangle {(z,y) | 0 <z < 7 0< 
y < 2}, then cutting off the top half and placing it next to the lower half. be is known that 
T is measnre-preserving, ie., (TA) = (A) for every measurable A C I? 

In L! (1) with the usnal norm || f|| = f 7 \f|. consider the weakly compact subset 


C={FEL IOS F <1. fyf = 3}- 
For each f € C’. let 


=, ,_ f min[2f(2z). 1], O<r<h, 
tGy= ee ee 1) — 1,0], s <zxr<l 
(the graph of 7'f is that obtained from the graph of f after the top half of the squeezed 
rectangle is placed next to the lower half). Prove: (a) T is an isometry C — C, (b) T has 
no fixed point. 

[(a) Observe that if Ay is the ordinal set {(.1.y) € Piy< f(r)}, then [| f — gil = 
the measure of the symmetric difference A ¢AQAg of the ordinal sets, and recall that T is 
measnre-preserving. (b) If T f =f. then either f = 0 or f =1a.e.; but then f; f # +] 


(C.7) Let C’ be a compact convex set in a normed linear space and ¥ be a family of 
commuting nonexpansive maps of C' into itself. Prove: There is a common fixed point for 
the family .7 (DeMarr [1964]). 


D. Geometric and elementary KKM-theory 


(D.1) (Intersection property in superreflexive spaces) Let E be a Banach space. We call 
E superreflerive if it admits an equivalent uniformly convex norm. Let {C, | i € I} bea 
family of closed convex sets in a superreflexive Banach space with the finite intersection 
property. Show: If Co is bounded for some ig € I, then (){C; |i € I} 4 @. 

[First assume E to be uniformly convex; follow the proof of (4.1) and (4.2).] 


(D.2) (Mazur Schauder theorem) Let E bea reflexive Banach space and C a closed convex 
subset of E. Let py: C — R be a lower semicontinuous, quasi-convex, and coercive (i.e., 
y(r) — x as |r|] — o<) functional on C. Show: The functional y attains its minimum at 
some rq € C (Mazur Schauder [1936}). 

[For & snperreflexive, use (D.1); in the general case equip E with the weak topology. 


(D.3) (KKM-maps in Supe ate spaces) Let E be a superrefiexive Banach space and 
XCE.LetiG-X 32 bea KIXM-map with closed convex values such that one the sets 
Gro is bounded. Show: (){Gz |. € X} 4 0. 

[Use (3.1.4) and (D.1).] 


(D.1) (Hartman Stampacchia theorem in reflexive Banach spaces) Let E be a Banach 
space, * its dual space and for (€,v) € E* x E denote €(v) by (€,v). A map f: C > E* 
defined on a subset C C E is called monotone if (f(r) — f(y), — y) > 0 for all z,y € C; 
f is hemicontinuous if for all 7, y € C the mapping [0,1] 3 t+ (f(y +t(x —y)),2 —y) is 
continnous at 0. 
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Let E be a reflexive Banach space, C a nonempty closed bounded convex subset of 
E, and let f COC — E”* be monotone and hemicontinuous. Prove: There exists a yo € C’ 
such that (f(¥o).¥o — 7) < 0 for all x € C (Hartman-Stampacchia [1965]). 

[Equip E with the weak topology and using the geometric KKM-principle follow the 
proof of (4.6).] 


(D.5) Let C be a nonempty bounded closed convex subset of a superreflexive Banach 
space E, and let S.T:C —- 2° be such that: 
(i) Sz C Tx for all rE C, 
(ii) S has convex cofibers, 
(iii) T has closed and convex values. 
Show: If x € Sz for each r € C, then I\{Tx |r EC} F£ 90. 


(D.6) Let C be a nonempty bounded closed convex subset of a superrefiexive Banach 
space E, and let f,g:C x C > R satisfy: 
(i) 9(z.y) < f(x,y) for all r,y EC, 

(ii) c++ f(z,y) is quasi-concave on C for each y € C, 

(iii) y+ g(x, y) is l.s.c. and quasi-convex on C for each r € C’. 
Prove: 

(a) For any 4 € R, either (i) there exists a yo € C such that g(x. yo) < 4 for all 

x € C, or (ii) there exists a w € C such that f(w.w) > 2. 
(b) The following minimax inequality holds: 


inf sup f(r. y) < sup g(z, 7). 
yeC rec rel 

[For (a), define S.T C— 2° by Sr = {y EC | f(zr.y) < 0} and Tr = {yEec | 

9(x, y) < 0} and apply (D.5).] 


(D.7) (Maximal monotone operators in reflexive spaces) Let E be a reflexive Banach 
space. A set-valued operator T: E — 2” is monotone if (y* — x*.y — xr) > O whenever 
x” € Tz and y* € Ty; T is called maximal monotone if it is monotone and maximal in 
the set of all monotone operators from EF into 2=° Show: If T: E — 2 is maximal and 
D(T) = {x € E | Tx # 0} is bounded, then T is surjective (F. Browder). 

[Follow the proof of (4.10), (4.11). If E is superreflexive, use (4.3); if not. equip E 
with the weak topology and apply the geometric KKM-principle.] 


E. Selected results 


(E.1) (Elementary implicit function theorem) Let (£;, || ||) and (£2.| |) be Banach spaces, 
and let U C Fy be open and V C Ez? be open connected. Assume H: U' x V — E; isa 
continuous map with the following properties: 
(i) ||H(u.v) — H(u’.v)|| < alle — u’||. where 0 < a@ <1 and a is independent of rv, 
(ii) H(u,v) # u for any (u.v) EOU x V. 
(iii) for some 7’9 € V the equation H(u.vp) = u has a unique solution u € U. 
Show: 
(a) For each v € V’ the equation H(u,v) = u has a unique solution uy. 
(b) The assignment v +> uy is a continuous map from ¥" to U. 
(c) If the restriction H|(U x V):U x V — E1 is Cc}, then the assignment v ~ uy is 
a C! map from V' to U. 


(E.2) (Miranda theorem) Let E,, E2 be Banach spaces and H : E; x [0.1] — Eo bea 
continuous map with the following properties’ 
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(i) (rif) — H(xr.t) admits a continuous partial derivative Hy  F1 x [0,1] = 
(1, 2) with respect to 1 € Ey, 
(ii) the set {a € Fy | H(r,t) =0 for some ¢ € [0, 1]} is compact, 
(iii) if A(.c.¢) = 0 for some .r and ¢. then the linear operator H,(.r,¢) is invertible, 
(iv) for some fo € [0.1] the eqnation [/(.r, tg) = 0 has a mniqne solution. 
Show: The eqnation H(.r.¢) = 0 has a uniqne solution for each ¢ € (0. 1] (Miranda [1971)). 


(2.3) (Hartman theorem) Let (i2.; |) be a Banach space and (¢(£. £),|[ [[) the Banach 
space of bounded uniformly continuons functions p: & — FE with the sup norm |] {|. Let 
L € GL(E) be a given hyperbolic isomorphism: E = E, - Fe. LIE, = L, € GL(E,), 
1= 1,2. with ||L)|| < 1 and a <1. We assnme that a = max(||L,]|. I]eo WD <1 and 
that F is given the norm [.ry +-re| = max(|r|.|r2]) for r, € E,. t= 1,2. 

(a) For v > 0 Iet 


L4.(L) = {l= b4+A|X€ (EF, £) is bonnded by v and 
Lipschitz with constant < v}. 


Call .Z,(L) admissible if its elements are Lipschitz isomorphisms of FE onto itself. Show: 
1° ¥.(L) C'4(E.F) is a complete metric space. 2° Y,(L) is admissible for small v. 
[For 2°, use elementary domain invariance.] 
(b) Let Y%,(L) be admissible and assume that .4 = ZL +. and .{’ = L +2’ are two 
elements of .4%,(Z). Consider the equation 


(i) hi=.VWh forhe%, 


where .# = {h=1+p|p€ C(E.E)} with 1 = idg. Show: The equation (i) is equivalent 
to the equation 


(ii) p=L™'[pi+rA4—-N(1+p)] for pe 6(E.E). 
(c) Show: The equation (ii) is equivalent to the system 


(iii) He = [Lips + (1 +p) — aA“? 
po = Ly [p2-\+ A2 — AQ(1 + p)}. 


where p,. L,. A,. A, (6 = 1,2) are the components of p, L, A, 4’. respectively, with respect 
to the splitting FE = Ey 5 Eo. 
(d) Define a map H: @(E,E) x “(L) x {(L) — €(E. E) by 


H((p1.p2). A, A’) = ({Lipy + Ai (1 + p) — AyJA7!, Lz" po. + Az — AS(1 + p)))- 


Show: If a+uv <1, then H is (a+ v)-contractive with respect to (py,pz2) and continuous 
with respect to (.1..4/). 

(c) Assume %,(L) is admissible with a + v < 1. Show: To each pair .1..1' € Z(L) 
there corresponds a unique homeomorphism h4y = h € . such that h.i = .1h: this 
homeomorphism depends continuously on .1. 1’. 

[Use (b), (c). (d) and the parametrized version of the Banach theorem (1.6.A.2).] 

(The above proof of a theorem of Hartman [1964] is due to Pugh [1969].) 


(E.4) (Bruhat Tits theorem) Let (.,d) be a complete metric space that satisfies the 
following semiparallelogram law: for any a,b € X there is a point z € NX such that for all 
ren, 


(x) d(a,b)? } td(r. 2}? < Qd(r.a)? + 2d(x, by” 
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(a) Prove: The point z in (*) is the midpoint between a and b, i.e., d(a,z) + d(b,z) = 
4 d(a, b). 

(b) Let A be a bounded subset of X. Show: There exists a unique closed ball K(a,r) 
in X of minimal radius containing A (J.-P. Serre). 

[For uniqueness, use (a); for existence, consider a sequence of closed balls K(an,rn) D 
A with rn — r. Prove that {an} is a Cauchy sequence and that K(a.7r), where a = liman, 
is the desired ball. 

(c) Let ¥ be a group of isometries of X. Show: If Y has a bounded orbit ¢(r), then 
¢ has a common fixed point (Bruhat~Tits [1972]). 

[Letting K(x,r) be the unique closed ball of minimal radius containing ¢(.r), prove 
that x is a common fixed point of ¥.] 


7. Notes and Comments 


Fized points for nonexpansive maps 


Nonexpansive maps appear for the first time in Kolmogoroff [1933], where 
they were used in the axiomatic treatment of measure theory. Pontrjagin and 
Schnirelmann [1932] used the notion in dimension theory and established the 
following result: If X is a compact metric space with dim X > 1, then there 
erists a nonezpansive map py: X — R" such that dimy(X) =r. 

In Section 1 we give only a few theorems that are related to the con- 
traction principle. Theorem (1.3) is a special case of more general results 
(see (C.1(b))) obtained independently by Browder [1965], Gohde [1965], and 
Kirk [1965]. Earlier, a general fixed point result for isometries was obtained 
by Brodskii-Milman [1948]. All the above authors used weak-topology ar- 
guments in the proofs of their results; the elementary proof of (1.3) given in 
the text is due to Goebel [1969]. We remark that in (1.3), the sequence of 
iterates {F"(x)} does not necessarily converge to a fixed point of F; it can 
be proved, however, that for each x € C the sequence 4(2+Fr+t- --+ Fz) 
converges weakly to a fixed point of F (Baillon [1975)). 


We also remark that the nonlinear alternative for nonexpansive maps (1.5) remains 
valid for nonexpansive set-valued maps in uniformly convex spaces (Frigon {1995]). For 
single-valued maps, (1.5) and its corollaries (1.6) can be easily deduced (as observed by 
Z. Guennoun) from the following result given in Browder’s survey [1976]: Let E be a uni- 
formly convex Banach space, C C E be closed, conver, and bounded, and F: C — E be 
nonezpansive. Then the nonexpansive field f(x) = x—F x is demiclosed on C, i.e., if {rn} 
in C converges weakly to x and { f(xn)} converges strongly to y, thenz € C and f(x) = y. 


For further results on nonexpansive maps (including some applications as 
well as some iterative techniques for approximating fixed points) the reader 
is referred to “Miscellaneous Results and Examples”, the surveys of Opial 
[1967], Petryshyn [1975], Browder [1976], and to the books by Goebel-Reich 
[1984] and Goebel-Kirk [1991]. 
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Applications of the Banach theorem 


The fundamental idea of applying fixed point results to produce theorems 
in analysis is due to Poincaré [1884], [1912] and was developed further in the 
works of Birkhoff [1913], Birkhoff -Kellogg (1922] and then Schauder [1927a], 
(1927b], [1930]. Systematic applications of the Banach principle to various 
existence theorems in analysis were initiated by Caccioppoli [1930]. An ex- 
pository account of many such applications may be found in the surveys by 
Niemytzki [1936] and Miranda [1949]. For applications to differential and 
integral equations the reader is referred to Pogorzelski’s book [1966] and to 
Griffel [1985]. The renorming technique used in Section 2 was introduced by 
Bielecki [1956]. Numerous (and diverse) applications of the Banach theorem 
are given in “Miscellaneous Results and Examples” 


Applications of the elementary domain invariance 


Elementary domain invariance permits a simple and unified treatment of a 
number of familiar results in various fields. Theorem (3.4), established by 
Schauder [1934], is an abstraction (in the linear case) of Poincaré’s method 
of continuation of solutions along a parameter and underlies the general 
idea due to Bernstein that obtaining suitable a priori bounds for solutions 
of a class of problems is frequently sufficient to establish their existence. For 
many uses of Theorem (3.4) in partial differential equations the reader is 
referred to the book of Gilbarg-Trudinger [1977]. 

The proof of the inverse function theorem presented in the text is an 
adaptation of that given in H. Cartan’s book [1967]. 

Monotone operators were introduced independently by Kachurovskii 
[1960], Zarantonello [1960], and Minty [1962]. KachurovskiY observed that 
the gradient maps of convex functions are monotone and introduced the 
term “monotonicity” Theorem (3.9), due to Zarantonello [1960], is one of 
the simplest results of the theory that is related to the contraction principle. 
More information on monotone operators and their applications to integral 
and differential equations can be found in the surveys by Kachurovskii [1968] 
and Browder [1976] and also in Brézis’s book [1973]. 

Theorem (3.12) is due to Klee [1956], who was the first to study the 
negligibility of sets in Banach spaces. The method of proof presented in the 
text is based on the noncomplete norm technique due to Bessaga. By refining 
this technique, Bessaga [1966] proved that every infinite-dimensional Hilbert 
space is diffeomorphic to its unit sphere, and as a consequence established 
the following theorem: There exists a C™ retraction of the closed unit ball 
in an infinite-dimensional Hilbert space onto its boundary. The last result 
implies the existence of a fixed point free (© self-map of the closed unit ball 
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in an infinite-dimensional Hilbert space. For more details on negligibility of 
sets the reader is referred to the book of Bessaga—Petczynski [1975]. 


Other invertibility results 


We mention some global invertibility theorems that are not proved in the 
text. In the differentiable case the following result is due to Hadamard [1906]: 
If f:E— F isaC' map between finite-dimensional Banach spaces and 
if f is a local homeomorphism such that ||[f'(x)|~1|| < M for some M[ > 0 
and all z € E, then f is a diffeomorphism. For a proof of the Hadamard 
theorem for arbitrary Banach spaces, the reader is referred to the lecture 
notes by J.T. Schwartz [1969]. 


S. Mazur and S. Ulam, Lwéw, 1935 


A general invertibility theorem is due to Banach—Mazur [1934]: Let X 
and Y be metric spaces, where X is connected and Y is locally arcwise 
connected and simply connected. Let f : X — Y be a proper map. Then f is 
invertible if and only if it is a local homeomorphism. 

A special case of the Banach-Mazur theorem was established earlier 
by Caccioppoli [1932]: Let f : E-+F be a C! proper map between Banach 
spaces. Then f is a diffeomorphism if and only if it is a local diffeomorphism. 
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The proofs of the above two results can be found in Berger’s book [1977]. 
For some other related results the reader is referred to Carathéodory- 
Rademacher [1917] and Ambrosetti-Prodi [1972]. 


Applications of the elementary KKM-principle 


The presentation in Section 4 follows Granas-Lassonde [1995]. Variational 
inequalities (the systematic study of which began around 1965) are of im- 
portance in many applied problems (see Kinderlehrer-Stampacchia [1980], 
where an introductory account of the theory and further references can be 
found). Theorem (4.6) is due to Hartman-Stampacchia [1966]; its proof is a 
simplification of the one in Dugundji-Granas [1978]. Theorem (4.7) is due to 
Minty [1962]. The significance of maximality of set-valued monotone opera- 
tors was brought to light by Minty [1965], to whom the theory of maximal 
monotone operators in a Hilbert space is due. 

For more general or related results the reader is referred to Brézis’s 
book [1973], Browder’s survey [1976] and also to “Miscellaneous Results 
and Examples”. 


Mazur-Orlicz theorem 


Kakutani [1938] proved the Hahn—Banach theorem using the Markoff-Kaku- 
tani theorem and the compactness of the Tychonoff cube. The same idea is 
used in §4 for the proof of Banach’s lemma (5.1) on which the proof of the 
Mazur-Orlicz theorem (5.3) is based. This proof follows Granas—Lassonde 
[1991] and is due to F. C. Liu (unpublished). We remark that the formulation 
of (5.3) (obtained from the original one by replacing “linear combinations” 
with “convex combinations” ) permits getting at once a refined version of the 
Hahn-Banach theorem (5.4). Theorem (5.5), due to Mazur—Orlicz [1953], is 
a generalization of the classical “moments problem” theorem. The classi- 
cal separation theorems of Mazur and Eidelheit (called by Bourbaki the 
“geometric forms of the Hahn—Banach theorem”) also follow at once from 
Theorem (5.3). 

S. Mazur observed that the Mazur—-Orlicz and Hahn—-Banach theorems 
remain valid if in their formulation a sublinear functional p is replaced by 
a convex functional; the corresponding proofs can be found in Alexiewicz 
[1969]. For more recent applications of the Mazur—Orlicz theorem the reader 
is referred to Liu [1993]. 


II. 


Theorem of Borsuk and 
Topological ‘Transversality 


In this chapter we provide an easily accessible and unified account of some 
of the most fundamental results in fixed point theory. Among them, the 
antipodal theorem of Borsuk and the theorem on topological transversality 
occupy the central position; all the other results in this chapter are their 
consequences. The chapter ends with diverse applications to various fields. 


$85. Theorems of Brouwer and Borsuk 


Our aim in this paragraph is to establish the theorem of Borsuk and its 
immediate consequence, the Brouwer fixed point theorem. We obtain these 
results by first establishing the Lusternik-Schnirelmann—Borsuk theorem 
about the n-sphere. Our approach is elementary, in that it involves only some 
simple simplicial decompositions of the sphere and a combinatorial lemma. 


1. Preliminary Remarks 


Let E be a normed linear space. We recall that a finite set of s+ 1 points in 
E is said to be affinely independent if it is not contained in any (s — 1)-flat 
of E. 


(1.1) DEFINITION. Let {po,p1,.--,Ps} be an affinely independent set of 
$+1 points in E. Their convex hull 


Ss 
{¢B|2=) dpe 0<A; <1, a= 1h 
7=0 i=0 


is called the (closed) s-simplez with vertices po,...,ps and is denoted 
by [p0,---,Ps]- If the vertices do not have to be explicitly stated, a 
simplex is denoted by ¢ or a*. the upper index indicating its dimen- 
sion. 
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The k-simplex spanned by any k + 1 of the vertices po,..-,Ps is called a 
k-face of 0°; the only s-face of o* is o° itself. The boundary, Oo” (which 
is not necessarily the topological boundary of o* in E), is the union of all 
faces of dimension < s — 1; the open s-simplez is a6 — 00° The 0-faces of 
a” are its vertices, and the 1-faces [p;,p;] are called the edges of 7°; because 
a* is convex, it is easy to see that the diameter 6(a°) of o% is the length of 
its longest edge. 

A simplex is obviously a compact metric space. Moreover, because the 
set of its vertices is affinely independent, each x € o*% = [p0.---sPs] can 
be written uniquely as « = 57}_,Ai(r)p;. where 7729 Ai(z) = 1 and 0 < 
A, (cv) < 1 for each r € o§ andi =0,...,5; the (s+1)-tuple (Ag(z),..-,As(x)) 
of real numbers is called the barycentric coordinates of x € a, and each 
A, : 0 — [0,1] is called the ith barycentric coordinate function of a. 


(1.2) PROPOSITION. Any two s-simplices are affinely homeomorphic. Fur- 
thermore, for any simplex a, each of its barycentric coordinate func- 
tions 4; : ¢ > [0,1] ts continuous. 


PROOF. Let R’t} be the (s + 1)-dimensional Euclidean space and A*® C 
Rs*) be the s-simplex having the unit points eg = (1,0,....0)..... és = 
(0,0,...,1) in RS*! as vertices; AS is called the standard s-simplez. Observe 
that the barycentric coordinates of any x € A* are precisely the Euclidean 
coordinates of x, so that 


As = { (Ao +--+) € Rs! JO<A; <1, STA = 1}. 
7=0 


We now show that any given o* = [po,...,ps] C E is affinely homeomorphic 
to AS Leth: R&t! = E be the map A(Xo,....As) = Sojeg Apis this 
is clearly continuous, and g = h|A* maps A* onto o*; since g is also a 
bijective map of the compact A* onto 0°, we conclude that g is an affine 
homeomorphism of A* onto o*. To prove that the barycentric coordinate 
functions are continuous, let 7; : R°+! — R be the projection onto the ith 
coordinate space; since \; = 7; 0 g~), and both 7;.g~! are continuous, the 
proof is complete. O 


2. Basic Triangulation of S” 


Because we will be using simplices throughout, it is convenient to work with 
an equivalent norm for Euclidean space under which the unit sphere can be 
regarded as the union of geometric simplices. 

Let E be the normed space of all those sequences x = {21,22,...} of real 
mumnbers having at most finitely many .r,, # 0. with the norm ||x|| = >> |z;]. 


§5. Theorems of Brouwer and Borsuk 87 


The subset {x € E | x; = 0 for all i > n} is denoted by E”; the (closed) 
unit n-ball is 


Kk" = {x € E” | ||z]] < 1}. 


The unit n-sphere is S" = {x € E"t? | ||x|| = 1}; its upper hemisphere 
is St = {x € S” | tn41 > 0}, and its lower hemisphere is S" = {x € S” | 
In+1 < 0}; clearly, S* = S? US”. Observe that for any k < n, we have 


S* = {xz € S” | epyo = ++ = Inq = 0} 


and that S"-! = $2.9 S”. 

Given an n-dimensional normed linear space L” it is easy to see that 
there is a homeomorphism of L” onto E” sending points symmetric with 
respect to the origin in L” onto points symmetric with respect to the origin 
in E” and mapping the unit sphere in L” onto S” Therefore, the results 
that will be established in this paragraph in E” remain valid for any finite- 
dimensional normed linear space L” 

By a triangulation of S” is meant a decomposition of S” into simplices 
that are pasted together along common faces in an orderly manner. Pre- 
cisely: 


(2.1) DEFINITION. A finite family 1” = {o} of simplices in S” is called 
a triangulation of S” provided: 
(i) the intersection of any two simplices in .”” is either empty or a 
common face of each, 
(ii) ifo € A” then every face of o is in 1”, 
(iii) S°>=U{o]loe F*}. 
(iv) each (n — 1)-simplex of .Y” is the common face of exactly two 
n-simplices in”. 


We remark that (iv) can be deduced from properties (i)-(iii). 

The following triangulation of S” is important for our purposes: For 
each i = 1,...,n +1, let e; = {61,63,...} © E, where 5% is the Kronecker 
delta; clearly, the unit ball K"*! is precisely the convex hull of the set 
{€1,-..,€n41,—€1,--+,—€n41}- It is easy to see that the set of all n-simplices 
[+e,,...,+€n41] and all their faces provides a triangulation of S”, called 
the basic triangulation; this triangulation is denoted by 1”. Note that each 
simplex of 5” has a unique representation (called its standard form) by a 
symbol [+e;,,....+e:,], where ig < --- < ts. 

Let a : S” — S” be the antipodal map x +> —z; two elements of any 
sort (points, simplices, sets) corresponding under a will be called antipodal. 
Note that for each k < n, the restriction a|S* is the antipodal map of S*. 
It is clear that no simplex of ©" contains a pair of antipodal vertices, and 
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that for cach simplex o* € £” the set a(c*) is also a simplex of &”. Since 
we need to consider triangulations of S" other than ©” that have these two 
properties, we make the formal 


(2.2) DEFINITION. A triangulation .Y” of S” is called symmetric if: 
(a) for each k < n, the k-sphere S* is a union of k-simplices of Y”, 
(b) for each k <n, and each simplex o* €.%", the set a(c*) is also 
a k-simplex of .£”" 


We have already observed that 1” is a symmetric triangulation; moreover, 
symmetric triangulations of S” with arbitrarily small simplices clearly exist; 
a formal inductive proof of this evident geometric fact could be based on the 
observations that a symmetric small simplex triangulation of S" = 9S"t! 
can be extended to a small simplex simplicial decomposition of S"t', and 
that 

{o"* a(a"*") | oe Stt"} 


is then a symmetric triangulation of S”t!. 


3. A Combinatorial Lemma 


Let #*, respectively .Y”, be triangulations of S*, respectively S”. A map 
f of the vertices of .Y* to the vertices of 7” is called a simplicial vertex 
map if for each simplex [po,...,ps] of *, the points f(po),...,f(ps) are 
the vertices of a (possibly lower-dimensional) simplex of .7". Clearly, f 
extends to a map S* — S$” (denoted also by f) sending simplices of * 
into simplices of .7”. 


(3.1) DEFINITION. Let .7* be an arbitrary triangulation of S*, and let 
f : A* — Z” be a simplicial vertex map. An r-simplex [po.--+.Prl 
of Y* is called positive if: 

(i) the vertices f(po),..., f(pr) span an r-simplex o” € XZ”, 
(ii) the standard form of o” is “alternating in sign”, 


a = [+ei,, Tease ey (—1)"e:,], 


with the first vertex positive. 
An r-simplex of .7* is negative if its f-image is an r-simplex of 5” 
which, in standard form, is alternating in sign and has negative first 
vertex. 
An r-simplex of .7* that is neither positive nor negative is called 
neutral. 


For any simplicial vertex map f :.”* — ED” and any subset L Cc S*, the 
number of positive r-simplices in L under f is denoted by p(f, L,r). 
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The main result of this section relies on the following 


(3.2) PRoposITION. Letk <n, and let f : A* — O” be a simplicial vertex 
map of a symmetric triangulation of S* into 5” Ifaof = foa, 
then 

p(f, S*,k) = p(f, S*-', k—1) mod 2. 


ProorF. Consider the upper hemisphere St of S*, and decompose the set 
of k-simplices in Se into three disjoint biases 


a, ={s* C Sé | s* is positive}, 

a. ={s" C Sk | s* is negative}, 

@y = {s* C S* | s* is neutral}. 
Consider the sum 


T= )> vlf.ssk-I+ D> wlfs*k-1)+ D> wlf.s*,k-1); 


Ske, skEof_ s* Exo 


we will determine the parity of T. 

First note cna because each p(f,s*,k — 1) is the number of positive 
(k — 1)-faces of s*, the sum T involves all the positive s*—! in S*. Observe 
next that each ponitive s*—1 not in S*—! will occur twice in the sum T, since 
it is a face of meey two s*; because each positive s*—! on S*—! is the face 
of only one s* € S¥, we conclude that T = p(f, S*-!, k — 1) mod 2. 

We now develop another expression for T. Consider any neutral s*. Since 
s* can have no positive (k — 1)-face (hence make no contribution to the 
sum), unless dim f(s*) > k — 1, we can write f(s*) = [te;,,...,+¢;,] with 
io < +++ < dp, in which there is either one repeated vertex, or all the vertices 
are distinct but the signs do not alternate. In each case, a positive (kK—1)-face 
can occur only if there is at most one pair of adjacent vertices with the same 
sign; and if removal of one of these vertices gives a positive face, so also will 
removal of the adjacent one. Thus, p(f,s*,& — 1) is even for each s* € &, 
so that 


T= s- r(f,s*,k-1 + Si p(f,s*,k — 1) mod 2. 
sk Ext, sk Eof_ 


Noting now that each positive s* has exactly one positive (k — 1)-face, as 
also does each negative s*, we find 


> wf, s*,k—1) = card &,, >» r(f, s*,k—1) = card &_, 
skE Dy skEf_ 


and therefore 
T = (card c@ + card .c_\ mod 2. 
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Finally, as ao f = foa, it follows that an s* € S* is negative if and only 
if a(s*) € S* is positive, so that card s#_ = card{s* € S* | s* is positive}; 
therefore card .o/, + card /_ = p(f, S*.k), and the proof is complete. O 


Proposition (3.2) leads to the main result of this section: 


(3.3) THEOREM (Combinatorial lemma). Let f :." — 2” be a simplicial 
verter map of a symmetric triangulation of S". If ao f = foa, then 
f maps an odd number of simplices of S" onto 


% _ ex. TOD ecg (—1)"en41]- 
ProoFr. According to the definition, an s” € ” is positive if and only if 
its image, in standard forn, is of. According to the lemma, 
P(f.S".n) = p(f.S" 1 ,n-1) =-:- =plf. S°.0) mod 2. 


As S° consists of exactly two vertices and f|S° maps them onto a pair of 
antipodal vertices, it is clear that p(f,S°,0) = 1, completing the proof. O 


4. The Lusternik—Schnirelmann—Borsuk Theorem 


The combinatorial lemma will be applied to obtain the Lusternik- Schnirel- 
mann-—Borsuk theorem about the n-sphere, which is equivalent to the Borsuk 
antipodal theorem. 


(4.1) LEMMA (Lebesgue). Let {Ah,....2 Mn} be a family of closed non- 
empty sets in a compact metric space X, with AI, N---N AL, = @. 
Then there exists an € > 0 with the property: any subset A C X 
meeting every AI, must have 6(A) > e. 


PROOF. Let Z be the compact metric space AI; x --- x Af, and consider the 
continuous A: Z — R defined by 


(r1,.--.2n) > max{d(z;,r;)|1<i<j <n}. 


Because Af, N---NAL, = Q, the map ) is never zero; consequently, it assumes 
a minimum, € > 0. If A C X meets each AJ;, there is an x, € ANA, for each 
i=1,...,n; since \(71,---,0n) 2 €, at least one d(.x,,.2;) > €, so 6(A) > €. 
This completes the proof. oO 


As an immediate consequence, we have 


(4.2) THEOREM (Lebesgue). Let {Ah..... AI,} be a closed covering of 
a compact metric space X. Then there exists a X > 0 (a Lebesgue 
number of the covering) with the property: if any set A of diameter 
<> meets M;,,..., Mi,, then 


M, N---O, #9. O 
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With these preliminaries, we are ready to establish the fundamental 


(4.3) LEMMA. Let Mj,...,My41 be n+1 closed sets on S", no one of 
which contains a pair of antipodal points. If the family 


{M., aay Mn+1; a(M), a ietecy a(Mn+1)} 
covers S”, then Mi N---NMy4i #9. 


PROOF. Denote a(M;) by M_;; since M; does not contain any pair of an- 
tipodal points, we have d(M;, M_;) =e; > 0 for eachi=1,...,n+1. 
Linearly order the covering by 


M, M_1; M_o, Mo; Ms, AL_3; M_4a, Ma; seey 


and let A be a Lebesgue number for this closed covering. 

Let “” be a symmetric triangulation of S” with the diameter of each 
simplex < € = min(\,€1,...,€n41). We first construct a simplicial vertex 
map f: 7” — Z" as follows: 

For each vertex p € ", let M; be the first set of the ordered covering 
containing p, and set 


f(p) = (sign j)(-1)"*"e14)- 
This is, in fact, a simplicial vertex map: since X” can be described as the set 
of all simplices [+e;,,...,+e;,] with no two entries antipodal, it is enough 
to show that no two vertices p;, p; of a simplex of 5” can map to antipodal 
vertices, and this follows from d(p;,p;) < € and the definition of e. 


It is evident, from the definition of f, that ao f = f oa, so from (3.3), 
there is some simplex [p1,...,2n+41] such that 


f lpr, tee »Pn+1] = (er, EQ, +++ (—1)"en41]. 


This means that each p; € M;, so that [p1,...,Pryi] NM; # O fori = 
1,...,n+1. Since 6([p1,-.-,Pn4i]) <A, it follows that M,N---NMnii 4 9, 
and the proof is complete. () 


We now establish the main result of this section. 


(4.4) THEOREM (Lusternik-Schnirelmann—Borsuk). In any closed covering 
{Mi,..-,Mn4i} of S" byn+1 sets, at least one set M; must contain 
a pair of antipodal points. 


PROOF. We argue by contradiction. Assume that no Af; contains a pair of 
antipodal points; then (4.3) applied to the covering {Mi,..., Mn41,0(Mh), 
.-+,0(My41)} would show M,N---A Mn4i #9; since any zp € M,N---/N 
M,,41 must also be in some set a(A1;) of the covering {a(M;),....a(AIn41)} 
of S”, this means that MZ; would contain a pair of antipodal points, contra- 
dicting our hypothesis and completing the preof. 0 
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5. Equivalent Formulations. The Borsuk—Ulam Theorem 


Results equivalent to the Lusternik Schnirelmann Borsuk theorem use the 
notions of extendability and homotopy in their formulation. For the conve- 
nience of the reader, and to establish the terminology, we recall the relevant 
definitions. By space we understand a Hausdorff space; unless specifically 
stated otherwise, a map is a continuous transformation. 

(a) Let .Y,)° be two spaces and A C X. A map f : A — Y is called 
extendable over X if there isa map F: X — Y with F|A = f. 

(b) Two maps f,g : X — Y are called homotopic if there is a map 
H:X xI-/Y with H(z,0) = f(x) and H(z,1) = g(x) for each z € X. 
The map H is called a homotopy (or continuous deformation) of f to g, 
and written H : f ~ g. For each t, the map x + H(z,t) is denoted by 
H, : X — Y; clearly the family {H; : X — Y}o<r<1 determines H and vice 
versa. 

Recall that the relation of homotopy is an equivalence relation in the set 
of all continuous maps of X into Y; for reflexivity. note H(x.t) = f(x) shows 
f ~ f; for symmetry, observe that if H : f ~ g then (z.t) » H(z,1—-2) 
givesg~ f;ifH:f2gandG:g~h, then 


| _ J A(a, 2t), 0 
Diet) =} Ge at 3), l 


is continuous and shows that f ~ h, establishing transitivity. Thus, the rela- 
tion of homotopy decomposes the set of all maps of X into Y into pairwise 
disjoint classes called homotopy classes. An f : X — Y homotopic to a 
constant map is called nullhomotopic; in this case we write f ~ 0. A space 
X is called contractible if idx : X — X is nullhomotopic. 

Observe that to establish a homotopy H : f = g is essentially an ex- 
tendability problem: one has given a map h: (X x 0)U(X x 1) Y and 
seeks an extension over X x I. For the special case of maps of spheres into 
arbitrary spaces, their nullhomotopy is equivalent to a simpler extendability 
property. which is very frequently used: 


<t 
<t 


(5.1) THEOREM. A map f: S" —Y is nullhomotopic if and only if f is 
extendable to an F: K™+! = Y. 


Proor. Assume f : S” — Y is extendable to F: K"™+! 4 Y. For x € S” 
and 0 < ¢ < 1, set H(z,t) = F(tzx) to see that H : 0 ~ f. Conversely, if 
H:S"xI-—/Y shows 0 ~ f, define an extension F: K"t! — Y of f by 
H(S",0), 0< lvl <3 
F(y) = So 
Ww) {ith 2a -1), 3<lyl/<1. 


This completes the proof. O 
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We say that f : S" — S* is antipode-preserving if f(—xz) = —f (zx) for all 
x € S”. With this terminology we now prove Borsuk’s antipodal theorem 
and also show that it is equivalent to various geometric results about the 
n-sphere. A fixed point version of the theorem will be derived in the next 
section. 


(5.2) THEOREM. The following statements are equivalent: 
(1) The Lusternik-Schnirelmann—Borsuk theorem. 
(2) There is no antipode-preserving map f : S" + S"—! 
(3) (Borsuk’s antipodal theorem) An antipode-preserving map f : 
S"-! _, §"-! is not nullhomotopic. 
(4) (Borsuk-Ulam) Every continuous f : S" — E” sends at least 
one pair of antipodal points to the same point. 


PROOF. (1)=-(2). Supose f : S" — S"—? is antipode-preserving. Decompose 
S"—! into n+ 1 closed sets Ai,...,An41 by projecting the boundary of an 
n-simplex centered at 0 onto S"—! and letting A; be the images of the 
(n — 1)-faces. Clearly, no A; contains a pair of antipodal points. 

Let M; = f—'(A;), i=1,...,n+1. The M; are closed and cover S”, so 
by (1), there is an x € M; NaM; for some 7. Because f is antipode-preserv- 
ing, this means that f(x) and fa(z) = af(x) both belong to A;, which is a 
contradiction. 

(2)=>(3). Suppose some antipode-preserving g : S""' — S"—' were 
nullhomotopic. Then g would be extendable toaG : K" — S"—!. Regarding 
K" as S®, we define py: S" + S"~! by 


G(x), rE S”, 


ee) —Ga(z), 2€S"” 


This is consistently defined on S? 1 S™, and is an antipode-preserving map 
of S” to S"—!, contradicting (2). 

(3)=(4). Assume f : S" — E” is such that f(x) # f(—zx) for every 
z€S" Define F: S" > S"~! by 


__f(e)-F(-2) 
Ife) — F(—=)l 


Then F|S"—! : §"—} — S"—' is antipode-preserving, and since F'|S% is an 
extension over K”, F|S"—! would be nullhomotopic, contradicting (3). 

(4)=>(1). Assume there were some closed covering M),...,Mn41 of S” 
with no M; containing a pair of antipodal points, i.e., M; Na(M;) = 0 
for each i. Let g; : S" — I be an Urysohn function with g;|AJ; = 0 and 
g;\a(M;) = 1 for each i = 1,...,n, and define g: S" — EB” by 


glx) = (ay(r) ... 9, (2)). 


F(z) 
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According to (4), there must. be a z € S” with g(z) = ga(z), so that 9;(z) = 

gi(a(z)) for i = = 1... ,n, aud therefore z € S" — UP, Mi — Uji, (MS). 
Since both {AL} }PtF and {a(Al,)}24) cover S”, the point z must belong to 
both Al,,41 and oe M, +1), which is the desired contradiction. O 


6. Some Simple Consequences 


We give two consequences of (5.2) that are particularly useful for our later 
work. The first relaxes the condition —f(z) = f(—z) in (5.2)(3) to simply 
f(r) 4 f(--); 


(6.1) THEOREM. A map f : S" — S” with f(x) # fa(x) for each x is not 
nullhomotopic. 


PROOF. Since f(x) # fa(z), the map g: S" — S” given by 


eee f(a) = f(-2) 

Ilf(z) — f(-=)|| 
is continuous and clearly antipode-preserving. Now, f,g : S" — S” are 
never antipodal; for if g(z) = —f(z) for some = € S”, then 


(1 + F(z) — F(-2) IN F(z) = F(-2), 


so since || f(z)|| = || f(—z)|| = 1, we would have 1 + ||f(z) — f(—=)|| = 1. 
which is impossible. Since f and g are never antipodal, 


(1 —t) f(x) + tg(z) 
h,(z) = ———————_-—. 
() = Ta) Fle) + total 
is a well defined pont of S” for all (t,x) € [0,1] x S” and hence {hi }o<t<r 


is a homotopy joining f and g. From this, since g is not nullhomotopic by 
(5.2)(3), we infer that neither is f. This completes the proof. O 


The reader can easily show that in fact, (6.1) is equivalent to (5.2)(8). 
The second consequence, which we shall use frequently, is Borsuk’s fixed 
point theorem: 


(6.2) THEOREM (Borsuk). Let U be a bounded symmetric convex open 
neighborhood of the origin in E”, and let F : U + E” be antipode- 
preserving on OU, i.e., —F(a) = F(—a) for each a € OU. Then F 
has a fixed point. 


ProoF. Let p: E” — R be the Minkowski functional for U, and let E be 
the set E” with the norm |[z||, = p(x). The identity map h: E" = Eisa 
homeomorphism mapping U onto the unit ball Af of E. Considering the 
map 9g =hoFoh!: Kf — E, which is antipode-preserving on 0K?, we 
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first show that g has a fixed point; for if g(x) # x in KY, then 


g(x) — x 
f(a) = 
©) = g(a) = ahh 
would be a continuous map f : Kf? — OKT, so that fJOKT : OKT — OK 
would be nullhomotopic; but f|O.KT is easily seen to be antipode-preserving 
and this is a contradiction. Therefore, hFh—'(x) = x for some x € KT, so 
that Fh~'(x) = h7!(x) and F has a fixed point. O 


7. Brouwer’s Theorem 


The following special case of Borsuk’s theorem (5.2)(3) is basic in fixed point 
theory. 


(7.1) THEOREM. The identity map id: S" — S” is not homotopic to a 
constant map. 


PROOF. Since id : S" — S” is antipode-preserving, (5.2)(3) applies. oO 


This result has many equivalent formulations; it is in fact equivalent to 
Brouwer’s fixed point theorem: 


(7.2) THEOREM. The following statements are equivalent: 

(1) S” is not contractible in itself. 

(2) (Bohl) Every continuous F : K+! — E"t! has at least one of 
the following properties: 
(a) F has a fized point, 
(b) there are x € OK™*! and d € (0,1) such that c = AF(z). 

(3) (Brouwer) Every continuous F : K"*+! K+ has at least one 
fixed point. 

(4) (Borsuk) There is no retractionr : K"+! 4 S", i.e., there is no 
continuous r: K+! — S” that keeps each x € S” fixed. 


PRoor. (1)=>(2). Suppose F(x) 4 x for all x € K"+?, and y 4 tF(y) for 
all0 <t<1,y € OK"t!; then y $ tF(y) also for ¢ = 0, and by our first 
hypothesis, for t = 1. Let r : E"+1 — {0} — S” be the map z+ z/||z\J. 
Then H : S” x I — S” defined by 


_ {rly —2tF(y)), O< 
(Co (a eae ee 


would show that id: S" — S™ is homotopic to a constant. 

(2)=>(3). The second possibility in (2) cannot occur, because F'(.S") C 
i, 

(3)=>(4). If there were a retraction, the map +++ —r(z) would be a fixed 
point free map of K”+? into itself. 
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(4)=>(1). Assume h : 0 ~ id, where h(S",0) = 2 € S”. Defining r : 
Ket = sr by 


rr) = - lz < 2, 
h(x/\z\},2\|zl]-1), |x|] > 3, 
would give a retraction of K"*! onto S". O 


The following example shows that Brouwer’s theorem (7.2)(3) cannot be 
extended to infinite-dimensional normed linear spaces. 


EXAMPLE. Let E be a noncomplete normed linear space, and K its closed 
unit ball. By (4.3.10) there is a deleting homeomorphism h : E + E — {0} 
such that h(.r) = z for all x € OK. Consider the map r: K — OK given by 
vr h(xr)/||k(x)||, which is well defined because h(y) 4 0 for all y € E. If 
rz € OK, then h(r) = x, sor|OK = id andr: K — OK is a retraction; the 
map r++ —r(r) is therefore a fixed point free map of K into itself. 


This example shows that to obtain any generalization of the Brouwer 
fixed point theorem valid in infinite-dimensional spaces, it is necessary to 
restrict the type of map F : K — K that will be considered. We will show 
in the next paragraph that every compact map F': K — K (i.e., a contin- 
uous map such that F(A’) is compact) of the unit ball A of any normed 
linear space has a fixed point. Note that this statement, valid in all normed 
linear spaces, is precisely the Brouwer theorem whenever the space E is 
finite-dimensional, since in that case a continuous F’': K — K is necessarily 
compact. On this basis, it appears that for infinite-dimensional normed lin- 
ear spaces, the natural analogue of a continuous map in finite-dimensional 
normed spaces is that of a compact (rather than simply continuous) map; 
maps of this type arise naturally in many problems of analysis. 


8. Topological KKM-Principle 


Among the results equivalent to Brouwer’s fixed point theorem, the theorem 
of Knaster-Kuratowski-Mazurkiewicz occupies a special place: it admits 
an infinite-dimensional version which, as shown by Ky Fan, is particularly 
suitable for applications. 

Let EF be a vector space and X C E an arbitrary subset. Recall that a 
set-valued map G : X — 2” is called a KKM-map provided conv{z,...,2s} 
C Us., Gazi for each finite subset {x),....25} C X: G is called strongly 
KKM provided x € Gx for each x € X and the cofibers of G (i.e., the sets 
{xz € X | y ¢ Gz} for y € E) are all convex. 

The basic topological property of KKM-maps is given in 


(8.1) THEOREM. Let E be a linear topological space, X an arbitrary subset 
of E, and G : X — 2 a KKM-map such that each Gx is finitely 
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closed. Then the family {Gx | x € X} has the finite intersection 
property. 


PROOF. We argue by contradiction, so assume {)};_, Gz; = 0. Working in 
the finite-dimensional flat L spanned by {z),...,2n}, let d be the Euclidean 
metric in LD and C = conv{x,...,2n} C L; note that because each LNGr, 
is closed in L, we have d(z,LM Gz;) = 0 if and only ifr € LNGu,. 
Since ();.. LM Gz; = @ by assumption, the function \ : C — R given by 
cr Di, d(c, LN Gz;) is not zero for any c € C, and we can define a 
continuous f : C - C by setting 


fld= x Dae LNGz,)- x;. 


By Brouwer’s theorem, f would have a fixed point cg € C. Let 
I = {i | d(cg, LN Gz;) # 0}. 
Then the fixed point co cannot belong to J{Gz; | z € I}; however, 
Co = f (ceo) € conv{x; |i Ee I} C ez: lie I}, 
and with this contradiction, the proof is complete. O 


As an immediate consequence of (8.1), we obtain the following funda- 
mental result: 


(8.2) THEOREM (Topological KKM-principle). Let E be a linear topological 
space, X C E an arbitrary subset, and G: X — 2” a KKM-map. If 
all the sets Gx are closed in E, and if one of them is compact, then 


(\i{Gz|rcxex} FO. 0 


Clearly, the topological KKM-principle contains as a special case the 
geometric KKM-principle (3.1.5). We now give two simple applications that 
do not follow from the geometric principle. 


(8.3) THEOREM. Let C be a nonempty compact convex set in a Hilbert 
space H with scalar product ( . ), and let f : C — H be continuous. 
Then there exists a yo € C such that 


(f(yo),yo-2) <0 forallzECc. 
Proor. Define G: C — 2° by 
Gz = {y EC | (f(y), y— 2) < 0}. 


Clearly, G is strongly KKM, and hence, because C’ is convex, it is a KKM- 
map (see (3.1.2)). Since f is continuous, the sets Gr are closed, therefore 
compact. By the topological KKM-principle, we find a point yg € C' such 
that yo € Gr for all x € C. which is the required conclusion. O 
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As an immediate consequence, we have 


(8.1) THEOREM. Let C be a nonempty compact convex set in a Hilbert 
space H. Let F: C — H be continuous and such that for each x € C 
with sr # F(x) the line segment [x, F(x)| contains at least two points 
of C Then F has a fixed point. 


PROOF. Define f : C — H by f(z) =z — F(z) for x € C. By (8.3) we find 
a point yo € C’ such that 


(*) (yo—F(yo),yo-—x) <0 forallzeC. 


We show that yo is a fixed point of F. Indeed, if not, then the segment 
(yo. F(yo)] must contain a point of C other than yo, say x = tyo+(1—t)F (yo) 
for some 0 < ¢ < 1; then from (*) we get (1—t)(yo — F(yo), yo — F(yo)) < 0, 
and since t < 1, we must have yo = F(yo). O 


The theorem just proved implies that any continuous self-map of a com- 
pact convex set in a Hilbert space has a fixed point, thus showing in partic- 
ular that the Brouwer fixed point theorem is equivalent to the topological 
KKM-principle. 

Numerous applications of the topological KKM-principle will be given 
in 87. 

We conclude by observing that as a special case of (8.1) we obtain one 
of the basic results in fixed point theory: 


(8.5) THEOREM (Knaster—Kuratowski-Mazurkiewicz). Let X = {Zo,... 
...,2n} be the set of vertices of a simplera” C R" andG: X +2F" 
a KKM-map assigning to each x; € X a compact set Gr; Co” Then 
the intersection of the sets Gxo,...,GZn is not empty. O 


We leave to the reader an easy proof that (8.1) and (8.5) are in fact 
equivalent. 


9. Miscellaneous Results and Examples 


A. Homotopy, retraction, and extendability of maps 


(A.1) Let f,g:X — S” be two maps. Show: 
(a) If f(z) 4 —g(z) for all x € X, then f ~ g. 
(b) If f(x) 4 g(x) for all x € X, then f ~ —g. 
(c) If f(x) 1 g(x) for all x € X, then f x g. 
(A.2) Let f: S” + S” be a map. Prove: 
(a) If f(z) #4 —2 for all z € S”, then f ~ idgn. 
(b) If f(z) #7 for all x € S", then f ~ a, where a: S" — S” is the antipodal map. 


(A.3) Let f,g:X — S” be two maps such that f(x) # +9(z) for z € X. Show: There is 
h. X — §” such that g zh and f(r) | h(r) for each x € X. 
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[Take 
h(x) = g(z) ae (9(z), f(x)) f(x) ] 
llo(z) — (9(z), f(z) F(z) 


(A.4) Let X be any space and A C X. Show: A is a retract of X if and only if for every 
space Y, each f : A— Y is extendable over X. 


(A.5) Let K” be the unit ball in R” with boundary S"~!. Show: K" x {0}US"~! x (0, I] 
is a retract of K” x [0, 1]. 
[Consider r: K” x [0,1] + K” x {0} US"~! x [0,1] given by 


(Gy-2- Fe) net 5. 
c.t) - ) STEN? ~ A 2 
rz.t) = 2x t 
= a eae 
50). In| 1-5] 


(A.6) Let Y be any space and fo, f; : S" — Y be homotopic. Show: If fp has an extension 
over K+!) then so also does fy. 
[Use (A.4) and (A.5).] 


B. Borsuk’s antipodal theorem 


(B.1) Let M),...,4%,42 be a closed covering of S" by n +2 nonempty sets. Show: If no 
M; contains a pair of antipodal points, then 44) N---NM/,,42 = @ and any (n+ 1)-clement 
subfamily has a nonempty intersection. 

(if cz € Mi N---N Mny2 then x € a(M;) for some j, contradicting the assumption 
on M;. For the second part: To show, say, AJ, N---N Mn+i1 #0, note that 


{M,. erg Mn +1,0(M), il Tid ,a(My+1)} 


must be a covering of S”, since an x not in the union must belong to both Mj+42 and 
a(Mn+2); then apply (4.3).] 


(B.2) Prove: In each decomposition of K"*! into n+ 1 closed sets, at least one of the 
sets must have diameter equal to 2. 
{Use (4.4).] 


(B.3) Prove the “invariance of dimension number” theorem: R™ is not homeomorphic to 


R” whenever n #4 m. 
[Suppose n > m and h: R” — R™ is a homeomorphism. Consider h|S"~! and apply 


(5.2)(4).] 
(B.4) Let fi,....fn be n continuous real-valued functions on S” Show: There exists at 


least one p € S” with fi(p) = fi(—p) for all z € [n]. 
[Consider the map z+ (f1(z),..-, fn(z)) of S” into R”,] 


(B.5) Let f1,...,fn be n continuous real-valued functions on S” such that —f;(p) = 
fi(—p) for every p € S". Show: The f; have a common zero on S” 
[Consider the proof of (5.2)(3)=>(4).] 


(B.6) Let fi,....fn42 be n+2 continuous real-valued functions on S” and assume that 
for each p € S” there is at least one f; with f;(p) = 0 # f;(—p). Show: The fi,..., fr42 
have no common zero, but any n + 1 of them do. 

[Use (B.1) with M; = f7-1(0).) 
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(B.7) Let f > S" 4 S” be nullhomotopic. Show: f has a fixed point and sends some z to 
its antipode, ie., f(r79) = —2r9 for some xo. 

[if f has no fixed point, then f ~ — id. If no point maps to its antipode, then f ~ id, 
which is not mullhomotopic.] 


(". Theorem of Brouwer and related results 


(C1) Let YY be a compact subset of R” with nonempty interior. Show: There is no 
retraction of X onto its boundary (Borsuk [1931)). 


(C2) (Theorem on partitions) Let J" be the n-cube {(x2,...,+%n) | ir, | <1 for 7 € [n}}; 
the ith face {r € J” | x, = 1} is denoted by J, . and the opposite face {x € J” | z, = —1} 
by J, For each i € [n] let A, be a closed set separating J;* and J, (ie. J" -— A; = 
ut UU, , where the ut ,U, are disjoint open sets with Be Cc ut and J, CU, ). Prove: 
(N=, Ai #  (Eilenberg-Otto [1938]; see also the book by Hurewicz -Wallman [1941)). 
{For each i define 
—d(z.A;), rEUs, 
d(r.A,), reéU,, 


and show that the map zt x + (hy(:r)..... hn(r)) maps J” into itself.] 


h,(r) = 


(C.3) (Miranda theorem) Let fy..... fn be continuous real-valued functions on J” such 
that for each 7 € [7], 


fi(z)>0 forre Jj. fix) <0 forre J, 
Show: There exists f € J” such that f,(7) = 0 for each 7 € [n] (Miranda [1940}). 


(C.4) Let f : (K"*!,S") = (K"*t!,S") be a continuous map such that one of the 
following conditions holds: (a) Fix(f|S") = 0, (b) f(x) = --x for each r € S”, (c) f|S": 
S$" — S” is not nullhomotopic. Show: f : K"t! — K+! is surjective (Kuratowski- 
Steinhaus). 


(C.5) (Theorem of Frum-Ketkou and Nussbaum) Let E be a Banach space and D a closed 
ball about the origin in EF. 

(a) Let f : D — E be continuous with f(0D) C D. Show: If P: E -- Eisa 
finite-dimensional linear projection with || P|| = 1, then Po f : D — E has a fixed point. 

(b) Let A be a compact subset of &. By an approximating sequence for A is meant 
a sequence {Pn} of finite-dimensional linear projections in E such that (i) ||Pnl| = 1 for 
all n; (ii) Pax — x for each z € K. Show: If {Pn} is an approximating sequence for K, 
then for each € > 0 there exists an integer ne such that Pa(A) C Be(K) for all n > ne. 

(c) Let f : D — E be continuous with f(0D) C D and assume that there exists a 
compact subset K of E that admits an approximating sequence {Pn} of projections and 
satisfies d( f(x), A) < ad(x, A) for some a < 1 and all x € D. Prove: f has a fixed point 
(Frum-Ketkov [1967], Nussbaum [1972a]). 

[Establish successively the following assertions: for each n there is a fixed point tn 
of Pn o f: given € > 0, we have (1 — a)d(rn, K) < € for large n (use the definition of 
a and (b)), implying d(an,K) — 0; there is a subsequence {xn,} converging to some 
zo € K. Then f(xp) = xo-] 


D. Sperner’s lemma and the Knaster Kuratowski- Mazurkiewicz theorem 


Let A” = [po,.--,pn] be an n-simplex. By a subdivision .Y of A” is meant a decompo- 
sition of A” into finitely many nouoverlapping n-sjinplices O1,---,0% Such that (1) the 
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intersection of any two simplices in is either empty, or a common face of each, and 
(2) each (n — 1)-simplex in / that is not on 0A” is the common face of exactly two 
n-simplices of . The mesh of is max{diamo? | i € [k]}; the carrier of a vertex v € 
is the lowest-dimensional face [p,,,...,pi,| of A” that contains v. 


(D.1) Prove: Subdivisions of A” having arbitrarily small mesh exist. 
[Use repeated barycentric subdivision (cf. III, 8.2).] 


(D.2) (Sperner’s lemma) Let YS be a subdivision of A” A labeling of the vertices of 
that assigns to each vertex v € / one of the letters {p,,,..., pi, } whenever [p;,.---.P2,] 
is the carrier of 2, is called a Sperner labeling of . Given a Sperner labeling of .”, an 
n-simplex o; € & is called complete if its vertices are labeled po,...,~n- Prove: In any 
Sperner labeling of , the number of complete simplices is odd (and therefore at least 
one will exist) (Sperner [1928]). 

[The result being trivial for n = 0, proceed by induction, assuming that it is true 
for every A”~! Given a Sperner labeling of a subdivision of A”, consider the set of 
(n.— 1)-simplices labeled (7, ....n—1). These arise from the a n-simplices of . labeled 
(Po.-++:Pn—1,Pi), Pi # Pn, and the £ complete simplices. Each of the a simplices has 
2 faces labeled (pp,.--,Pn—1) and each complete n-simplex only 1, so counting the n- 
simplices of .”, we get a total of 2a + 2 simplices labeled (pp,...,Pn—1)- This total is 
precisely that of the -y (n — 1)-simplices (pp, ...,n—1) in the interior of A”, each counted 
twice, and the 6 such simplices on 0A", so 2a + 8 = 27+6. Now, the 6 simplices 
necessarily belong to the face (po,.-.,Pn—1) of A”, and are the complete simplices in a 
Sperner labeling of a subdivision of that face. By the induction hypothesis, 6 is therefore 
odd, so # is odd. This completes the inductive step.] 


(D.3) (Knaster -Kuratowski-Mazurkiewicz theorem) Let A” = [po,..-,Pn] be an n-sim- 
plex, and let Mo,..., Mn be n+1 closed sets such that [p;,,.--,pi,] C Mi, U---UAG;, for 
each subset {io,...,is} C {0,...,n}. Prove: (jj-9 Mi 4 @ (Knaster-Kuratowski- Mazur- 
kiewicz [1929]). 

[{Mo,..-, Mn} is a closed covering of A” and p; € Mj; for each 7. Let 1 > 0 be a 
Lebesgue number for {M/;}, so that if A C A” is any set with (A) < A, then 1){M,; | 
M;N A #0} 40. Let # be a subdivision of A” with mesh < X. If v is any vertex of /, 
choose the carrier [pi,,.--,pi,] of v, and give v any one of the labels {p;,,...,pi,} such 
that v € M;_. Apply (D.2).] 


(D.4) Let A” = [po,.-., pn] be an n-simplex, and let {A/; | 7 = 0,...,n} be a closed cover- 
ing of A” such that [po,.--, Di...» 1 PnJNAG =O for each i = 0,...,n. Prove: (ig Mi # 0. 
[Let X = {po,...,2n} C R” and show that p; +> Af, is a KKM-map.] 


(D.5) Let A” = [po,..-,pn] be an n-simplex, and let {Af; | i = 0,...,n} be a closed 
covering such that [po,.-.,Pi.---:Pn] C AM; for each ¢ = 0,...,n. Prove: (Vip Afi 4 0 
(Alexandroff-Pasynkoff [1957]). 

[For each 7 = 0,...,n — 1, let Mi = M41 and Af, = Mo. Apply (D.3) by showing 
that pj > Adi is KKM] 


(D.6) Let A” = [po,.--, pn] be an n-simplex. Show that there exists a A > 0 with the 
property: If #7 is any finite closed covering of A” and if each H € # has diameter < 4, 
then there are at least n + 1 sets in . that have a nonempty intersection (Lebesgue). 
(Let 1; = [po.---,Pi,---»Pn]i since No 2: = 9, they have a Lebesgue number 2 > 0: 
any set in A” of diameter < 4 does not meet at least one A;. Assume that the sets of 
Uf have diameter < X. Define Pe ta Le all the sets in #7 that do not meet Ap, and 
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proceeding recursively, let 6, be the family of all sets in #” — jes : ; that do not meet 


Ay, k =0,1,....2. Then Uji 8: = -M, each H € .W belongs to at least one %;, and the 
n +1 closed sets AJ, = U{4 | H € &;} satisfy the conditions in (D.4).] 


(D.7) Prove: QA" is not a retract of A” 
(If r A" — @A”" were a retraction, consider the sets M; = r"fpo,. «+s Pis-++yPn] 
and apply (D.5).] 


(D.8) Let A” = [po,-..,pn] be an n-simplex, and let Up,U1,...,Un be n + 1 open sets 
in \” such that [pj,,---.P.,] C U;, U---UU;, for each subset {io,...,%s} C {0,...,n}. 
Prove: (\\-9 U, # ¥ (Lassonde [1990)). 


E. Universal maps 


(E.1) Let XY. ¥ be topological spaces. A map f X — Y is called universal if for any 
g:X — Y there exists r € V such that f(z) = g(z). Recall that a space X is called a 
fized point space if every continuous f : X — X has a fixed point. Show: 
(a) If f : X — Y is universal, then f(X) =Y 
(b) If f : \ — Y is universal, then Y is a fixed point space. 
(c) .X is a fixed point space if and only if idx is universal. 
(d) If gf is universal then so is g. 
(e) Let AC N and f: \ + Y. If f[A: A — ¥ is universal then so is f. 
(f) Any continuous map f * XY — [0,1] of a connected space onto [0, 1] is universal. 
(g) Let }° be a connected linearly ordered space with the interval topology, with 
the minimal and maximal elements. Then any continuous map f : X — ¥ ofa 
connected space .X onto Y is universal. 


(E.2) Let ., Y be metric spaces and e > 0. A continuous f : X — Y is called an ¢-map 
if 6(f~1(y)) < e for all y € Y Let X.Y be compact metric spaces and f X + Y bea 
map. Assume that for each ¢ > 0 there exist a space Ze and an ¢-map fe : ¥ — Ze such 
that feo f : X — Ze is universal. Show: f is universal (Holsztyriski [1969]). 


(E.3) Let f : K"t! — K"*! be a map such that f(S") C S” and f|S" : S" — S" is 
not homotopic to a constant. Show: f is universal (Holsztynski [1969]}). 


(E.4) Let f: X — K™+! be a map of a normal space into the (n + 1)-ball and A = 
f71(S"). Prove: f is universal if and only if the map f|A A — S” is not extendable 
over X (Lokutsievskii [1957], Holsztyriski [1967]). 


F. Fixed point spaces 


Given subsets A, B in a metric space (X,d) and e€ > 0, an €-displacement of A into B is 
any continuous map fe : A — B such that d(a, fe(a)) < € for alla € A. 


(F.1) Let (X,d) be a compact metric space and assume that for each e¢ > 0, there is an 
e-displacement pe X — X such that pe(X) is a fixed point space. Show: is a fixed 
point space (Borsuk [1932]). 


(F.2) Let X be a compact metric space and assume that for each € > 0 there is an ¢-map 
f :X — K"*! onto some (n + 1)-ball such that f[A: A — S", where A = f7(S"), is 
not extendable over X. Prove: X is a fixed point space (Lokutsievskii [1957]). 


(F.3) Show: The Hilbert cube I™ is a fixed point space. 
[Use (F.1) and the Brouwer fixed veint theorem.) 
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(F.4) Let (X,d) be a metric space and K(X) the set of all nonempty compact subsets 
of X. For A € K(X) and € > 0 we denote by Ue(A) the e-neighborhood of the set in Y. 
We define the Borsuk metric Dg in K(X) by letting, for A.B € K(X). 


Dp(A, B) = inf {there are e-displacements fe : A— Ue(B) and ge : B + Ue(A)}. 


Prove: If {An} is a sequence of fixed point spaces in K(X) and Dg(An,A) — 0, then A 
is also a fixed point space. 


(F.5) Prove: The unit ball 


K* = {e={aper 


2 aa 2 
| =o si} 
i=1 


in the Hilbert space I? is not a fixed point space (Kakutani [1943]). 
[Show that p : K* — K®™ given by (z1,22,...) + (Y1-— |lr||?,.22.22....) is a 
continuous map without fixed points.] 


(F.6) Let X be a normal space and L a closed subset of .¥ homeomorphic to the half-line 
[1,00). Show: X is not a fixed point space (Klee [1955]). 
[Prove that L is a retract of .X using the Tietze-Urysohn theorem.] 


(F.7) Let £ be an infinite-dimensional normed linear space and K its closed unit ball. 
Prove: K is not a fixed point space (Dugundji [1955}). 

[Define by induction a sequence {en} in OK such that dist(en41,span(e1,...,en)) = 1. 
Prove that L = (e1, e2] U[e2, e3] U--- is closed in K and that L is homeomorphic to [1, 0<): 
then apply (F.6). The argument in this hint was suggested by V. Klee and independently 
by C. Bowszyc.] 


G. Vector fields 


Let A C R"t!, and let F : A — R"*t! be a map; from F we obtain a vector field 
f:A— Rt! by f(x) = 2— F(z). A zero of f is called also a singularity of f; clearly, 
the singularities of f are precisely the fixed points of F. 


(G.1) Let fg S"” — R"*! — {0} be two singularity free vector fields that are never 
opposite. Show: f ~ g. 


(G.2) Let f : (K™*! aK!) (R"*+!, R"+! — {0}) be a vector field on K"*? 
without singular points on 0K n+l We say that f is essential if for any given g : 
(KP) gKtl) _, (Rt, Rt! _ {0}) satisfying gJAK"t! = f|OK"*" there is a sin- 
gular point for g; f is said to be inessential if f|S" can be extended without singularities 
over K"*! Show: A vector field f (K"+!,0K"+!) | (R"*!, R"*t! — {0}) is essential 
if and only if the map y: S” — S” defined by x +> f(z)/||f(z)|] is not nullhomotopic. 


(G.3) Let f,g:(K"t} aK"+!) — (R"*!, R"+! — {0}) be two homotopic vector fields. 
Prove: If f is essential, then so is g. 


(G.4) Let f:(K"t!, 0K"+) — (R"*!, Rt! — {0}) be an essential vector field. Show: 
The vector field fJOK"+! : S$" — R”*) — {0} points in every direction. 


(G.5) Let f : (K+! 9K7tl) _. (Rt! R"*! — {0}) be a vector field such that the 
vectors at antipodal points never have the same direction. Show: f is essential. 
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(G.6) Let f:K"! La Rt {0} be a nonsingular vector field on K n+1_ Show: There is 
a pair of antipodal points on S" = 0K"*! at which the vectors have the same direction. 


(G.7) Show: There is no singularity free vector field f: K+? — R"*t! — {0} on K"*? 
such that f is everywhere outward normal or everywhere inward normal on the boundary. 

(if f S$" — R"*! — {0} has no inward normal, then it can be deformed to a field 
that has outward normal everywhere.] 


H. Topological theory of KKM-maps 


In this subsection, C stands for a nonempty convex set in R* and X for a subset of C; 
by (.X) we denote the set of finite subsets of X, and for A € (X) we let [A] = conv A. We 
recall that F ; X — 2° is a KKM-map if [A] C U{ Fx | z € A} for each A € (X). We say 
that a map T: .. — 2° has the matching property if the condition 


[A] c {rz |x € A} for some AE (X) 


implies that 
(\{Trn[B]|2¢€B} #0 for some Be (X). 


(H.1) ( “Closed” and “open” versions of the KKM-property) Prove: If F : X — 2° isa 
closed-valued (or an open-valued) KKM-map, then 


(\Frn[A]|ze€A}#O foreach A € (X). 


(H.2) (Matching theorems) Prove: If T: X — 2° is an open-valued (or a closed-valued) 
KKM-map, then T has the matching property. 
[Use the map r+ Fr = C — Tz and (H.1).] 


(H.3) (Fized point theorems) Let T: C — 2° be a convex-valued map with open fibers 
(or with closed fibers) such that for some A € (C), we have TrN A # @ for all x € [A]. 
Show: Fix(T) # 0. 

[Use (H.2) and the following observation: if T: C — 2° is convex-valued and R = 
T~, then, given any A € (C), the following properties are equivalent: (i) TrN A # 0 for 
each x € [A], (ii) [A] C Uf{ Rr | x € A}.] 

(The above results, except the “closed” version of (H.1), are due to Lassonde [1990}.) 


10. Notes and Comments 


The antipodal theorem of Borsuk 


This is one of the central results in fixed point theory. It was established by 
Borsuk [1933a] together with (4.4); the Borsuk- Ulam theorem was conjec- 
tured by Ulam and proved by Borsuk. Theorem (4.4) was discovered earlier 
by Lusternik Schnirelmann [1930] in their work on topological methods in 
analysis. 

The combinatorial proof of (5.2) presented in the text is an adaptation 
of that in Granas’s tract [1962]. The first proof of this type was given by 
Tucker [1945] for n = 3; Fan [1952al extended Tucker's result to arbitrary n 
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and established some generalizations of the Borsuk-Ulam and Lusternik- 
Schnirelmann—Borsuk theorems. A combinatorial proof of the antipodal the- 
orem was also found by Krasnosel’skii-Krein [1949]. The first proof of the 
antipodal theorem using the analytical definition of the degree was given in 
the lecture notes by J.T. Schwartz [1969]. For yet another analytical proof 
see the lecture notes by Nirenberg [1973]. An elementary proof based on 
degree theory may also be found in Dugundji’s book [1965]. A notewor- 
thy algebraic proof of the Borsuk Ulam theorem is given by Arason-Pfister 
[1982]. 


K. Borsuk and P. Alexandroff, Radachéwka. 1962 


The Lusternik-Schnirelmann category 


Let X be a topological space. A set A C X has Lusternik—-Schnirelmann 
category <n, written Cat A < n, if A is the union of n closed sets each 
deformable to a point in X. It is easy to establish that: 

(a) Cat B < CatAif BCA. 

(b) Cat(AU B) < Cat A+ Cat B. 

(c) Cat A <dimA-—1. 

(d) If f : A — X is homotopic to the inclusion 7 : A — X, then 

Cat A < Cat(f(A)). 


L0G I. ‘Theorem of Borsuk and Topological Transversality 


The following theorem of Lusternik Schnirelmann [1930] is equivalent 
to Theorem (-L.4), and hence to Borsuk’s antipodal theorem: Jf P” is the 
n-dimensional real projective space, then Cat(P") =n +1. 

This notion of category plays a basic role in the critical point theory 
developed by Lusternik Schnirelmann. Let f be a smooth real-valued func- 
tion on a smooth manifold A/. A point p € AM is called a critical point of f 
provided there is a local coordinate system (2;...... r,) in a nbd of p with 
Of(p)/Ox, = 0 for all i = 1,....2. The number of critical points is gov- 
erned by the following fundamental result of Lusternik Schnirelmann: Jf AY 
is compact, then f has at least Cat Al critical points on AI. 

The following is a simple application. Let f(x) = f(z,,....2n) be a 
smooth function defined on a nbd of the unit sphere S"—! in R" The 
critical points of f are determined by the equations 


(+) alf(z)-A> 7] =0, Soa? =1 
i=1 i=] 


(if f is a quadratic form, then the corresponding critical points coincide with 
eigenvectors of f, and to Lagrange multipliers correspond eigenvalues of f). 
Assume that the function f is even, ie.. f(z) = f(—x) for all s € S"7! 

Since by identifying x with —z for all « € S”—! we obtain the projective 
space P"—!, it follows from the above theorem of Lusternik- Schnirelmann 
that f : P"~! — RB has at least Cat(P"—1) = n different critical points and 
hence the equation (*) has at least n different pairs of solutions. 


Results related to the Borsuk-Ulam theorem 


The Borsuk Ulam theorem suggested deriving more precise results for maps 
f :S" — R. In 1942 Kakutani (n = 2) and in 1950 Yamabe-Yujobo (for 
general n) showed that there exist n + 1 points {z;} satisfying (;.r,) =0 
for i # j and such that f(x) = --- = f (p41). This has a consequence that 
any compact conver K C R"*! has a circumscribing (n + 1)-cube C (i.e., 
every face of C' meets A’): for each direction a € S” let f(a) be the distance 
between two parallel planes perpendicular to a that contain AY between 
them, each of the planes meeting A. In 1950 Dyson (” = 2) and in 1954 
Yang (arbitrary n) showed that any f : S" — R maps the 2n endpoints of 
sone n mutually orthogonal diameters to a single point. For more details 
see Yang [1954]. 


Theorem of Brouwer 


This is one of the oldest and best known results in topology. It was proved for 
n = 3 by Brouwer [1909]; for differentiable maps an equivalent result was 
established earlier by Boh! [1904]. Hadamard [1910] (using the Kronecker 
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index) gave an analytic proof for arbitrary n; somewhat earlier, Brouwer 
gave a proof using the simplicial approximation technique and the notion 
of degree; that proof appeared in Brouwer [1912] (cf. comment on p. 277). 
Other proofs depending on various definitions of degree were also given by 
J.W. Alexander [1922] and Birkhoff—Kellogg [1922]. 

A simple combinatorial proof of the Brouwer theorem (based on Sper- 
ner’s lemma [1928]) was given by Knaster Kuratowski-Mazurkiewicz [1929]: 
they noted also that for a map f : K” — R" the condition f(0K") C K" 
suffices for the existence of a fixed point. For a noteworthy analytical proof 
of the Brouwer theorem see Lax [1999]; for another proof due to Milnor 
[1978] see “Miscellaneous Results and Examples”. 


Equivalent formulations 


The fact that the Brouwer fixed point theorem admits an equivalent for- 
mulation in terms of homotopy and another one in terms of retraction was 
observed by Borsuk [1931a], [1931b]; these simple but significant observa- 
tions provided the justification for the study of nonextendability problems 
and were the starting point of many further important developments. The 
fact that there is no retraction r : K"™t! — S®” (besides being equiva- 
lent to Brouwer’s theorem) provides a key to a number of other results in 
topology; it can be used, for example, to prove the domain invariance in 
R” and also the “tiling” covering theorem of Lebesgue (see the book of 
Hurewicz—Wallman [1941]). Among the proofs of this nonretraction result 
we mention an analytic proof by Milnor (cf. Milnor’s book [1965]) based on 
the approach of M. Hirsch [1963], the inductive proof by Sieklucki [1983], 
and that of Alexandroff—Pasynkoff [1957] based on the Knaster-Kuratowski- 
Mazurkiewicz theorem. For a discussion of the not entirely correct approach 
of Hirsch [1963] in the simplicial context see Joshi [2000]. 


Computing fixed points 


Brouwer’s theorem ensures that each self-map f : o — o of a simplex has 
at least one fixed point. Until the late sixties computer methods to find a 
fixed point of a given such map were severely limited: the techniques used 
were all based on iterative procedures that required additional restrictious 
on the map in order to guarantee convergence. Scarf [1967] developed a 
finite algorithm (based essentially on Sperner’s lemma) for approximating 
a fixed point for any continuous f : ¢ — a; to improve accuracy. the early 
programs included a Newton method subroutine, depending on the function 
considered. Scarf’s paper initiated considerable activity in computation of 
fixed points. By using homotopy techniques, Eaves [1972] gave an algorithm 
with improved accuracy over that of Scarf aud avoiding the Newton method: 
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working on ¢ x J with the given function on o x {0}, a known function with 
a unique fixed point on o x {1}, and a suitable homotopy joining them, 
this approach relies on the fact that connected 1-manifolds (the fibers of 
the homotopy) are homeomorphic either to the circle or to the unit interval. 
An introduction to this currently active research area and to some of its 
immediate applications may be found in Scarf-Hansen [1973] and the book 
of Allgower Georg [1990]. 


Brouwer’s theorem in the infinite-dimensional case 


The fact that the Brouwer theorem does not hold for arbitrary continuous 
maps of the unit ball in infinite-dimensional Banach spaces was observed by 
several authors. 

Inn 1935 (answering a question of Ulam), Tychonoff showed that the unit 
sphere in /” is a retract of the unit ball. Leray [1935] observed that the unit 
sphere in C'[0. 1] is contractible. Kakutani [1943] gave an example of a fixed 
point free homeomorphism of the unit ball in 1? into itself. Dugundji [1951] 
proved the following theorem: A closed unit ball in a normed linear space is 
a fixed point space if and only if it is compact. Kec [1955] generalized this 
result to arbitrary convex sets in metrizable locally convex spaces. 


In their study of fixed points of Lipschitz maps, Lin Sternfeld [1985] established the 
following result: A conver set in a Banach space, having the fixed point property for Lip- 
schitz maps, must be compact. From this one can deduce the following earlier result of 
Nowak [1979]: In every infinite-dimensional Banach space there exists a Lipschitz retrac- 
tion of the unit ball on its boundary. For more details the reader is referred to Bessaga 
[1994] and to the book of Goebel- Kirk [1991]. 


Universal maps 


A map f : X — Y is called universal if for each g : X — Y there is 
x €X such that f(r) = g(x) (clearly Y is a fixed point space if and only if 
the identity map 1x is universal). This notion is due to Holsztyfiski [1964], 
who obtained the following generalizations of the theorems of Hurewicz and 
Brouwer: 

(i) Let X be anormal space and Jf = {(21,.-..2n) € J” | x4) = sgnk} 
for k = +1,+2,...,-tn, where J = [—1,+1]. Let f : X — J” bea 
map and Aj,...,An be a sequence of closed sets in X such that Ap 
partitions X between f~*\(J",) and f-'(JP) fork =1,...,n. Then 
f is universal if and only if 1);_, A. #9. 

(ii) If X ts a normal space, then the covering dimension dim X > n if 
and only if there is a universal map f : X > J”. 

Further results (and some applications to dimension theory) can be found 
in Holsztynski [1967], [1969!. 
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Fixed point spaces 


A space X has the fixed point property (or is a fixed point space) if every 
continuous f : X — X has a fixed point. Clearly, this property is topolog- 
ically invariant. Borsuk [193la] observed that if X is a fixed point space. 
so also is every retract of X. For Cartesian products of fixed point spaces. 
the result depends on the number of factors. The product of two compact 
fixed point spaces need not be a fixed point space. We mention the following 
examples: 
(i) there is a finite polyhedron P that is a fixed point space while 
P x [0,1] is not a fixed point space (see an example of Lopez [1967] 
given below and Bredon [1971)); 
(ii) there is a finite polyhedron P with the fixed point property such 
that the suspension of P is not a fixed point space (Holsztynski 
[1970}); 
(iii) there are two manifolds X, Y that are fixed point spaces while \ x Y 
is not a fixed point space (Husseini [1977]). 
In contrast with finite products, an infinite product of compact nonempty 
fixed point spaces is a fixed point space whenever every finite product of 
those spaces is a fixed point space (Dyer [1956]). Thus by the Brouwer 
theorem, the Hilbert cube J° and in fact any Tychonoff cube are fixed 
point spaces. 
Several important results are summarized in the following list of fixed 
point spaces: 
(i) projective spaces of even dimension (J.W. Alexander [1922]), 
(ii) compact convex sets in L? and in C"(0, 1] (Birkhoff--Kellogg [1922]), 
(iii) compact convex sets in Banach spaces (Schauder [1927a]. [1927b]. 
[1930]), 
(iv) weakly compact convex sets in separable Banach spaces (with re- 
spect to weakly continuous maps) (Schauder [1927a]), 
(v) compact absolute retracts (Borsuk [1931a]), 
(vi) compact convex sets in locally convex linear topological spaces (Ty- 
chonoff [1935]). 


Two compact metric spaces X and Y are guasi-homeomorphic if for each = > 0 there 
is ane-map f X — Y and an e-map g: Y — X. The question of whether the fixed 
point property is invariant under quasi-homeomorphisms was treated by Borsuk [1938]: 
it is not invariant for arbitrary continua but is invariant if X and Y are compact ANRs. 


Some examples 


We give some noteworthy examples of continua lacking the fixed point prop- 
erty. 
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(a) (Knill [1967]) Let S = {r € R? | ||z|| = 1} be the unit circle and A 
be a closed half-line spiraling to S. Let X = AUS and regard X as a subset 
of R? x {0} c R?. Let Z = CX C R? be the cone over X with vertex 
p = (0.0, -1) as shown in Figure 1. Clearly. Z is contractible (to p); Knill 
showed that Z is not a fixed point space but is a cell-like continuum (i.e, it 
is the intersection of a decreasing sequence of closed 3-cells in R?). 


a 
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Figure 1 Figure 2 


(b) (Kinoshita [1953]) Let X be the “can-with-a-roll-of-toilet-paper” 
shown in Figure 2. Clearly, X is a contractible continuum; Kinoshita showed 
that neither X nor the cone CX over X has the fixed point property. In 
connection with the above two examples see Sieklucki [1985]. 


Ficure 3 
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(c) (Borsuk [1935]) Let X be the continuum in R® shown in Figure 3. 
It consists of a solid cylinder with two tunnels carved out; the width of each 
tunnel tends to zero as the tunnel approaches the limiting circle. Borsuk 
showed that X is a cell-like continuum that admits a fixed point free hom- 
eomorphism. Such a homeomorphism can be described as follows: the top 
and the bottom of the cylinder rotate about the axis of the cylinder, and 
each point lying between the top and the bottom is moved down below its 
original position. Borsuk’s example can be used to construct a fixed point 
free flow with bounded orbits in R® (Kuperberg—Reed [1981]). For related 
results, the reader is referred to Kuperberg et al. [1993]. We remark that 
there exists a 3-dimensional continuum in R* that has the properties of the 
Borsuk example and in addition is simply connected (Verchenko [19-0]). 

(d) Let X be a plane continuum not separating the plane. It can be 
shown that X is the intersection of a decreasing sequence of closed 2-cells in 
R?. Since the twenties, the following problem has remained unsolved: does .X 
have the fixed point property? The following related partial result was estab- 
lished by Cartwright-Littlewood [1951]: Let h be an orientation-preserving 
homeomorphism of R? onto itself, and let X = h(X) be a continuum not 
separating the plane. Then h|X has a fized point. 

(e) (Lopez [1967]) We now describe a polyhedron Z with the fixed point 
property such that Z x [0.1] lacks this property. Let P"(C’) denote the 
complex n-dimensional projective space (of real dimension 27). It is obtained 
from C"+1 — {0} by identifying all the points on each complex line through 
0 to any particular point. Specific embeddings P"(C) Cc P"t!(C) can be 
obtained from the inclusions C"t! x {0} c C™t! x C. The space P!(C) is 
readily seen to be homeomorphic to the 2-sphere S? 

Let (a,b) € S? x S* and form a quotient space Z of the disjoint union 
P?(C) + S? x S? + P4(C) + 2 P8(C) by identifying 


S? = P1(C) c P?(C) with S? x {b} in S? x S?, 
S?=P'(C) Cc P*(C) with {a} x S? in S? x S?, 


and (a,b) with any point of 2P§(C), the suspension of P®(C). 

The space Z is triangulable; Lopez showed that Z has the fixed point 
property but Z x [0,1] does not. This is another example showing that the 
fixed point property is not an invariant of homotopy type. Although not 
so easily visualized as example (a), it has the advantage of having no local 
pathology. 

Further, more special examples of fixed point spaces and additional 
references can be found in the surveys by Bing [1969]. Fadell [1970]. and 
Brown [1974]. 
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86. Fixed Points for Compact Maps 
in Normed Linear Spaces 


In this paragraph we obtain the basic fixed point theorems for compact 
operators in normed linear spaces. The approach is based on two general 
techniques: (1) The approximation of compact maps by finite-dimensional 
ones, which leads to the analogs of the Brouwer and Borsuk theorems for 
compact maps; (2) Topological transversality. which. applied to compact 
maps. leads to the Leray-Schauder principle, and when applied to compact 
fields, gives domain invariance. One feature of this approach is that the 
results are established for compact maps having ranges restricted to an 
arbitrary preassigned convex set. 


1. Compact and Completely Continuous Operators 


(1.1) DEFINITION. Let VY, Y’ be topological spaces. 

(i) A map F : X — ¥ is called compact if F(X) is contained in a 
compact subset of Y. 

(ii) If Y isa metric space. F : X — Y is called completely continuous 
if the image of each bounded set in Y is contained in a compact 
subset of }° 

(iii) If ” is a linear space, a compact map F': X — Y is called 
finite-dimensional if F(X) is contained in a finite-dimensional 
linear subspace of Y’. 

(iv) If Y is a metric space. F : X — ¥ is called bounded if F(X) is 
a bounded subset of ¥ 


The set of all compact. maps from X to Y is denoted by #“(X, 1). If (¥ @) is 
a metric space. # (.Y.}’) is contained in the metric space (-4(.X. 1), d) of all 
bounded maps from Y to Y with metric d(F.G) = sup,cy o(F(2), G(r). 
If (£.|| |]) is a normed linear space, .“”(X.E) is a linear subspace of the 
normed linear space (.2(X.£).| |) with norm |F| = sup,¢x ||F(2)]]- For a 
complete Y the space (A(X, }’), d) is also complete: if E is complete, then 
A(X, E) is a Banach space. 
Slightly less evident. is 


(1.2) PROPOSITION. Jf Y is complete, then so is the space (X,Y). In 
particular, if Y = E ts a Banach space, then .#(X.E) is also a 
Banach space. 


PROOF Since (:4(.X,)°),d) is complete, it is sufficient to show that 7% (X,Y) 
is closed in -A(.X,¥). Let {F,, } be a sequence in .4”(.X. 1) with d(F,, F) 0 
for some F' € .A(.X,)°): we show that P= .47ON,V). 
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According to Hausdorff’s theorem (see Appendix) it is sufficient to estab- 
lish that F(X) is totally bounded. Let ¢ > 0 be given; by assumption there 
is an integer k such that sup,cx 0(F (x), Fk(x)) < ¢/2. Let N = {y1,..-, yn} 
be an €/2-net for the totally bounded set F(X). Given a point z € X we 
have, for some y; € N, 


o(F (x), yi) < o( F(z), Fe(z)) + o( Fk (2), ys) < €, 
which shows that NV is an e-net for the set F(X). O 


We now give some examples of compact and completely continuous op- 
erators. 


EXAMPLE 1. Let E be a Banach space, U C FE open, and F:U > Ea 
compact map that has a derivative G = F’(xg) at a point x9 € U. We prove 
that G is a completely continuous linear map from E to E. For suppose not; 
then for some € > 0 there is a sequence {h,} in E with |]h,|] < 1 such that 


(i) |G(hn — hm)|| > € 
for all n,m = 1,2,... (n 4m). By assumption 
(ii) F (zo + h) — F(x) = G(h) + w(h) 
in a neighborhood of x9, where 
- . [w(A)I 
il im ——— = 0. 
- mmo Tl 


By (iii), there is a 6 > 0 such that rp + 6h, € U for all n = 1,2,... and 
€ 

(iv) [Al] < 6 = flw(A)Il < FIlAll. 

By (i), (ii), (iv), we have, for all n,m with n 4m, 


|F(xo + dhn) - F(xo + dhm)|| 
= ||[F (zo + dhn) — F(z0)] — [F(x0 + 5hm) — F(2o)]ll 


2 6||G(hn = hm)|l = llw(dhy) ee w(dhm)|| 
> de — de /2 = de/2. 
But this is a contradiction, because F' is compact. 


EXAMPLE 2 (Urysohn integral operators). Let §2 be a bounded domain in 
R”, and let K: Qx 2x R— RK be continuous. Putting 


(1) [Ful(x) = i K(2,y,u(y)) dy ( € 2) 


for each u € C(2) we obtain a nonlinear map F : C(2) > C(Q) known as 
the Urysohn integral operator. We prove that F is completely continuous: 
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by Arzela’s theorem it suffices to show that given {uy} with |lun|| <7, the 
sequence vu, = F(u,,) is bounded and equicontinuous. 

(a) {u,} is bounded: for AJ = sup{|A(z,y,u)| | 2, y € 2, u € [-r,r}} 
< oo, we have 


lenll = sup [vn (x)| < sup | Kay, tn(y))] dy < Mp2). 
ref TEN IN 


(b) {wn} is equicontinuous: let ¢ > 0 be given; because A : 2 x 2 x 
[-r.r] — RB is uniformly continuous there is a 6 > 0 such that 


(Ilz1 — xal| < 6] > |A(ri.y.u) — K(2x2,y, u)| < € 


for all y € 2,u € [—r.r], and consequently, 


lvn(z1) — Un(t2)1 S I [A (21.4, Un(y)) — A (x2, y.Un(y))| dy < enu(2) 


for all n, whenever ||x1 — x2|| < 6. Thus {v,,} is equicontinuous. 
Important special cases are the Hammerstein operators of the form 


(2) [Ful(2) = i K(2.y)f(y.u(y)) dy 


for suitable f : 2x R— R. One general procedure for studying (2) is based 
on the factorization 


C(2 


C(®) 


xy 


where the nonlinear map f: C(2) > C(Q) (called the Niemytzki operator) 
is given by 
[ful(y)=f(y.uly)), ye, 


and K is a linear integral operator 
[Au] (z) = i K(x, y)u(y) dy. 


Many variations of these examples are possible by considering nonlinear 
integral operators in spaces other than C(2). For instance, to prove com- 
plete continuity of the Hammerstein operator F’ : L?(§2) — L?(Q) one may 
factorize F through L? (1/p+1/q = 1) and impose conditions that guaran- 
tee the complete continuity of the linear operator A: L9(2) — L?(2) and 
boundedness on bounded sets of the Niemytzki operator f: LP(92) — L9(22). 
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EXAMPLE 3 (Carathéodory operators). Denote by (C*[a, 8]. |] |x) the Ba- 
nach space of C* functions v : [a,b] > R with 


llolle = maxf{flollo, llv‘llo. -- - [le Ho} 


(|| lo is the sup norm in C[a, 6]) and by (L?[a, 8], || ||p) the Banach space of 
pth power integrable functions with ||v||p = ([. yi |v(s)|? ds)}/” for p > 1. 
Given p > 1, we call f : [a,b] x R* - Ran L?-Carathéodory function if: 
(i) y+ f(s,y) is continuous for almost all s € [a, 5]. 
(ii) st f(s,y) is measurable for all y € R*, 
(ili) for each r > 0 there exists a nonnegative y, € L?[a,b] such that 
llyll < r implies | f(s, y)| < y-(s) for almost all s € [a, 0]. 
Putting 


[Fu] (t) = [ f(s,v(s),...,v%-)(s)) ds 


for each v € C*~1[a,b], we obtain a nonlinear map F : C*— [a,b] > 
C[a,b] known as the L?-Carathéodory operator associated with the L?- 
Carathéodory function f. 

Leaving to the reader the verification that F’ is well defined and con- 
tinuous, we show that F is completely continuous: by Arzela’s theorem, 
it suffices to prove that given {un} in C*4[a,}] with |lunllk-1 < 7, the 
sequence U, = Fu, is bounded and equicontinuous in C[a, )). 

(a) {v,} is bounded: since by assumption, max{||unllo, ..., ue Ho} 
<r. there exists, in view of (iii), a function y, € L?[a, b] such that 


I f(s, Un(s),---, up (s))I < pr(s) 
for almost all s € [a, 6], and therefore 
b 
lenllo = [IFemllo < f vr(s) ds. 
a 
(b) {vn} is equicontinuous: let € > 0 be given; by the absolute continuity 


of the Lebesgue integral, there exists a 6 > 0 such that in yr(s)ds < € 
whenever |t — t'| < 6; consequently, 


: 
lun(t) — Un(t")| = [Fun(t) - Fun(t')| < i pr(s)ds <e 


for all n whenever |t — t'| < 6. Thus {v,} is equicontinuous. 


EXAMPLE 4 (Boundary value problems). Let {2 be a bounded domain in 
R®” with a smooth boundary O02. Let f : 2x R— R be Holder continuous 
and A = 77, ?/ Ox? the Laplace operator. Consider the nonlinear elliptic 
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boundary value problem 


(a) { —Au = F(z, u), 


ulan = 0. 


One seeks a classical solution u € C?(2)MC(2) satisfying (a). The above 
problem is a prototype of more general problems that arise in numerous 
applications. One method of treating (a) is to apply the Green function G 
for the operator —A subject to the Dirichlet boundary conditions, and so 
to reduce it to the nonlinear integral equation of the Hammerstein type 


(b) ul) = I G(x,y)flyuly))dy, 2 2. 


The equation (b) may then be considered in various spaces, e.g. in L?({2) 
(1 < p<), C(2), or C1(2). In each case, however, due to the regularity of 
Green’s function, it turns out to be equivalent to the problem (a). Moreover, 
in each of the above cases the nonlinear Hammerstein operator 


(Ful(2) = - G(2x,y) fly, uly) ay 


is a completely continuous self-map of the corresponding function space, and 
thus the boundary value problem (a) reduces to the fixed point problem for 
the map F. 


2. Schauder Projection and Approximation Theorem 


The approximation of compact maps into normed linear spaces by finite- 
dimensional maps will be based on a simple projection of any finite union 
of €-balls into the convex hull of their centers: 


(2.1) DEFINITION. Let N = {ci,...,¢n} be a finite subset of a normed 
linear space, and for any fixed € > 0, let 


(N,e) = |_J{B(ci,€) | ¢ € [n]}. 


For i € [n] let uw; : (Ne) — R be the map z+ max(0,e — ||x — ql). 
The Schauder projection p,- : (N, o — conv N is given by 


Pelt) = Sa ap Yo mle)e 


Note that pe is well defined, because each x € (N, €) belongs to some B(c;,€), 
so that )>;_, pi() # 0; moreover, pe[(N,€)] C conv N, since each p,(z) isa 
convex combination of the points c),...,¢C,. The main properties we require 
are summarized in: 
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(2.2) PROPOSITION. Let c1,...,Cn belong to some convex C C E and p, 

be the Schauder projection. Then: 

(a) pe is a compact map of (N,€) into conv N CC, 

(b) |lz — pe(z)|| < € for all x € (N,é), 

(c) if N CC is symmetric with respect to 0, i.e., if 

N = {cj,...,Ck, —C1,---;—Ck}, 
then (N,€) = —(N,€) and pe(—x) = —p,(x) for all x € (N,€). 
PROOF. (a) is immediate; (b): we have 
L diz Lier Hilt) Leia Mil2)ci 
visi ae Dimi Mi(Z) 


an 5 taal Dm a)|x — ci] | 


< yi vi(a) lie 7 ‘al 
= a Hi(z) 


(c) Write —c; = c_;, and note that from the definition of the yu; we get 


llz — pe(x)I| = 


Ee: 


Hi(x) a pi(—2), 
and our assertion follows. O 
This leads to the basic approximation result: 


(2.3) THEOREM (Schauder approximation theorem). Let X be a topological 
space, let C' be a convex: subset of a normed linear space E, and let 
F:X —C be a compact map. Then for each € > 0, there is a finite 
set N = {cj,...,¢n} C F(X) C C and a finite-dimensional map 
F,:X —C such that: 

a) ||Fe(x) — F(2x)|| < € for alla eX, 
(b) Fe(X) CconvN CC. 


PROOF. Since F(X) is relatively compact, there exists a finite set N = 
{c1,-.-,€n} C F(X) with F(X) C (N,e). Define Fe : X — C by tb 
peF (x), where pe : (N,e) — conv N is the Schauder projection; according 
to (2.2), the map F, has the required properties. 0 


As an application, we will establish a general extension property for 
compact maps. 


(2.4) Lemma. Let X be a compact metric space, and let A C X be closed. 
Let E be a normed linear space. Then each continuous f : A— E is 
extendable to a continuous F: X — EF. 
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PROoF. For each € = 1/n?, n = 1,2,..., let fp : A ~ E be a Schauder 
approximation to f with 


\|fn(a) — f(a)|| < 1/n? 


for a € A. Since each f, is a continuous map of A into a finite-dimensional 
linear space E*» (which is homeomorphic to R*"), Tietze’s theorem yields 
an extension f*7 : X — E*. C E for n = 1,2,.... Let gn(x) = ff4i(z) - 
f* (x); then 


llgn(a)Il < Wfn41(a) — f(a)Il + IIf(a) — fn(a)ll < 2/n? 
for a € A. Now for each 72 = 1,2,..., let 
Un = 97! B(0.3/n?) N {zx | d(x, A) < 1/n}, 


which is an open set in X containing A; replacing each U, by U1; N---NUp, 
we can assume that U; D U2 D --- and (\?_, Un = A. Finally, for each 
nm = 1,2,... choose an Urysohn function A, that is 1 on A and zero off 
U,, and let hy(z) = An(2) - gn(zx); clearly, ||hn(x)|| < 3/n?. Consider now 
the series )~°-_, hn(x). This converges for each x: in fact, if x ¢ A. then 
because x belongs to at most finitely many U;, the series reduces to a 
finite sum; and if a € A, then the nth partial sum is f,4:(a) — fi(a), 
which converges to f(a) — f(a). Since the convergence is uniform on X, the 
function h(r) = $>°~_, hn(z) is therefore continuous, and f}(z)+h(z) is the 
required extension of f. 


(2.5) THEOREM. Let X be normal, A C X closed, and Fy: A Ea 
compact map into a normed linear space E. Then Fo is extendable to 
a compact map F': X —- E. 


PROOF. Because Fo(A), as a compact subset of FE, is a compact metric 
space, it is embeddable as a closed subset Q of the Hilbert cube I~ Letting 
h:Q-— E be the inverse of this embedding map, we have the commutative 


diagram 
Fo 
ASS See 
Q 
N 


[se 
where g is the map a+ h~!Fo(a). Because X is normal, g is extendable to 
a map G: X — I; and by (2.4), h is extendable to a map H: IM — E. 


The map HoG: X — E is clearly compact, and is the required extension 
of Fi 0- i) 
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3. Extension of the Brouwer and Borsuk Theorems 


Let A be a subset of a metric space (X,d) and F: A— X. Given an € > 0, 
any point a € A with d(a,F(a)) < é is called an e-fized point for F. To 
relate this concept to that of fixed point, we have 


(3.1) PROPOSITION. Let A be a closed subset of a metric space (X.d). and 
F:A-— X a compact map. Then F has a fited point if and only if 
it has an €-fized point for each € > 0. 


PROOF. “Only if” being trivial, we prove “if”. For each n = 1,2,..., let a, 
be a 1/n-fixed point for F’, so that d(an, F(an)) < 1/n. Since F is compact, 
we may assume that F(a,) — x € F(A). It follows that a, — x, and since 
A is closed, that x € A. By the continuity of F, we find F(a,) — F(x); 
consequently, s = F(x), and F has a fixed point. 0 


We can now formulate Brouwer’s theorem in a manner valid for all 
normed linear spaces. 


(3.2) THEOREM (Schauder fixed point theorem). Let C be a convex (not 
necessarily closed) subset of a normed linear space E. Then each 
compact map F : C —C has at least one fixed point. 


PRooF. According to (3.1), it is enough to show that F has an e-fixed point 
for each € > 0. Fix € > 0; by the approximation theorem (2.3), there is an 
F.:C — C such that 


|Fe(x) - F(z)||<e, «EC, 
F.(C) CconvN CC’ for some finite set N C C. 


Since F.[conv N] C conv N, and conv N is homeomorphic to a finite-dimen- 
sional ball, it follows from Brouwer’s fixed point theorem that F, has a fixed 
point x29; and because ||to — F(2o)|| = |lFe(o) — F(zo)|| < €. this is the 
required é-fixed point for F’. O 


With the same approximation technique. we extend Borsuk’s fixed point 
theorem to all normed linear spaces. 


(3.3) THEOREM (Borsuk). Let U be a bounded convex open symmetric 
neighborhood of the origin in a normed linear space E. Then each 
compact map F : U — E that is antipode-preserving on the boundary, 
i.e., —F(a) = F(—a) on OU, has at least one fixed point. 


ProoF. Let € > 0 be given; it suffices to show that F has an eé-fixed point. 
First, choose a finite subset N C E symmetric with respect to the origin 
and such that F(U) C (N,¢). It follows, using (2.2)(c), that the finite- 
dimensional e-approximation p, o F is still antipode-preserving on OU. Let 
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E* be a finite-dimensional linear subspace of E with p. o F (U) c E*, and 
set F* = peo F\(UNE*). Now, U* = UN E* is an open bounded symmetric 
neighborhood of 0 in E*, and F* : U* — E* is antipode-preserving on 
O(U*), so by Borsuk’s theorem, F* has a fixed point zo. Since 


lito — F(xo)|l = I|F* (20) — F(2o)ll = llpeF (20) — F (Zo) Il < €, 
this is the required e-fixed point for F. 0 


4, Topological Transversality. Existence of Essential Maps 


Let F : X — E beacompact operator defined on some X C E and satisfying 
a “boundary condition” on a closed A C X. One technique for determining 
whether or not the equation x = F(z) has solutions starts by deforming 
F, and possibly also the boundary values F|A, to a simpler operator G, 
and attempts to reduce the problem to that for the equation z = G(z). 
In geometric terms, one deforms the graph of F' to that of G and seeks to 
conclude, from the nature of the deformation, that if the graph of G meets 
the diagonal A C X x EC Ex E, then the graph of F' must also do so. 
The topological transversality theorem gives conditions under which such a 
conclusion is valid. 

To formulate the theorem in broad generality, we work entirely within a 
convex set C' C E, a normed linear space. By a pair (X, A) in C is meant 
an arbitrary subset X of C' and an A C X closed in X. We call a homotopy 
H:XxI-—/Y compact if it isa compact map. If X C Y, the homotopy H is 
called fixed point free on A C X if for each t € J, the map H|Ax{t}: AY 
has no fixed point. 

We denote by %4(X,C) the set of all compact maps F : X — C such 
that the restriction F|A: A — C is fixed point free. 


(4.1) DEFINITION. Two maps F,G € %4(X,C) are called admissibly ho- 
motopic, written F ~ G in #4(X,C), provided there is a compact 
homotopy H; : X — C (0 <t < 1) that is fixed point free on A and 
such that Hp = F and Hy = G. Clearly, ~ is an equivalence relation 
in #4(X,C). 


(4.2) PROPOSITION. Let F,G € #4(X,C) be two maps and assume that 
one of the following conditions holds: 
(i) tG(a) + (1 — t)F(a) # a for each (a,t) € A x [0,1], 
(ii) suPge, ||F(a) — G(a)|l < infae, lla — F(a)|I. 
Then F ~ G in Ha(X,C). 


PROOF. Condition (ii) implies that given a € A the line segment [F(a), G(a)] 
joining F(a) to G(a) does not contain a, which is precisely condition (i). 
Thus it is sufficient to show that (i) implies F ~ G in #4(X,C). 
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Write 
Fi, (x) = tG(xz)+(1-—t)F(x) for (z.t) € X x [0,1] 


and note that {.H:}o<:<1 is a compact homotopy that is fixed point free on 
A and such that Hp = F and H, = G. O 


(4.3) DEFINITION. Let (X,A) be a pair in a convex C C E. A map F € 
KHa(X,C) is called essential provided every G € %4(X,C) such that 
F|A = G|A has a fixed point. A map that is not essential is called 
inessential. 


In geometric terms, a compact map F : X — C is essential if the graph of 
F|A does not meet the diagonal A C X x C, but the graph of every compact 
G:X —C that coincides with F on A must cross the diagonal A. 


(4.4) PROPOSITION. Let (X,A) be a pair in a normed linear space E, let 
L be a closed linear subspace meeting A C X, and let A, = ANL 
and Xp = XL. Let F € H4(X,E) be an essential map such that 
F(X) CL. Then F\X, € #a,(Xz, L) is also essential. 


PROOF. We need to show that a compact extension Fp : X, — L of F\Az 
over X,, has a fixed point. Consider the map G: AU X, — L given by 


_ J Fo(z), E X,, 
Oe a fen 


This is continuous, since the two definitions agree on ANX, = Az; moreover 
AUX, is closed in X. By (2.5), G can be extended to a compact map 
G:Xa L, and CG being an extension of F|A, must have a fixed point x. 
Since z = G(x) shows x € Xz, and G|X, = Fo, we find Fo(z) = z. O 


(4.5) Proposition. Let B, = {x € E | ||z—2ol| <r} and Fe %p,(B,, E) 
be an essential map such that x is the only fixed point for F. Then 
for every 0 < ro < r the restriction F\|B,, is an essential map in 
KABro (B,,, £). 


Proor. Assume F|0B,, has a fixed point free extension Fo over B,,. Then 


we Fo(z), x € Brg, 
sa es 2 € B, — Bro, 


would be a fixed point free extension of F|OB,. O 
We now characterize the inessential maps in terms of homotopy. 


(4.6) Lemma. Let (X,A) be a pair in a conver C C E. The following 
conditions on F € H4(X.C) are equivalent: 
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(i) F ts inessential, 
(ii) there is a fired point free G € %4(X,C) such that F ~ G in 
“ACX, C'). 
(iii) F is homotopic in. H4(X.C) to a fixed point free F* € Ha4(X,C) 
by a homotopy keeping F\A pointwise fixed. 


PROOF. (i)=>(ii). Let G € 4%4(X,C) be a fixed point free map such that 
F|A = G|A. The compact homotopy (z.t) + tG(X) + (1 — t)F(z) joins F 
to G and is fixed point free on A. 

(ii)=>(iii). Let H : X x I — C be acompact homotopy from G to F such 
that H|A x {t} is fixed point free for each ¢ € I. Let 


B= {x|x= H(z,t) for some t € I}. 


There is no loss of generality in assuming that B is nonempty; then B is 
a Closed subset of the compact set H(.X x I), so is compact. and therefore 
closed in X. Since ANB = @ because H is fixed point free on A, there is an 
Urysohn function 4: X — I with A|A = 1 and A|B = 0. Define 


F* (x) = H(x, \(r)). 


Clearly, F* is compact; it is also fixed point free: for if F*(r) = H(z, A(z)) 
= 7 then z € B so (xz) = 0 and x = H(x.0) = G(r). which contradicts the 
assumption that G is fixed point free. To show F* homotopic to F' keeping 
F\A pointwise fixed, consider the compact homotopy 


H*(z,t) = A(x, (1 —t) +¢A(z)). 


Then H*(z,0) = H(z,1) = F(x) and H*(x.1) = H(zr.X(z)) = F*(x); 
moreover A(a) = 1 for all a € A: therefore. H*(a.t) = H(a.1) = F(a) for 
all t € I. For each ¢ in J, H*(x,t) is clearly fixed point free on A. 

(iii)=>(i) is obvious. O 


As an immediate consequence we obtain 


(4.7) ‘THEOREM (‘Topological transversality). Let (X,A) be a pair in a 
convez C'C E, and let F, G be maps in #4(X,C) such that F~G 
in Ha(X.C). Then F is essential if and only if G is essential. O 


The concept of topological transversality, which is invariant under fixed 
point free deformations on A, is also invariant under sinall modifications of 
F on A: 


(4.8) COROLLARY. Let (X,A) be a pair in the conver C C E, and let 
F € 44(X,C) be essential. Then there exists an ¢ > 0 with the 
properties: (i) any compact G: X — C satisfying ||G(a) — F(a)|| <« 
for alla€ A ts in Ha(X,C), and (ii) G is essential. 
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PROOF. Because F is compact and fixed point free on A. there exists an 
€ > 0 such that |[a — F(a)|| > € for alla € A. If G: X — C satisfies 
\|G(a) — F(a)|| < e for all a € A, it is fixed point free on A; by (4.2) we have 
F ~G in #a(X,C), so by (4.6), the desired conclusion follows. 0 


To prepare for applications of (4.7), we will show that some simple maps 
are essential. 


(4.9) THEOREM. Let U be an open subset of a convex set C' C E. and 
let (U,OU) be the pair consisting of the closure of U in C and the 
boundary of U in C. Then for any ug € U, the constant map F|U = 
ug is essential in Kau (U, C). 


PRroor. We must show that any compact map G: U — C with G|OU = uo 
has a fixed point. For this purpose, extend G to a compact map G* :C -~C 
by setting G*|C — U = uo. By Schauder’s theorem, G* must have a fixed 
point; and since no point in C — U is fixed, the fixed point z must be in U. 
Thus, 2 = G(z). O 


As another basic example, we have 


(4.10) THEOREM. Let U be a conver open bounded symmetric neighborhood 
of zero in a normed linear space E. Then any compact map F € 
Hau (U, E) that is antipode-preserving on OU is essential. 


PROOF. This is an immediate consequence of (3.3). O 


5. Equation + = F(z). The Leray—Schauder Principle 


In this section we apply the topological transversality theorem to the equa- 
tion z = F(x), where F is a compact or completely continuous operator; 
first we establish the following fundamental result: 


(5.1) THEOREM (Leray—Schauder principle). Let CC E be a conver set, 
and let U be open in C. Let {H, : U — C} be an admissible compact 
homotopy such that Hp = F and H, = G, where G is the constant 
map sending U to a point uy €U Then F has a fixed point. 


ProoF. By (4.9), G is an essential map; from (4.7) it follows that so is F. 
and the conclusion follows. O 


As an immediate consequence we obtain an important result that yields 
many of the standard fixed point theorems. 


(5.2) THEOREM (Nonlinear alternative). Let C C E be a convex set. and 
let U be open in C and such that 0 € U. Then each compact map 
F:U —C has at least one of the following two properties: 
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(a) F has a fized point, 
(b) there exist x € OU and d € (0,1) such that x = F(z). 


PROOF. We can assume F'|QU is fixed point free, else we have property (a). 
Let G: U + C be the constant map u +» 0, and consider the compact 
homotopy H; : U > C given by H(u,t) = tF(u) joining G to F; either this 
homotopy is fixed point free on OU or it is not. If it is fixed point free, then 
by (5.1) we find that F must have a fixed point. If the homotopy is not fixed 
point free on OU, then there is an x € OU with x = AF(z); since A # 0 
because 0 ¢ OU, and » # 1 because F|OU has been assumed to be fixed 
point free, the property (b) is satisfied. 0 


Many of the customary fixed point theorems can be derived from the 
nonlinear alternative by imposing conditions that prevent occurrence of the 
second property. As an illustration of such conditions, let p: E — Rt be 
any (not necessarily continuous) function such that p~!(0) = 0 and p(Az) = 
Ap(x) for all A > 0; any norm, not necessarily equivalent to the given one in 
E, is an example of such a function. Then we have 


(5.3) COROLLARY. Let CC E be conver, and U C C an open subset that 
contains 0. Let F: U — C' be a compact map. If either 
(1) (Rothe type condition) 


pP[F(x)] < p(x) for all x € OU, 


or 
(2) (Altman type condition) 


[pF(z)]? < [p(F(x) —2)]? + [p(z)]?_— for all x € OU, 
then F has a fized point. 


PROOF. The routine calculation, to show that the second property in (5.2) 
cannot occur, is left to the reader. O 


The nonlinear alternative, applied to completely continuous operators, 
yields 


(5.4) THEOREM (Leray-Schauder alternative). Let C be a convex subset 
of E, and assume 0 € C. Let F: C -+C be a completely continuous 
operator, and let 


E(F) = {x€C | 2=AF(z) for some 0 < \ <1}. 
Then either E(F) is unbounded or F has a fixed point. 


ProoF. Assume that €(F) is bounded, and let B(0,r) be an open ball 
containing €(F’). Then F|CN B(0,r) : CN B(0,r) — C is a compact map, 
and no z € O[C'N B(0,7)] ean satisfy the second property in (5.2). O 
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As an immediate consequence of the topological transversality theorem 
(4.7) and Borsuk’s theorem, we obtain 


(5.5) THEOREM. Let F: E x I > E be a completely continuous operator 
such that for some @ > 0, F(z,0) = —F(—2,0) for all x € E with 
liz|| = e. Let 


€(F) = {2 € E| x = F(z,t) for some t € (0,1)}. 
Then either E(F) is unbounded or x + F(x,1) has a fized point. 


PROOF. Assume that €(F) is bounded, and let B = B(0,r) be an open ball 
in & containing €(F’) such that r > o. 

Consider the compact homotopy F;(z) = F(z, t) for (x,t) € B x J; 
we may assume that {F;} is fixed point free on OB, so that Fo ~ F, in 
Kop (B, E). Then since Fo is antipode-preserving on OB, Fo is essential by 
(4.10), so by (4.7), the desired conclusion follows. 0 


As another application, recall that an operator F : E — E is called 
quasi-bounded whenever 


y= re MPS ine sup HCI 


~ [lzllco fz] o> Opry >0 Mell 


? 


for example, any bounded linear operator is quasi-bounded and satisfies 
FI = [Fl 


(5.6) THEOREM. Let F: E > E be a quasi-bounded completely continuous 
operator. Then for each real |X| < 1/|F| (and for all real X whenever 
|F'| = 0) the operator XF has at least one fited point. More generally: 
for each y € E and |X| < 1/|[F| the equation 


y=2-AF(z) 
has at least one solution. 


PROOF. Given y € E, consider the completely continuous operator G(x) = 
y+AF(z); it is easy to see that |G] = |A|-[FI, so that if |A| < 1/[F'], we have 
|G] < 1, and there exists an r > 0 with ||G(z)||/||z|| < 1 for all ||z|| >7 By 
the nonlinear alternative for G on {z | ||z|| < r} we find that G has a fixed 
point x, so = G(x) = y+ AF (2). O 


6. Equation z = AF (x). Birkhoff-Kellogg Theorem 


In this section we apply the topological transversality theorem to the equa- 
tion x = \F(x), where \ is a real parameter, i.e., to the problem of the 
existence of an invariant direction for a compact map. We prove that under 
certain conditions an invariant direction always exists. 
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(6.1) TiteorREM (Birkhoff Kellogg). Let U be a bounded open neighborhood 
of 0 in an infinite-dimensional normed linear space, and F : OU > E 
a compact map satisfying ||F(x)|| > a > 0 for all x € OU. Then F 
has an invariant direction, i.e., there is an x € OU and a jp > 0 such 
that x = pF (2). 

PROOF. By (2.5) we may assume that F is in fact defined on U. We first 


show that there is a compact map G : U — E, coinciding with F on OU, 


such that 0 ¢ G(U). For the set F(U), being compact, cannot cover the 


noncompact ball B(0,a/2), so there is some vp € B(0,a/2) — F(U). Define 
a homeomorphism h : (£, B(0,a/2)) — (£, B(0,a/2)) that is the identity 
on E — B(0,a/2) and maps up to 0 as follows: each z € B(0.a/2) — {vo} is 
uniquely expressible in the forin 


z=(l-t)huttz, 2¢€0B(0,a/2),0<t<1. 
Set 


0, z= U0. 
h(z) = h((1—t)u9 + tz) =t2, 2z€ B(0,a/2) — {uo}. 
= z € E— B(0,a/2). 


Then G = hoF is the required map, and G|OU = F|OU because ||F(x)|| > a 
for x € OU. _ 
Now choose an integer N so large that U is contained in B(0,N), and 
consider the compact map H :U — E given by 
G(r) 
A(z) = N———.. 
= “Tee@l 


This map cannot have a fixed point, because U is in B(O..N) whereas 


H(UV) c OB(0.N). 
Applying the nonlinear alternative to H we get 


AN 
——.G(r)=zr forsome.r € OU and 4 € (0,1), 
[e@n vn 
and since G|OU = F|QU, the proof is complete. O 


7. Compact Fields 


Further applications of the topological transversality theorem (in particular 
to the equation y = x — F(r)) will be expressed in terms of compact fields. 
Let X be a subset of a normed linear space FE, and F : X — E a compact 
inap. Finctions of the form f(r) = z — F(x) are called compact fields. In 
an arbitrary normed space, the class of compact fields has various features 
that the class of compact maps does not have: for example, the identity map 


Lard 
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of an infinite-dimensional normed space is a compact field, but it is not a 
compact map. In this section we obtain some of the more immediate general 
properties of this class of functions. 


(7.1) DEFINITION. Let (X, A), (Y, B) be two pairs in the normed space E. 
A map f : (X, A) — (Y,B) is called a compact field if x + x — f(z) 
is a compact map of X into E. 


Whenever the compact field is denoted by a lowercase letter, e.g., f: XY, 
the compact map z > x— f(z) will be denoted by the corresponding capital 
letter, as in F(x) = x — f(x); we call F the (uniquely determined) compact 
map associated with the given field. Compact fields are described by the 
terminology used for the associated maps: thus, the field f is called finite- 
dimensional if the associated compact map is finite-dimensional. 

It is obvious that if A C X C E, where £ is a normed space, then (a) the 
inclusion map i: A > X is a compact field (in fact, finite-dimensional, since 
the associated map is F(z) = 0) and (b) the restriction f|A of a compact 
field f : X — E is also a compact field. Moreover, (c) the composition of 
compact fields is also a compact field: for if f: X — Y andg: Y — Z have 
the associated compact maps F and G, respectively, then 


glf(x)] = f(z) — G[f(z)] = x — [F(z) + G(F(z))]. 
and F + Go f is clearly a compact map. Slightly less evident is 


(7.2) THEOREM. Let X C E be closed. Then: 

(a) a compact field f : X — Y is a closed proper map (i.e., the image 
of each closed set in X is closed in Y, and the preimage of each 
compact subset of Y is compact), 

(b) a bijective compact field f : X — Y is bicontinuous, and its 
inverse is also a compact field. 


PROOF. (a) We first show that f is proper. Let K C Y be compact; then 
fO'(K) ={2|2-F(z) € K} c{z|reK+F(xz)}} CK +F(X). 


Because f is continuous, the set f—1(K) is closed in the closed X, so it is 
closed in E, and being contained in the compact K + F(X), it is therefore 
compact. To show that f is a closed map, it is enough to prove (since Y 
is a metric space) that K M f(A) is closed in K for each closed A C X 
and compact K C Y. To establish this, note that f~'(K) is compact by 
what we have just shown, so that AN f—!(K) is also compact, and therefore 
f[An f-}(K)] = f(A) OK, being compact, is closed. 
(b) The bicontinuity follows immediately from (a). Since 


y= fF = FO) — FLAT *(y)] 
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we find that f~! is associated with the compact map —(F 0 f~!), so f~! is 
a compact field. O 


We now introduce a suitable notion of homotopy for compact fields: 


(7.3) DEFINITION. Let (X,A), (Y,B) be two pairs in E. Two compact 
fields f,g : (X¥,A) — (Y.B) are homotopic if there is a continuous 
map h: (X,A) x I — (Y,B) such that the map (z,t) > x—h(z,¢) is 
a compact map of X x I into E, h(x,0) = f(x) and h(z,1) = g(z). 


It is clear that the homotopy H(z,t) = x — h(z,t) associated with h is a 
compact homotopy of the associated compact maps. 

To describe the notion of topological transversality directly in terms of 
compact fields, we consider maps into the fixed pair (E, EF — {0}). Given 
any pair (X,A), observe that by making each compact field correspond to 
its associated compact map, the set of all compact fields f : (X,A) > 
(EZ, E — {0}) is in one-to-one correspondence with the set #4(X, E) of all 
compact maps F : X — E that are fixed point free on A; and moreover, that 
a homotopy f ~ g : (X,A) — (£,.E — {0}) of compact fields corresponds 
to a compact homotopy of the associated compact maps that is fixed point 
free on A. To facilitate the discussion, we make 


(7.4) DEFINITION. Let (X, A) bea pair in FE, and f : (X,A) — (E, E—{0}) 
a compact field. The field f is called inessential on X if there is a 
compact field g: X — E — {0} such that g|A = f|A. A field is called 
essential on X if it is not inessential on X. 


It follows from the preceding discussion that a compact field f : (X.A) — 
(E, E—{0}) is essential on X if and only if the associated map F is essential 
in #,(X, E). In these terms, we can now restate a part of Theorem (4.7) as 


(7.5) THEOREM. Let f,g:(X,A) — (E,E — {0}) be two homotopic com- 
pact fields. Then f is essential if and only if g is essential. O 


We can express the result of (4.9) as 


(7.6) THEOREM. Let U be an open subset of E, and let x9 € U. Then the 
compact field f : (U,0U) — (E,E — {0}) given by x + x — zo is 
essential on U. O 


8. Equation y = z — F(x). Invariance of Domain 


In this section we apply the topological transversality to the equation y = 
x — F(x). Our results are expressed in terms of compact and completely 
continuous fields. 

To formulate the main results, we need the general 
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(8.1) DEFINITION. Let f : X — Y be a map of metric spaces. If there are 
€ > 0 and 6 > O such that diam f~!(B(y.6)) < ¢€ for all y € \’. we 
say that f is a 6-based e-map ('). If 6 =0 then f is called simply an 
€-map and for 6 > 0 it is called an e-map in the narrow sense. 


The main results will appear as consequences of 


(8.2) LEMMA. Let B(xo,€) be an open ball in the normed linear space E. 
and let f : B(x9,€) — E be a compact field. If f is an €-map. then 
there is an 7 > 0 such that 


f(B(x0,€)) D B(F(zo).n), 
and if f is a 6-based €-map with 6 > 0, then 


f(Blzo.€)) > BUF (zo). 4). 


PROOF. Because f is a 6-based €-map, the associated ee map F' has 
the property that ||x — y|] < ¢ whenever ||F (x) — F(y) — (x —y)|| < 6. 

There is no loss of generality to assume x9 = 0, so 7 F(0) = —- —f(0). 
We consider the compact map G(.r) = F(z) — F(0) on the ball B = B(0,¢) 
and show first that if f is a 6-based e-map for some 6 > 0, then G is essential 
in “p(B, E). For this purpose, define a homotopy H : B x I > E by 


Ir ag 


This map is fixed point free on OB: for if 


x —tz x —tz 
F(=5) -F( =) eee - (=) 


for some z € OB and 0 < t < 1, this would imply that ||z|| < ¢ because f 
is a 6-based e-map. Since H(z, 1) = F(x/2) — F(—2x/2) is clearly antipode- 
preserving on OB, we find from (4.10) and the topological transversality 
theorem that H(z,0) = G(z) is essential. 

Now consider the case where f is a 0-based e-map. According to (4.8), 
there is 7 > 0 such that any compact operator G, with ||G,(x) — G(z)|] < 
on OB is in %gp(B,E) and is also essential; in particular. the operator 
G,(x) = G(x) +y satisfies this requirement for each ||y|| < 7 so the equation 
x = G(x) +y has a solution in B. This says that r— F(x) = —F(0)+y. ie.. 
f(z) = f(0) + y has a solution for each ||y|] < 7, so f(B(0.e)) > B(f(0).7). 

To see that we can take 7 = 6 whenever f is a 6-based e-map with 
6 > 0, note that for each ||y|| < 6 and 0 < t < 1 the compact homotopy 
(x,t) H F(xz)—F(0)-+ty is fixed point free on OB: for if F(x)—F(0)+ty =z 


() If 6 =0, then B(y.d) means {7}. 
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for some . € OB and 0 <t < 1, then 
|F'(7) — F(0) — (« — 0)|| < tllyl] < 4, 


which would require that ||x|| < ¢. Thus, F(z) — F(0) + y is essential in 
HX p(B, E) for all |ly|| < 6, so as before, f(B(0,¢)) D B(f(0). 4). 0 


This has immediate corollaries: 


(8.3) THEOREM. Let f : E — E be a completely continuous field in a 
normed space E. 
(a) If f ts an e-map, then f(E) is open in E. 
(b) If f ts an €-map in the narrow sense, then f is surjective, 7.e., 
f(L)=E. 


PROOF. (a) is immediate from Lemma (8.2). For (b): according to the 
lemma, the ball B(y,6) of fixed radius 6 > 0 is contained in f(£) for each 
y € f(E). so f is surjective. O 


(8.4) THEOREM (Schauder domain invariance). Let U be open in the 
normed space E, and let f : U — E be an injective completely con- 
tinuous field. Then (a) f is an open map, (b) f(U) ts open in E. and 
(c) f ts a homeomorphism of U onto f(U). 


PROOF. Since f is injective, it is an e-map for each € > 0; so the result 
follows from (8.2). O 


As an immediate consequence we obtain 


(8.5) COROLLARY (Fredholm alternative). Let E be an arbitrary normed 
space, and let F: E — E be a completely continuous linear operator. 
Then either 
(a) the equation 0 = x — F(x) has a nontrivial solution, or 
(b) the equation y = x — F(x) has a unique solution for each y € E. 


PROOF. The completely continuous field f(x) = r — F(z) is either not 
injective, or it is injective. In the first event, property (a) holds. In the 
second event, the image of E under f is a linear subspace which, by domain 
invariance, must therefore be the entire space E. Thus, the injective field 
f : & — Eis also surjective, and therefore bijective. O 


For the nonlinear case, the following invertibility condition is useful. 


(8.6) COROLLARY. Let f : E — E be a completely continuous field in a 
normed space E. If ||f(x) — f(y)|| = Al|lz — y||, then f is invertible. 


PROOF. Given € > 0, the hypothesis on f shows that f is an e-map in 
the narrow sense, so by (8.3), f is surjective. Since f is also injective, it is 
bijective, and so by (8.2) a homeomorphism. therefore invertible. O 
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9. Miscellaneous Results and Examples 


A. Compact maps and compact fields 


(A.1) Let E = A+B be a direct sum decomposition of a normed linear space E, let 
Pa: E— Aand Pg: E — B be the corresponding linear projections, and let F : X — E 
be a compact map. Show: For each € > 0 there exists a compact map Fe \ — E such 
that: 
(i) ||F (x) -— Fe(x)|| < € for all ce € YX, 

(ii) Pgo Fe = PgoF, 

(iii) P4 0 F¢ is finite-dimensional. 
[If G_ is the Schauder approximation for P, o F, define Fe = Ge + Pgo F’] 


(A.2) Let & be a normed linear space, U an open convex symmetric neighborhood of zero 
in F, and C a nonempty closed convex symmetric (with respect to 0) subset of E. Let 
F:UNC —C be a compact map such that F(x) = —F(—z) for each x € OUNC. Show: 
F has a fixed point (Kaczynski [1987]). 

[Use (2.5) and Borsuk's theorem (3.3).| 


(A.3) Let (E”, || ||) be a normed space of dimension n, and U an open symmetric convex 
nbd of 0 in E”; let f : (U.0U) — (E", E” — {0}) be a compact field satisfying 


f(z) #tf(-x) for allt >O and x € OU. 


(a) Denote by p the Minkowski functional of U, and let V = {y € E” | |lyll < o} be 
an open ball with F(Z) c 4V. Define G: V > E” by 


_ f F(z) for cr EeUNV, 
a eee forz EV —U. 


Show: G(x) # x for each x € OVUV —U. 

(b) Let g : (V,OV) — (E”, E” — {0}) be given by 9(x) = x — G(x). Prove: g(x) # 
tg(—x) for each t > 0 and z € OV. 

[Show that assuming g(z0) = tog(—zo) for some to > O and zo € OV leads to a 
contradiction: consider separately x9 € OV NU and zp € OV —U|] 

(c) Show: g is essential and g ~ g*, where g” is antipode-preserving on OV’ 

[Consider the homotopy he(xz) = [g(z) — tg(—=)]-] 

(d) Prove: f is an essential compact field. 


(A.4) Let U be an open convex symmetric neighborhood of 0 in (£.|| ||). and f 
(U, dU) — (E, E— {0}) a compact field such that f(r) # tf(—z) for each (x,t) € OU x I. 
Show: f is essential. 

(First consider the special case f(x) = —f(—z) for all zx € OU and use (A.3); for the 
general case consider the compact homotopy h:(z) = Tl f(x) —tf(—2)}.] 


(A.5) Let U be an open bounded neighborhood of 0 in (£.|| ||), and let f (U,dU) — 
(E. E — {0}) be a compact field. Given x € OU let Lr = {y€ E| y=Az. OS AK< x} be 
the ray joining 0 to x. Show: If f is essential, then f(0U)N Lz # @ for each x € OU. 


(A.6) Let E*~" be a subspace of E = E™ of codimension n, S*~" = {xz € E*™~" | 
l|x|] = 1}, and let f : S° — E™7! be a compact field. Show: There is a point x € S* 
such that f(x) = f(—x) (Granas [1962]). 

[Consider on S* the compact field fx) = (f(r) — f(—2x))/2: use (A-4) and (A.5).] 
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(A.7) Prove: There is no bijective compact field f- S$ w-k  g&®—lfor k £1. 


(A.8) Let U be an open sct in a Banach space E, and f U — E a map of the form 
f(x) = 4 —[F (1) + G(xr)], where F is completely continuous and G is contractive. Prove: 
If f is injective then (i) f is open, in particular f(U) is open in &, and (ii) f : U — f(U) 
is a homeomorphism (Schauder [1932]). 


(A.9) (Separation criterion) Let X C E be closed; given 11,22 € E— X, we let f;(z) = 
r—., (i= 1,2). Show: YX does not separate E between r; and ro if and only if the fields 
fi. fo: X — E— {0} are homotopic (Borsuk [1933], Granas [1962)). 


(A.10) Given X C Y C E, a homotopy d; : X — Y (0 < t < 1) is called a compact 
deformation provided do(r) = z for all x € X and d;(x) = r— D(z, t), where D: X xI — 
E is compact. Let X C E be closed, ri,.r2 € E-X,andd, X — E- {ri} —- {ra} a 
compact. deformation. Show: If X separates E between x; and 2 then so does d;(X). 

[Assuming the contrary take an arc y : I — E—d,(X) joining .r) and x2 and consider 
on X compact homotopies into E — {0} given by (.r, t) > di(x)— y(t), (z.t) — dt(z)—-21, 
(x,t) +> de(x) — rg. Obtain a contradiction using (A.9).] 


(A.11) (Sweeping theorem) Given a deformation de \ — E (0 < t < 1) a point yo € 
E — X is said to be swept by {d;} if yo = dt(x) for some (x,t) € X x I. Let X C E be 
closed, and d; : XY — E be a compact deformation. Show: If rj,r2 € E — X belong to 
different components of E — X and to the same component of E — d;(-X), then either x 
or x2 must be swept by {dr} (Borsuk [1931], Geba-Granas—Jankowski [1959]). 


B. Surjectivity of maps. Quasi-bounded operators 
Recall that a map T : E — F between normed linear spaces is quas?-bounded if 


[T] = limsup |[x||""||T(2)|| < x: 


Ilr Il 


[7] is called the quasi-norm of T. A map T: E — F is asymptotically linear if there 
exists a bounded linear operator S : E — F such that 


I(x) — Sx) _ 


0; 
IIzI| +20 (lel 


then S = T’(2c) is uniquely determined and called the asymptotic derivative of T. 


(B.1) Let E be a Banach space, F : E — E an asymptotically linear completely continu- 
ous operator, and f(x) = x— F(z) the corresponding field. Prove: (a) F’(20) is completely 
continuous; (b) if ||F’(0o)|| < 1 then f is surjective (Krasnosel'skit). 

[Show that F is quasi-bounded and |F| < ||F’(0<)]||; then apply (5.5).] 


(B.2) Let f,g : E — E be completely continuous fields such that (a) || f(r) — g(x)|] < 
a||z|| + 3 for some a, > 0 and all x € E, and (b) g is an invertible linear vector field 
with |lg~!|| < 1/a. Show: f is surjective. 

[Given yo € E, apply (5.5) to get yo = f(r) for some z € E.] 


(B.3) (Intersection theorem) Let E = A+ B be a normed linear space represented as a 
direct sum of two linear subspaces A and B with linear projections P4 : E — A and Pg: 
E — B. Let f(a) = a— F(a), a € A, and g(b) = b—G(b), b € B, be completely continuous 
vector fields such that F and G are quasi-bounded, and ||Pa|||F] + ||Pgll|G] < 1. Show: 
f(A) N9(B) # @ (Granas [19621). 
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[Set z = a—b and consider the completely continuous field h(x) = x — H(z) given by 
h(x) = a—b—[G(b)—F(a)]; prove that H is quasi-bounded and JH] < 1. then apply (5.5).] 


C. Set contractions and condensing maps 


Let & be a Banach space and &g the class of bounded subsets of E. The Kuratowski 
measure of noncompactness a. Be — R is defined by a(X) = inffe >0| X =U, X, 
with 6(X;) < € for i=1,...,n}. Let X C E and F: X — E be continuous. Then F is a 
set contraction if for some constant 0 < A < 1,a[F(A)] < Aa(A) for all A CX: and F is 
a condensing map if a[F(A)]| < a(A) for all A C X with a(A) £0. 


(C.1) Establish the following properties of a: 
(i) a(X) =0 4X is compact. 
(ii) a(AX) = |Ala(X), a(X1 + X2) < a(X1) + a(X2). 
(iii) X CY > a(X) < alY); a(X UY) = max{a(X), a(Y)}. 
(iv) a(conv X) = a(X) (Darbo [1955)). 
(v) a(X) = a(X). 
(Hint for (iv): for convex C},C2 show a[conv(C; UC2)] < max{a(C;), a(C2)}.] 


(C.2) Let {Xn} be a decreasing sequence of closed subsets of E such that a(Xn) — 0. 
Show: The intersection X = (\?", Xn is nonempty and compact (Kuratowski [1930]). 

[Letting zn € Xn forn =1,2,..., show {zn} has a subsequence converging to x € X; 
observe that a(X) < a(X;).] 


(C.3) (Darbo theorem) Let C be a closed convex bounded subset of F and let F: C +C 
be a set contraction. 

(a) Define a sequence {Cn} of convex sets by: Co = C and Cn = Conv F(Cp-1) for 
n> 1. Show: Coo = [],, Cn is a compact convex set. 

(b) Prove: F : C — C has a fixed point (Darbo [1955)). 


(C.4) Let C Cc E be a closed convex bounded set and let H : C — C be a continuous 
map of the form H = F + G, where F : C — E is compact and G: C — E is contractive. 
Show: H has a fixed point (Krasnosel’ski¥ [1955}). 


(C.5) Let X C E be closed, and let F : X — E be a continuous map such that (i) for 
each € > O there is an e-fixed point for F; (ii) the field I — F is proper. Show: F has a 
fixed point. 


(C.6) (Sadovskit theorem) Let C be a closed convex bounded subset of E. Prove: Each 
condensing map F : C > C has a fixed point (Sadovskii [1967]). 

[Assuming 0 € C define Fr = if for n = 1,2,...; show that a condensing field is 
proper and apply (C.5) and (C.3).] 


(C.7) (Nonlinear alternative) Let C C E be closed and convex, U an open subset of C 
containing 0, and F : U — C a condensing map. Prove: Either (i) F has a fixed point, or 
(ii) there are x € OU and 4 € (0,1) with r = AF (z). 

[See the proof of (0.3.3).] 


(C.8) Let C C E be closed and convex, U C C an open subset containing 0, and F' : U=C 
a condensing map. Assume that for all x € OU one of the following conditions holds: 

(a) |F(z)Il < Ilzll, 

(b) |F(z)Il < lz — F(2)IL, 

(c) IF(z)Il < Vllzll? + llz - F(2)I/. 


Show: F has a fixed point. 
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(C.9) Let E bea Banach space, G: & — E a linear condensing map, and a (x) = Gr+z0, 
where 29 is a fixed clement of &. Prove: If & admits a bounded orbit {F* (zo) | k € N}, 
then F has a fixed point (Chow Hale [1974]). 


D. Fired point spaces 


Let X be aspace and A C NX asubset:; by Cov (A) we denote the set of all open coverings 
of A in X. Given two coverings a,.4 € Covx(A). we write a < j3 provided 3 refines a 
(i.e., each member of 3 is contained in some member of a); clearly, < is a preorder relation 
converting Cov. (fy) into a directed set. We let Cov x (.Y) = Cov(X). 


(D.1) Let ¥ be a space and a € Cov(Y); two maps f.g : X — Y are a-close (written 
f =a g) provided f(r) and g(r) belong to a common Uy € a for each r € NX. Let 
f:¥—Y bea map and a € Cov(}’) A point y € Y is said to be an a-fized point if y 
and f(y) belong to a comnion U € a. 

(a) Let f : } — ¥ be a map and A = f(}'): assume that there is a cofinal family 
2? C Covy-(A) such that f has an a-fixed point for every a € 7%. Show: f has a fixed 
point. 

(b) Let f Y — Y bea map and K = f(¥); assume that there is a cofinal family 
Y C Covy(K) satisfying: for cach a € 4 there is a map fa : ¥ — ¥ such that (i) fa is 
a-close to f and (ii) fa has a fixed point. Show: f has a fixed point. 


(D.2) Let VY be a space and a € Cov(.Y): we say that V is a-dominated by Y provided 
there are maps s: X — ¥ andr: ¥ — X such that rs =q ly. Given a class {2 of spaces, 
we define a new class “({2) as follows: Y € (2) if and only if for each a € Cov(.X) there 
is a }¥o € 2 that a-dominates LY. 

(a) Let 2 = {NXi},¢7 be a family of compact spaces. Denote by J = {j} the family 
of all finite subsets of /, and let X, = [;¢,; -X, for each j € J and 2" = {X,},¢J. Show: 
The product V = [],¢, V, belongs to A(2*). 

(b) Let 2 be a class of fixed point spaces. Prove: Every VY € &(£2) is a fixed point 
space. 

(c) Let {X.},e7 be an infinite family of compact spaces. Show: Y = [],¢, Xj isa 
fixed point space if and only if every finite product [],-, X, (j € J) is a fixed point space 


rE 
(Dyer [1956]). : 


E. Fired points in locally conver spaces 
In the following results E stands for an arbitrary but fixed locally convex space. 


(E.1) Let N = {e1,...,en} be a finite subset of E, let pp) be a seminorm corresponding 
to a convex synimetric ubd U of the origin, and let No = Ufe; + U |: = 1,....n}. For 
each 7 = 1,...,n define yp, : Ny — R by xz + max{0,1 — pyu(x —c,)}. The Schauder 
projection m1 : Nur — couv N is given by 


WY orc are sam" (re. 


Show: 
(i) x —agr(x) € U for all r € Nor. 
(ii) If N = {e1,....¢4.—-C1,....—c¢y} is symmetric with respect to 0, then my (x) = 
—7yu(—xr) for all x € Nr-. 
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(E.2) (Approximation theorem) Let X be a topological space. C C E convex, and let 
F X — C be a compact map. Show: For each nbd Y of the origin there exists a 
finite-dimensional map Fy : X — C such that F(z) — Fy-(x) € V for all r € NX (Leray 
[1950]). 


(E.3) Let C be a convex subset of E, and F C — C acompact map. Show: F has a 
fixed point (Mazur [1938], Hukuhara [1950)). 


(E.4) (Antipodal theorem) Let U be a convex symmetric nbd of the origin in E, and let 
F':U — E be a compact map such that F(—r) = —F(.r) for all x € OU. Show: F is an 
essential map (Altman [1958}). 

[Use (E.2) and (A.3).] 


(E.5) Let U be open in a convex C C E, and let F: U — C be a constant map F(.r) = p 
with p € U. Show: F is essential. 


(E.6) (Leray-Schauder principle) Let U be open in a convex set C C E, and let {H; : 
U — C} be an admissible compact homotopy such that Ho = F and Hy = G, where G is 
the constant map sending U to a point uo € U. Show: F has a fixed point. 

[Follow the proof of (0.3.3) and use the fact that if A and B are two closed disjoint 
subsets of a completely regular space X such that at least one of them is compact. then 
there is an Urysohn function A: X — [0,1] with AJA =0, A|B = 1] 


(E.7) (Topological transversality) Let U be open in a convex subset CC E, and let 
F,\G € #gy(U.C) be two compact operators such that F ~ G. Show: If F is essential 
then so is G (Granas [1976]). 


(E.8) (Nonlinear alternative) Let C C E be convex, U an open subset of C containing 
the origin 0 of E, and F: U — C a compact map. Prove: Either 

(i) F has a fixed point, or 

(ii) there are z € OU and 4 € (0,1) with x = AF(z) (Granas [1976}). 


(E.9) Let p: E— Rt be any (not necessarily continuous) function such that p~+(0) =0 
and p(Az) = Ap(z) for all ) > 0. Let C C E be convex, U C C an open subset containing 0, 
and F : U + Cacompact map. Assume that for all x € OU one of the following conditions 
holds: 

(a) p[F(z)] < plz), 

(b) p[F(z)] < p[F (2) — 2]. 

(c) p[F(2)] < {[p(2)l* + [p(F(2) - 2)*}"/* for some k > 1. 
Show: F' has a fixed point (Granas [1976]). 


(E.10) (Domain invariance) Let U C E be open and f U — E an injective compact 
vector field. Show: 

(a) f(U) is open in E, 

(b) f is a homeomorphism of U onto f(U) 
(Leray (1950), Altman (1958)}). 


(E.11) (Fredholm alternative) Let E be a locally convex space and F': EF — E a com- 
pletely continuous linear operator. Show: Either 

(a) the equation y = r — F(z) has a unique solution for each y € E, or 

(b) the equation z = F(z) has a nontrivial solution 
(Leray [1950]). 
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F. Topologrcal transversality for coincidences 


In this subsection X and ¥ are fixed Banach spaces. We let L € £(.X.¥) be a Fredholm 
operator of index zero, i.e., lm L is closed in Y and dim Ker L = codimIm L < 0. 
We use the following notation: 
(i) 41 is a closed complement to 2 = ImZ in Y, and Q € L(¥.3}) is a linear 
projection of Y onto 1 along Y: 
(ii) Nz is a closed complement to XY, = Ker LZ in X, and P € £(X,X,) is a linear 
projection of XY onto X, along X». 
We have topological direct suns Y = NX, Xo and Y = Yj GY, and because L is of 
index zero, dim VY; = dim ¥}: we Iet J: XY, — )4 be a linear isomorphism. 


(F.1) Let N: XY — Y bea continuous (possibly nonlinear) operator. Show: 
(a) The linear operator L+ JP: X — Y is invertible and its inverse is (L + JP) = 
Lz\(1— Q) + J7!Q, where Lz € £L(X2,Y) is the restriction of L to X2. 
(b) The coincidence problem Lr = Nx is equivalent to the fixed point problem A/z=z, 
where Al = (L+JP)7!(N + JP). 
(F.2) Let U C X be open, and let %¢-(U.¥: L) be the set of all maps f (U'.0U) — 
(). ¥ — {0}) of the form f = L — F, where F -U — Y’ is a compact operator. Two maps 
f.g € Aig (U.Y;L) are called L-homotopic if there is a compact homotopy Ht : U — Y 
such that hy = L— Ht € Hau: (U.Y:L) for each t € [0.1] and ho = f. hy = g. Assume 
fig € #au(U.¥:L) are two maps f = L — F, g = L—G such that F(Cl).G(U) C \}. 
Let U, = UN Xy and Fy = F|U), G; = G|U). Show: If the maps F,.G, : (Uj.0U)) — 
(¥1.141 — {0}) are homotopic, then f and g are L-homotopic. 


(F.3) (Topological transversality for coincidences) We say that a map f € Hav (U.Y;L) 
is L-essential if any g € Hou (U.Y:L) with fl[OU = glOU has a zero in U. Show: If 
f.g € Hau(U.Y:L) are L-homotopic, then f is L-essential if and only if g is L-essential. 


(F.4) (Antipodal theorem for coincidences) Let U be an open bounded convex subset of 
and cé€ XV. Call U symmetric with respect toc if r € U < 2c—u € U. Let U be such a set, 
and let k: U — Y We say that k is odd on U (respectively on OU’) if k(2c¢ — .r) = —Kk(z) 
for all r € U (respectively x € OU). 

Let U as above be symmetric with respect to some c € KerL. Let f = L-Fe€ 
Hy (UY; L) be odd on OU. Show: f is L-essential. 

[Consider the compact map G : U —¢ — Y given by G(r —c) = F(r) for z € U and 
the compact map M =(L+JP)7"(G+ JP):U—c— X. Use (F.1) and Borsuk’s fixed 
point theorem.] 


(F.5) Let U be as in (F.4), and let g = L—G € %py(U.¥:L) be such that G(U) C 
and G|U, : (U;,0U1) — (¥1.¥1 — {0}) is homotopic to an odd map, where Uy = UN.X}. 
Show: g is L-essential. 

[Prove that g is L-homotopic to an odd map and use (F.4) and (F.3).] 


(F.6) (Nonlinear alternative for comcidences) Let N : X — Y be completely continuous. 
Let U be as in (F.4). Assume furthermore that 

(a) QNx £0 for al re U, =UNN, 

(b) the map QN: ((%],0U,) — (4.41 - {0}) is homotopic to an odd map. 
Show: Either (i) Lr = Nx for some x € U, or (ii) there are y € QU and X € (0,1) such 
that Ly = ANy. 

(The results (F.1)-(F.6) are from Granas Guenther Lee [1991].) 
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10. Notes and Comments 


Compact operators 


Compact and completely continuous operators occur in many problems of 
classical analysis. In the nonlinear case, the first comprehensive research on 
compact operators with numerous applications to partial differential equa- 
tions (both linear and nonlinear) was due to Schauder. In particular. the 
approximation technique for compact operators in Banach spaces goes back 
to Schauder; the proof of (2.3) given in the text is, with slight modifica- 
tions, that of Leray-Schauder [1934]. Theorem (2.3) extends to locally con- 
vex spaces (see the survey of Leray [1950] and Nagumo [1951]) and also to 
some linear topological spaces that are not locally convex (Klee [1960]). The 
proof of (2.4) was communicated to the authors by L. Waelbroeck; we remark 
that (2.4) is valid in any linear metric space for which the Schauder approx- 
imation theorem holds. Theorem (2.5) on the extension of compact map- 
pings was first proved (for Banach spaces) in Krasnosel’skii's book [1964a]; 
the proof in the text is taken from an unpublished paper of Fournier and 
Granas. 


Extension of the theorems of Brouwer and Borsuk 


Theorem (2.3), due to Schauder [1930], evolved from a number of special 
results concerned with extensions of the Brouwer theorem to the case of 
function spaces. The first important result in this direction was due to 
Birkhoff- Kellogg {1922], who generalized the Brouwer theorem to compact 
convex subsets of L?(0,1) and C”(0, 1). Schauder [1927a], [1927b] extended 
first the above result to Banach spaces of type (S) with a basis and then 
in [1930] to an arbitrary Banach space. (A Banach space E is called an 
S-space provided each bounded sequence in E has a weakly convergent sub- 
sequence. This type of spaces, introduced by Schauder [1927a], turned out to 
be especially useful in applications; we remark that several years later Eber- 
lein proved that Banach spaces of type (S) coincide with reflexive spaces.) In 
[1930] Schauder also obtained the following theorem: Jf C' as a convex weakly 
compact subset of a separable Banach space. then every weakly continuous 
map f : C —C has a fized point (in connection with this result see also 
Arino-Gautier—Penot [1984]). Mazur [1930] proved that the convex closure 
of a compact set in a Banach space is compact: this implies a more general 
version of the Schauder theorem that is especially convenient in applica- 
tions: If C is a convex closed subset of a Banach space, then every compact 
map f:C —-C has a fixed point. 

Theorem (3.3) was established (in a somewhat different form) with the 
aid of the Leray-Schauder degree by Krasnosel'skii [1951]. 
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Fired points of discontinuous maps 


Let VY. ¥ be two spaces, let f : X — Y be a function, and let Gy stand 
for the graph of f. The function f is called a connectivity function if for 
each connected subset A CY the graph Gp4 is connected. Stallings [1959] 
obtained a generalization of the Brouwer theorem by showing that the unit 
ball in R” is a fixed point space for connectivity functions. The following 
extension of the Schauder theorem was established by Girolo [1981]: If C' is 
a closed convex subset of a Banach space and f : C' — C is a connectivity 
function such that f(C) is compact, then f has a fixed point. 


Topological transversality 


Homotopy arguiments for conrpact operators were introduced by Leray and 
Schauder in the context of their theory of the degree for compact fields in 
Banach spaces. Using homotopy invariance of the degree, Leray-Schauder 
[1934] developed an important theoretical principle that abstracts (in the 
nonlinear context) the classical method of continuation of solutions along 
a parameter. The approach presented in the text does not use the degree 
theory and is based on the notion of the essential map and on the topological 
transversality theorem (Granas [1976]): its essential feature is that it extends 
to other classes of operators and gives results that cannot be obtained by 
using directly the Leray-Schauder degree. An alternative but less general 
method based on the homotopy extension theorem was developed earlier 
for Banach spaces in Granas [1959a]. [1962]: this method was suggested by 
prior finite-dimensional results of Borsuk {1931b]. [1937]. We remark that (as 
shown by Simon Volkimann [1988]) the notions of topological transversality 
theory also permit one to establish localization and multiplicity results for 
nonlinear problems (see “Miscellaneous Results aud Examples” in §7). 

For an extension of topological transversality to the class of condens- 
ing operators the reader is referred to Krawcewicz [1988]. For topologi- 
cal transversality in the coincidence setting (for various classes of oper- 
ators) see Volkmann [198-4], Granas-Guenther Lee [1991], Geba-Granas- 
Kaczynski--Krawcewicz [1985]; for closely related results see Furi--Martelli 
Vignoli [1978], [1980], Precup [1995]. 


The Leray Schauder principle and nonlinear alternative 


For open subsets in Banach spaces Theorem (5.1) was established by the 
degree-theoretic method in Leray Schauder [193-4]; for arbitrary convex sets 
see Granas [1976]. The nonlinear alternative, which follows at once from 
(5.1), quickly yields a number of fixed point results. In connection with 
(5.3) see Rothe [1938], Altman [1955], and Granas [1976]. Theorem (5.4) 
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Photo bv L. Namioka 


V. Klee, NN, J. Leray, K. Fan, Baton Rouge, 1967 


was proved first for Banach spaces in the context of degree theory by Leray 
Schauder [1934]; a direct elementary proof of (5.4) was given by Schaefer 
[1955] (see also Potter [1972], Reich [1976], [1979] and Granas [1993}). 


Birkhoff-Kellogg theorem 


Theorem (6.1) was established in Birkhoff and Kellogg [1922]; for another 
proof of (6.1) (based on the sweeping theorem (A.11)) see Geba Granas- 
Jankowski [1959]. Topological transversality and (2.5) can be used to get the 
following theorem (Krasnosel’skit Ladyzhenskii [1954] and Granas [1962]): 
Let C be a positive cone in a normed space E, U C C an open set containing 
0, and let F: U C C be a compact map such that ||F(x)|| > a > 0 for all 
x € OU. Then there are > >0 and x € OU such that r = AF (2). 


Compact fields 


This notion was introduced by Schauder and Leray (Schauder [1929], Leray 

Schauder [1934], Leray [1935]); the terms “completely continuous field” 
and “compact field” appeared in Rothe [1937a] and Granas’s tract [1962]. 
J. Schauder and J. Leray discovered that many facts of finite-dimensional 
topology can be carried over to infinite dimensions provided attention is 
restricted to the class of compact ficlds. In particular. for compact fields a 
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generalization of Brouwer’s degree theory was developed and with its aid 
various applications were obtained. Among these the following generaliza- 
tion of the Jordan Alexandroff theorem was established by Leray [1935]: Let 
NX and Y' be two closed bounded subsets of a Banach space E, and f : X —- Y 
a homeomorphism. If f is a compact field, then the complements E — X and 
E-—Y have the same number of components. For more details see Rothe 
[1937], [1938], Granas’s tract [1962], and Krasuosel'skii's book [1964b)]. 


Invariance of domain 


The invariance of domain theorem in R” is due to Brouwer [1912]. Schauder 
[1929] extended the Brouwer theoren: to compact fields in Banach spaces 
with a basis and of type (S). A general result (for arbitrary Banach spaces) 
was established (using the degree theory for compact fields) by Leray [1935]. 
The proof of (8.1) presented in the text (and based on Borsuk’s theorem) 
is found in Granas [1958]. Using invariance of domain as a tool, Schauder 
[1929]. [1932] developed an important theoretical method for solving non- 
linear equations, applicable to problems in which the uniqueness implies 
the existence of a solution. Schauder [1932] also gave significant applica- 
tions of the method to nonlinear elliptic equations. For more recent uses of 
Schauder’s method, see Chow-Lasota [1973], where some further references 
can be found. 


Surjectivity results 


The first result of this type was established by Borsuk [1933c]. who proved 
that: if f: R” — R” is an €-map in the narrow sense, then f is surjective; 
Theorem (8.3)(b), extending the above result to normed linear spaces, and 
also (8.6) are contained in Granas [1958]. For Theorem (5.5), see Granas 
[1957]; a similar argument to that in the proof of (5.5) can be applied to 
obtain the followmg theorem: Let E be a reflerive Banach space and let 
F:E— E be a quasi-bounded map with [F| < 1. Assume that one of the 
following conditions is satisfied: 

(i) & has normal structure and F is nonexpansive, 

(ii) F' ts weakly continuous. 
Then x « — Fx is surjective. 

Theorem (8.3)(b) combined with the Banach Mazur theorem gives the 
following result: Let E be a normed linear space with dim E > 3. Let f : 
E — E be a completely continuous field such that: 

(i) f ts locally invertible for all x € E with ||xr|| > Al, where M > 0 is 
a constant, 
(ii) [| f(x)|] — 00 as ||2|] — 0. 
Then f is surjective. 
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Fized points in locally convex spaces 


The main results in the text extend to locally convex spaces. A number of 
such results (Tychonoff and Schauder-Tychonoff theorems) are given in §7. 

Borsuk’s antipodal theorem was generalized to locally convex spaces by 
Altman [1958a]. Leray [1950] extended the invariance of domain theorem to 
locally convex spaces and applied it to establish the Fredholm alternative in 
such spaces; another proof of the invariance of domain similar to that given 
in the text and based on Borsuk’s theorem can be found in Altman [1958b]. 


Fized points in arbitrary linear topological spaces 


Some results in the text extend also to spaces that are not locally convex. 
Fan [1964], using his coincidence theorem (7.1.3), proved that the Tychonoff 
fixed point theorem (cf. Tychonoff [1935]) is valid in linear topological spaces 
with sufficiently many linear functionals. A few other fixed point results of 
this type are given in §7. 

Following Klee [1960a], we call a linear topological space E admissible 
if for any X C E every compact map y : X — E is approachable by 
finite-dimensional maps (meaning that for any nbd V of the origin in E. 
there is a finite-dimensional nap yy : X — E with yy (rr) € p(X) + V 
for + € X). It was shown by Klee [1960a], using arguments similar to those 
given in the text. that the antipodal theorem (3.3) and the invariance of 
domain (8.4) can be established in arbitrary adinissible linear topological 
spaces. 

For more details about fixed point results in nonlocally convex spaces 
the reader is referred to Klee [1960a], Granas [1976], S. Hahn [1978], to the 
lecture notes by Riedrich [1975] and Granas [1980], and also to Hadzic¢’s 
book [1984], where further references may be found. 


Schauder-Tychonoff theorem in linear topological spaces 


The study of fixed points in spaces that are not locally convex evolved from 
the problem, posed by Schauder, whether a compact convex subset of an 
arbitrary linear topological space has the fixed point property (problem 54 
in the Scottish Book). This problem proved to be very difficult and for over 
65 years defied the efforts of many mathematicians. An affirmative answer 
was given only recently by Cauty [2001]. who proved the following: Let E 
be a linear topological space, and let CC E be convex. Then any compact 
map F:C —C has a fized point. This result together with Theorem (0.3.3) 
implies that the Leray-Schauder principle (5.1) and the nonlinear alternative 
(5.2) remain valid in arbitrary linear topological spaces. 
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§7. Further Results and Applications 


This paragraph is primarily devoted to illustrating the use of the results es- 
tablished in this chapter; among the applications given, we obtain a number 
of significant results from various areas of inathematics. The first section 
contains extensions and applications of the Brouwer theorem; the main fea- 
ture is the systematic use of a very versatile technique introduced by Fan 
based on the topological KKM-principle. In the following sections, we give 
applications of the Borsuk and Schauder theorems, as well as of topological 
transversality. The paragraph ends with a generalized Schauder theorem, 
fixed point results for Kakutani maps and the Ryll-Nardzewski theorem. 


1. Applications of the Topological KKM-Principle 


a. Fized points and coincidences for set-valued maps of Fan 


We first establish two geometric results for some classes of set-valued maps 
that have proved of importance in convex analysis. game theory and math- 
ematical economics. 

For the convenience of the reader we recall some notation and terminol- 
ogy. If S : X — 2” is a set-valued map, its inverse S~! : Y — 2* and 
its dual S* : Y — 2* are the maps yr S7ly = {r € X | y € Sr} and 
yr Sty = X —S—ly. The values of S—! (respectively of S*) are the fibers 
(respectively the cofibers) of the nap S. The sets Gs = {(r,y) € X x Y | 
y € Sr} and S(X) = U{Sz | x € X} are the graph and image of S, respec- 
tively. Note that S is surjective [i.e.. S(X) = Y] if and only if all its fibers 
S—1y are nonempty. By a fixed point. of a set-valued map S : X — 2* is 
meant a point ro € X for which xo € Srp. Clearly, if S has a fixed point, 
then so does S~! 


(1.1) DEFINITION. Let .X and Y be two subsets of linear topological spaces 
and T.S : X — 2° be two set-valued maps. 

(i) If ¥" is convex, then T : X — 2” is called a Fan map (or simply 
an F-map) provided T has nonempty convex values and open 
fibers. 

(ii) If X is convex, then S$ : X — 2” is called an F*-map provided S$ 
has open values and nonempty convex fibers. 


The set of all F-maps (respectively F*-maps) from Y to 2’ is denoted by 
F(X. Y) (respectively F*(.X,}")). We note that S € F*(.X.¥’) if and only if 
Se F(Y,X). 

Throughout this section, unless explicitly stated otherwise, by a “com- 
pact convex set” we mean a nonempty compact convex subset of some linear 
topological space. 
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(1.2) THEOREM (Fan Browder). Let X be a compact conver set, and let 
T : X — 2% be such that either T € F(X.X) or T € F*(X.X). Then 
T has a fixed point. 


PROOF. It suffices to consider the case of an F-map. Note first that the 
values T*(y) = X —T~}(y) of T* are compact. From the surjectivity of T~! 
we get 


(MT) ly eX} =( MX - Ty) ly |e X} 
=X -(J{T-"(y) |yeX} =9, 


and thus T* cannot be a KKM-map. Because the values of T are convex 
and T* is not a KKM-map, we conclude, in view of (3.1.2), that T has a 
fixed point. O 


Given two set-valued maps S,T : X — 2° we say that S and T have a 
coincidence provided there exists (4p, yo) € X x Y such that yo € SroNT x09. 


(1.3) THEOREM (Fan coincidence theorem). Let X and Y be compact 
conver sets. Let S.\T : X — 2* be such that S € F*(X.3) and 
T €F(X,Y). Then S and T have a coincidence. 


PRoor. Let Z = X xY and define H : Z — 27 by z = (x.y) H T7"y x Sx. 
Because the values of H are open and the fibers H~!(x',y’) = S7ty’ x Tir’ 
of H are nonempty and convex, it follows that H is an F*-map. By (1.2), 
we find a fixed point (19, ¥0) € T~'yo x Szxo. Thus yo € Sag NT zo. O 


We give an immediate application of the coincidence theorem to game 
theory by establishing a general version of the von Neumann minimax prin- 
ciple due to M. Sion. 

Recall that a real-valued function f : X — R on a topological space is 
lower [respectively upper] semicontinuous if {r € X | f(x) > r} [respectively 
{x € X | f(x) < r}] is open for each r € R: if X is a convex set in a 
linear space, then f is quasi-concave [respectively quasi-convex] if {a € X | 
f(x) > r} [respectively {x € X | f(x) < r}] is convex for each r € R. 


(1.4) THEOREM (von Neumann-Sion minimax principle). Let X and Y 
be compact convex sets, and let f: X x Y — R satisfy: 
(i) yr f(z,y) ts Ls.c. and quasi-convez on Y for eachz € X, 
(ii) rr f(x,y) is u.s.c. and quasi-concave on X for fixedy EY. 
Then 
max min f(z, y) = min max f(z, y). 
x y y L 


PRoorF. Because of upper semicontinuity, max, f(.r.y) exists for each y and 
is a lower semicontinuous function of y so min,, max, f(x. y) exists: similarly. 
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max, min, f(.r,y) exists. Since f(,y) < max, f(x,y), we have 


min f(x,y) < min max f(z, y); 
y : 


therefore 
max min f(r, y) < min max f(x. y). 
r y y r 


We shall show that strict inequality cannot hold. For assume it did; then 
there would be some 7 with 


max min f(x,y) <r < minimax f(z, y). 
xr y y r 


Define S.T : X — 2° by 
Sr={y|f(ay)>r} and Tr= {y| f(z.y) <7}. 


These set-valued maps would then satisfy the conditions of Theorem (1.3): 
Each Sz is open by the lower semicontinuity of y + f(z,y), each Tz is 
convex by the quasi-convexity of y +> f(z,y), and is nonempty because 
max, min, f(x,y) <r Since 


Sty={x| f(xy) >r} and Toly= {x| f(z,y) <r}, 


we find in the same way that each S~'y is nonempty and convex, and each 
T~ty is open. Thus, S € F*(X,Y) and T € F(X,Y); then by (1.3), there 
would be some (29, yo) with yo € Sx9 NT xo. which gives the contradiction 
r< f(x0,yo) <r. O 


b. Analytic formulations of the geometric results and minimax inequalities 
We now give analytic formulations of the geometric results (1.2) and (1.3). 


(1.5) THEOREM. Let X be a compact conver set, and let fig: XxX OR 
satisfy: 
(i) yr f(z, y) is lLs.c. for eachz € X, 
(ii) cr f(x,y) is quasi-concave for each y € X. 
Then, for any A € R, one of the following properties holds: 
(a) there exists a yo € X such that f(x, yo) < A for all x EX, 
(b) there exists aw € X such that f(w,w) > Xd. 


PRoor. Let A € R and define S: X — 2* by Sx = {y © X | f(x. y) > A}. 
According to (i) and (ii), S has open values and convex fibers. The map S is 
either not surjective, or surjective. In the first event, we have S~!yg = @ for 
some yo € X, ie., f(z, Yo) < A for all « € X, and thus property (a) holds. 
In the second event, by the Fan—Browder theorem (1.2), S has a fixed point 
w € Sw, and therefore f(w w) > \. O 
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(1.6) THEOREM. Let X and Y be two compact convex sets, and let f.g: 
XxXY OR satisfy: 
(i) f(z, y) < g(x,y) for all (x,y) EX x Y, 
(ii) yr f(x,y) is Ls.c. on Y for eachze X, 
(iii) cr f(x,y) is quasi-concave on X for eachy EY, 
(iv) yt g(x,y) is quasi-convez on Y for eachx € X, 
(v) zr g(x,y) is u.s.c. on X for eachy EY 
Then, for any  € R, one of the following properties holds: 
(a) there exists a yo € Y such that f(z, yo) < A for allx EX, 
(b) there exists an xo € X such that g(xo,y) > 2 for ally EY. 


ProoF. Let \ € R; we define S: X — 2¥ and T: Y — 2* by 
Scx={yeY| f(x,y) >A} and Ty= {re X | g(x,y) < A}. 


According to (ii)—(v), both S and T have open values and convex (possibly 
empty) fibers. Observe now that either 
(x) one among S and T is not surjective, or 
(xx) both S and T are surjective. 

Consider first the event (*): if S is not surjective, then for some yo, we 
have S~!y = @, ie., f(z, yo) < > for all x € X, and thus the property (a) 
holds. Similarly, if T is not surjective, then (b) is satisfied. In the event (*«), 
both S and T would be F*-maps, and therefore, by Theorem (1.3), there 
would be some (9, yo) with yp € StpNT—'x9, which gives the contradiction 
A < f(x, Yo) < 9(20, Yo) < A. Thus, the case (+**) is excluded, and the proof 
is complete. O 


Theorems (1.5) and (1.6) imply at once two general principles in the 
topological KKM theory. 


(1.7) THEOREM (Fan minimax inequality). Let C be a compact conver 
set, and let f:CxC—-R satisfy: 
(i) yr f(x,y) is Ls.c. for each x € C, 
(ii) x f(x,y) is quasi-concave for each y € C. 
Then the following minimax inequality holds: 
inf sup f(x,y) < =p f(z, 2). 
yEC rEC 
Proor. We may assume that A = sup, ¢c f(z,z) < oo. By (1.5), there is a 
yo € C such that f(z, yo) < A for all  € C. Then sup,eg f(z, yo) < A and 
inf sup f(z,y) < sup f(z, yo) <A. 0 
yEC rEC 
(1.8) THEOREM (F.C. Liu minimax inequality). Let X and Y be compact 
convex sets, and let f.g: X x Y > R satisfy: 


146 II. Theorem of Borsuk and Topological Transversality 


(i) f(r.y) < 9(z,y) for all (x,y) EX XY, 

(iti) yro f(a.y) is Ls.c. on Y for eachzre X, 
(iii) rr f(a, y) is quasi-concave on X for eachy EY, 
(iv) yr g(x,y) is quasi-convez on Y for each zx € X, 
(v) rt g(z.y) is u.s.c. on X for eachy EY 
Then 


a = inf “uP f(z: y) < sup inf 9(z,y) = f. 
yey rex rEx yEY 

PROOF. Suppose that the inequality does not hold. Then for some 4 € R 
we have B < \ < a. We now apply (1.6): assume there is a yo € Y such 
that f(r. yo) < A for all z € X; then a = infycy sup,cx f(z.y) S<A<a,a 
contradiction. 

In a similar way, the assumption that for some xp € X, g(xo. y) = A for 
all y € Y leads to a contradiction. O 


We observe that by taking f = g in (1.8), we obtain as a special case the 
von Neumann-Sion theorem (1.4). 


c. Applications to fixed point theory. Theorems of Tychonoff and Schauder- 
Tychonoff 


We now give the simplest applications of KKM-maps to fixed point theory. 
First we extend Theorem (5.8.4) to normed spaces. 


(1.9) THEOREM (Fan). Let C' be a nonempty compact convex set in a 
normed space E.. Let f : C — E be continuous and such that for each 
xeéeC with « # f(x) the line segment (x, f(x)] contains at least two 
points of C. Then f has a fized point. 


Proor. Define G: C — 2° by 
Gr ={yEC| |ly— full < llz— fyll}. 


Because f is continuous, the sets Gz are closed, therefore compact. Clearly, 
G is strongly KKM, and hence because C' is convex, it is a KKM-map. By 
the topological KKM-principle, we find a point yo such that yo € 1\{Gz | 
x € C}, and hence ||yo—fyoll < |lz—fyoll for all z € C. We claim that yo isa 
fixed point: if not, the segment [yo, fyo] must contain a point of C other than 
Yo, Say = tyo+(1—t) fyo for some 0 < t < 1; then |lyo— fyoll < tllyo—fyoll, 
and since t < 1, we must have ||yo — fyol| = 0 O 


The theorem just proved implies that any continuous self-map of a com- 
pact convex set in a normed space has a fixed point. We extend this result 
to arbitrary locally convex spaces. 
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(1.10) THEOREM (Tychonoff). Let C be a nonempty compact convex set 
in a locally convex linear topological space E. Then every continuous 
F:C—-4C has a fized point. 


ProoF. Let {p;}:ez be the family of all continuous seminorms in FE. For 
each 2 € I set 


A; = {y€C | pi(y — Fy) = 0}. 


A point yo € C is a fixed point for F if and only if yo € (),;¢, Ai. By 
compactness of C' we need to show only that each finite intersection A;, M 
---MA;, is nonempty. Given (i1,...,in) define G:C — 2” by 


Gz={yec| Yave-Fo < ops (e—Fu)} 


It is easily seen that G is strongly KKM, and so KKM since C is convex. 
By the topological KKM-principle there is a point yg € C such that 


Spi, (yo — Fyo) < S>pi,(z—Fyo) for alle EC. 


j=l j=l 
Therefore, p;, (yo — Fyo) = 0 (1 <j <n), and thus y € Aj, N---NA;,. O 


Using Theorem (1.5) we now extend the Schauder fixed point theorem 
to locally convex spaces. We first establish two preliminary results. 


(1.11) LEMMA. Let E be a locally convex linear topological space, X C E, 
and let f : X — X be a compact map. Letting V be the system of all 
open symmetric conver neighborhoods of zero in E, assume that for 
each U € ¥, f has a U-fized point (i.e., a point to € X such that 
f(%o) — xp € U). Then f has a fized point. 


PROOF. Suppose to the contrary that f has no fixed points. Then for each 
x € X we can find V,,W, € V such that: 

(i) (e+ Vi) N (f(z) + Wz) = 9, 

(ii) f((2 + Vz) NX) C f(z) + We. — 
Since f(X) is compact, there is a finite set {21,....2%} C f(X) C X such 
that 


k 
f(X) CU (2 + 3Ve,)- 
i=1 
Define U = () {4 Vz, |¢ =1,..-,k} and let x be any point in X. For some i, 
we have f(x) € 2; +4Vz,. We claim that x ¢ x; +Vz,: if not, we would have. 
because of (ii), f(x) € f(zi) + Wz,, and therefore, by (i), f(z) 2; +Vz,. 
which is a contradiction. Thus x ¢ 2; + Vr,: since f(x) + $Vz, C xi + Vz,. 
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we infer that « ¢ f(r)+5V;,, and therefore x— f(x) ¢ U. This implies that 
f has no U-fixed points; we have thus obtained a contradiction. 0 


(1.12) LEMMA. Let C be a nonempty compact convex subset of a linear 
topological space E, U an open symmetric convex neighborhood of 0, 
and f : C — E a continuous map such that f(C) C C+U. Then f 
has a U-fixed point. 


PROOF. Define T : C — 2° by Tx = {y EC | y € f(x) +U} = CN(f(z)+U) 
for x € C and note that the values of T are nonempty and convex and its 
fibers T~!y = {x € C | f(x) € y — U} are open (by the continuity of f); 
thus T € F(C,C). Now (1.2) gives a point rp € f(ro) + U 0 


(1.13) THEOREM (Schauder-Tychonoff). Let C' be a nonempty convex sub- 
set of a locally convez linear topological space E, and let F: C + C 
be a compact map. Then F has a fized point. 


PROOF. Let V be a convex symmetric neighborhood of zero. By Lemma 
(1.11), because E is locally convex, it is enough to show that F has a V- 
fixed point, i.e., a point 9 such that F(x) € 79 + V Let {x; + V}*_, be 


a finite covering of the compact set F(C), and let A = conv{2zi,..., rx}. 
Since F(K) Cc K + V, there exists by Lemma (1.12) a point 7 € K CC 
such that F(xp) € 79 + V O 


d. Fixed points in spaces with sufficiently many linear functionals 


We now establish some general fixed point results in linear topological spaces 
with sufficiently many linear functionals. We recall that given such a space 
E, its adjoint E* separates the elements of EF. By the Hahn-Banach theorem, 
every locally convex space has sufficiently many linear functionals. 

In this subsection & stands for a linear topological space with sufficiently 
many linear functionals. 

We first give some extensions of Theorem (1.9). 


(1.14) THEOREM. Let C' be a nonempty compact convex subset of E. Let 
f :C — E be continuous such that for each y € C with y # f(y) 
there exists a A (real or complez depending on whether E is real or 
complex) with |\| < 1 and Ay + (1—A)f(y) € C. Then f has a fixed 
point. 


ProoFr. Assume f(y) # y for all y € C and consider the compact set 
K = {y— f(y) | y € C}; clearly, 0 ¢ K. For cach x € K there is a 
linear functional 1; € E* with 1,(x) 4 0; by continuity of 1, there is a 
neighborhood U; of x such that l,(y) # 0 for all y € U;. Let {U;,,...,Uz,} 
be a finite subcovering of the covering {U;}+eK of the compact set K and 
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put p(y) = an \l,,(y)| for each y € E. Then p is a continuous seminorm 
on F& such that p(y) > 0 for all y € K. For this seminorm we apply, as in 
(1.10), the topological KKM-principle to get yo € C such that 


(*) 0 < p(yo — f(yo)) < p(z—f(yo)) forall zeC. 


By the hypothesis applied to yo, there exists a A with |A| < 1 such that 
z= Ayo + (1 —A)f (yo) € C. Then from (*) we get 


0 < p(yo — f(yo)) < |Alp(yo — f(yo)), 


and since |\| < 1, this is a contradiction. O 
As a special case of Theorem (1.14) we obtain 


(1.15) THEOREM. Let C' be a nonempty compact convex subset of E. Let 
f:C — E be continuous and such that for eachx € C with x # f(z), 
the line segment [x, f(x)] contains at least two points of C. Then f 
has a fized point. oO 


As our last result we derive a version of a fixed point theorem due to 
F. Browder and B. Halpern. 
Let C' be a convex subset of a vector space E; for each z € C, let 


Io(z) = {ye E| y= 2+ X(yo — Z) for some y € C and A > 0}, 
Oo(2) = {y € E| y= x— A(yo — z) for some yo € C and A > 0}. 


A map f : C — Eis said to be inward (respectively outward) if f(x) € I¢(z) 
(respectively f(z) € Oc(x)) for each x € C. 


(1.16) THEOREM. Let C be a nonempty conver compact subset of a linear 
topological vector space E with sufficiently many linear functionals. 
Then every continuous inward (or outward) map f : C — E has a 


fixed point. 


PROOF. The case of an inward map follows directly from (1.15); if f is 
outward then g : C — E given by x +> 22 — f(z) is inward with the same 
set of fixed points as f, and the conclusion follows. O 


e. Fan intersection theorem and Nash equilibria 


In this subsection we give another application to game theory by establishing 
a general version of the Nash equilibrium theorem. 

We begin by introducing some special notation and terminology that 
will be used in our discussion. Let Xj,...,Xn be topological spaces and 
X = J]j_, Xj. For each i € [nl], we let X* = J],,,;Xj; and denote by 
pi: X + X,, p' : X — X* the corresponding projections. Given z,y € X 
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and letting p;(.r) = x1; and p'(y) = y* we write 
(yi) = (un, oe 09-15 Yi, Vigds--- :En) EX = X, x X* 


Observe that given any map S : X? — 2*:, its graph Gg is contained in X. 

Assume for each 7 € [n] we are given a function g; : X — R. A point 
t EN is said to be a Nash equilibrium for the system {g1,.--,9n} provided 
for each 7 € [n] we have 


gi(Z) = max{gi(z;, 2’) | zaE€ X;}. 
The proof of the theorem of Nash relies on the following geometric result: 


(1.17) THEOREM (Fan intersection theorem). Let X,,...,Xn be compact 
convex sets, let X = IVe1 X;, and suppose we are given a set-valued 
map S; € F(X‘, X,) fori € [n] (or equivalently S~* € F*(X;, X*) for 
i € [n]). Then each of the following equivalent properties holds: 

(a) the intersection (),_, Gs, is nonempty, 
(b) there is an €X such that Z; € S;(Z*) for each i € [n]. 


PROOF. Define T : X — 2* by 


(i) Tx ={y €X | y; € S;(z*) for each i € [n]} = TT sil. 
i=] 


For y € X we have 


n 
(ii) T ly = {xe X | y; € S;(z*) for each i € [n]} = () X; x Sp" (yi). 
w=1 
According to (i) and (ii), the values of T are convex and nonempty, and the 
fibers of T are open. Thus T is an F-map, and therefore by Theorem (1.2) 
it has a fixed point Z; this means that % € ()7_, Gs,. 0 


We now give an analytic formulation of the intersection theorem. 


(1.18) THEOREM. Let X),...,Xn be compact convex sets, let X =[J'_, Xj, 
and let fi,...,fn:X 7 R satisfy: 
(i) 2? + fi(yi, 2") is Ls.c. on X* for each y; € X,, 
(ii) yi f,(y;, 2") is quasi-concave on X; for each x? € X?, 
(iii) for each i € [n] and x' € X* there exists a y; € X; such that 
filyi,z") > 0. 
Then there exists an = € X such that f;(Z) > 0 for each i € [n]. 


PRooF. For each i € [n] define S; : X* — 2* by S;(x*) = {y © X; | 
Ffily,z’) > O}. We note that S; is in fact an F-map: each set $;(z*) is 


convex by the quasi-concavity of y; + f;(y;,z') and is nonempty because 
of (iii). 
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Since S7*(y;) = {x' € X* | fily;, 2%) > O}, each fiber of S; is open 
by lower semicontinuity of z* + f;(y;,2') on X'. Thus Sj..... Sn satisfy 
the conditions of the intersection theorem (1.17), and hence we get a point 
= € X such that Z; € S;(Z") for each i € [n]. By the definition of 5;. this 
means that f;(Z) = f;(Z;, Z*) > 0 for each i € [n]. 0 


We are now in a position to establish the fundamental result: 


(1.19) THEOREM (Nash equilibrium theorem). Let X1,....Xn be compact 
conver sets, let X = |]'_, Xj, and let g1,....9n : X — R be con- 
tinuous. Assume that for each y € X and each i € [n] the function 
Lit gi(zi,y*) is quasi-concave on X;. Then the system {g1,.-..9n} 
admits a Nash equilibrium point. 


ProoF. For ¢ > 0 and i € [n], we first define h;, f; : X — R by 
xt+hi(x) = h;(2;, 2") = max{g;(z, 2") | % € Xi}, 
ar fi(x) = gi(x) —hi(x) +e. 


and we let Q- = {x € X | f(x) > 0 for each i € [n]}; since for each 7 € [n]. 
the uniform continuity of g; implies that h; is continuous, it follows that the 
set QO. is compact. 

We claim that Q, is not empty. To see this, observe that the conditions of 
(1.18) are satisfied for the continuous functions f1,..., f,: indeed, for each 
i € [n] we have: 

(a) ti fi(zi,y’) = gi(zi,y*) — max{gi(z:,y') | 21 © Xi} +e is quasi- 

concave on X; for each 7’ € X°, 

(b) for any y* € X? there exists an x; € X; such that f;(2x;,y") > 0. 
Applying (1.18), we get a point  € X such that f;(Z) > 0 for all z € [n], 
and thus Q, is not empty. 

Consider now the decreasing family {Q- | ¢ > 0} of nonempty compact 
sets and take a point = {%;} in the intersection Q = [){Q- | € > 0}. By 
the definition of Q, for any z € [n] we have 


gi(Z) > max{g;(z;, 2") | 21 € Xi}—e for alle > 0, 


and therefore g;(Z) = max{g;(z;,Z) | =, € Xi}. Thus = {%;} is a Nash 
equilibrium for the system {g1,..-,9n}- 0 


2. Some Applications of the Antipodal Theorem 


a. Measure theory 


Given a Lebesgue measurable set A C R”, we denote its measure by (A), 
and for any z € R”, its translation {a + x] a € A} by A’. 
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(2.1) THEOREM (Kuratowski-Steinhaus). Let A = [po,.--,Pn] be an n- 
simplex in R" that contains the origin 0 € R” in its interior, and 
for eachi = 0,...,n, let M; be the cone consisting of the union of 
all the rays joining 0 to the points of the (n — 1)-dimensional face 
[Po.-++sDi-1sDit1s--->Dn] of A. Then given any bounded Lebesgue 
measurable set A with p(A) =1 and any n +1 nonnegative numbers 
[lor--->pin with >>, = 1, there exists at least one y € R” with 
p(AIN AL.) = pw, for eachi=0,...,7. 


Proor. Let K, = {x € R™ | ||z|| < r} and S, = OK,. Choose r so large 
that for each x € S,, the set A™ does not meet at least one M;. and for 
each i = 0,...,7, either A7N M, or A~*7 N AI, is empty. For y € K, and 
os | ere n, let A;(y) = w(AY N M;); using the properties of the Lebesgue 
measure, the functions 4; can be shown to be continuous, and by the usual 
additivity properties of measure, )~;__, u(y) = 1 for each y € K;,. The rule 
y t+ >-2,(y)p, therefore defines a continuous map f : K; — A. By the 
choice of r, for each x € S; at least one 4;(7) = 0 so f|S, : S, — OA; and 
since at least one of A;(z),A;(—zx) is zero, it follows that f(x) # f(—x), and 
hence f|S, is not nullhomotopic. Thus f : K, — A is surjective. and any 
y € f—1(>- wii) satisfies the required conditions. oO 


As another application, we have 


(2.2) THEOREM. Let Afy,..., Af, be n bounded measurable subsets of R”. 
Then there exists an (n — 1)-dimensional flat that simultaneously bi- 
sects each one of Al,,..., Mh. 


ProoF. Identify R” with the subspace {z1,...,2n,0} C R"*}; for each x € 
S" c R"*!, let L, be the n-dimensional flat of R"+} that passes through 
(0,...,0,1) and is perpendicular to the vector x. For each r = 1,...,n let 


f,(x) = measure of the part of AZ, that lies on the same side of L, as 
does x + (0,...,0,1). 


It can be verified that f, is a continuous real-valued function on S", so 
that x +> (fi (z),...,f,(x)) defines a continuous map f : S" — R". By 
the Borsuk-Ulam theorem, there is at least one point x € S" with f(z) = 
f(—2z) so that f,(z) = f-(—2x) for each r = 1,...,n. Since L, = L_, and 
x+(0,...,0,1),—2 + (0,...,0,1) are on opposite sides of L,, this means 
that L, bisects each AJ;. Thus, L,9.R” is an (n —1)-dimensional flat in R” 
that bisects each of AQ,,..., Afp. O 


b. Periodic transformations 


(2.3) THEOREM. Let T: R™ — R” be any homeomorphism. If TT(a) =a 
for alla € R", then T has a fixed point. 
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PROOF. Let a € R”; we can assume T(a) # a. The sphere S” contains 
in natural fashion the sequence S° C S' Cc --- C S"—! C S", each sphere 
being the equator of the next; we shall define, by induction, an f : S" — R” 
satisfying f(—x) = T f(x). For S°, the map f(+1) =a, f(—1) = Ta clearly 
satisfies the requirement. Assuming f defined on S*, extend f in any way 
over the northern hemisphere Sih Cc S*+1, and then extend over S*t! by 
the formula f(—x) = T f(x). This completes the induction. By the Borsuk 

Ulam theorem, the map f : S" — R” must have some zp € S” with 
f(—zo) = f(Xo); therefore, f(x) = Tf (zo), and T has a fixed point. O 


c. Geometry of Banach spaces 


The following result of Krein—Krasnosel’skii--Milman plays an important role 
in perturbation theory for linear (unbounded) operators: 


(2.4) THEOREM. Let M and N be linear subspaces of a finite-dimensional 
Banach space (E. || ||). If dim M > dim N, then there is an x9 € AL 
such that 

dist(xo, N) = ||zol| > 0. 


PROOF. Suppose first that the norm || || in E is strictly convex: ||x + y|| < 
\|x|| + ||y|| whenever «x, y are linearly independent. It is then easily seen that 
each x € & has a unique nearest point y = f(x) in N and that r+ f(z) 
is continuous. Furthermore, the map f : E — N has the property f(—z) = 
—f(x) for all « € E. Consequently, applying the Borsuk theorem (5.5.2) to 
f\Sur : Sut — N we obtain a point xo € Sar such that f(zo) = 0. Clearly. 
Zo is the required point. 
In the general case, choose a basis y!, y”,...," in E* and define 


1 1/2 
Jem = {lal + art + (ea) Ib 


\|z||m is a new and strictly convex norm in E. For each m = 1,2,... there 
is an tm € AM with distm(2m. N) = |\zm|lm = 1. Since ||zm|| < |ltmllm = 1. 
the sequence {xm} contains a convergent subsequence relative to || ||; the 
limit 29 of this subsequence satisfies the requirements of the theorem. O 


As an immediate consequence we get 


(2.5) THEOREM. Let Af and N be linear subspaces of a finite-dimensional 
Banach space (E, || ||). Suppose 


sup dist(z,N)<1 and sup __ dist(y, AJ) < 1. 
[zl|<1, rE M lyll<i. yEN 


Then dim Af = dim N. oO 
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3. The Schauder Theorem and Differential Equations 


In this section we give two applications of the Schauder fixed point theorem 
to differential equations. We first describe the simplest scheme that is used 
for these applications. 

Let U. B, E be normed spaces. In the following we shall be given a linear 
operator L: U — B, a completely continuous embedding j : U — E anda 
coutinuous operator G : EF — B that is bounded on bounded sets; we seek to 
place conditions on G to ensure that the nonlinear equation L(u) = Gj(u) 
will have a solution. The approach used here relics on the invertibility of 
the linear operator L: for if LZ is invertible, the question is equivalent to the 
fixed point problem u = L7!Gj(u) for the completely continuous nonlinear 
operator L~'Gj : U — U; we can then place restrictions on G to ensure that 
some fixed point principle (or topological transversality) can be applied. 

Thus, showing the operator LE to be invertible is crucial in this approach 
to existence theorems, and in our applications we will encounter two methods 
for doing this. In the first, L is bijective, and its invertibility follows from the 
Banach inverse mapping theorem; in the second, the Schauder invertibility 
theorem and appropriate a priori bounds are required. 

Observe that with an invertible L, the problem of solving L(u) = Gj(u) 
is in fact equivalent to the fixed point problem for any one of the nonlinear 
completely continuous operators L-'Gj :U > U,jL-'G: E— E, GjL7!: 
B — B; because the expression for the norm may be especially simple in 
one of the spaces U, B, E, it may be more convenient to verify that for a 
given G, some one rather than another of these operators has a fixed point. 


a. Initial value problem (Peano’s theorem) 


On the interval (0.T], consider the initial value problem 


du 
—_—_- = wu), oe es 
7 g(t.u), O<t<T 


u(0) = 0. 
If we let 
Co = {u € C"'[0,T] | u(0) = 0}, 


then the linear operator d/dt = L : C} — C[0.T] is clearly bijective with 
inverse 


t 
L7 (f)(t) =| f(x) dr = u(t). 
0 
We verify that L~} is continuous by an a priori estimate: Recall that the 


norm in C@ is ||u||; = max{]lul|, |]u"|]}, where || || denotes the supremum norm 
on [0,7]; since |u|] < Tl] Lull from the above formula, and ||u’|| = ||Zul], we 
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find |lull1 < (T+1)||Lul]. So, ifu = L-1(f), we have ||L~"(f)ll, < (T+1)|NF- 
and L~! : C[0,T] — C} is therefore continuous. We now prove 


(3.1) THEOREM (Peano). Let g : [0,T] x R — R be a bounded continu- 
ous function. Then the initial value problem above has at least one 
solution u € Cj. 


PROOF. Let C' = C[0, 7], let G : C — C' be the operator G(u)(t) = g(t. u(t)). 
and let 7 : Ci — C be the natural embedding. The problem is to show 
that L(u) = Gj(u) has a solution or equivalently, because L is invertible. 
that the operator jL~1G : C — C has a fixed point. Since j is completely 
continuous and G is bounded (because g is), the operator 7 L—'G is compact. 
By Schauder's theorem 7L7!G has a fixed point. Oo 


b. Two-point boundary value problem 


On the interval [0, T], consider the two-point boundary value problem 


2 
= g(t,u(t),u(t)), O<t<T, 
u(0) = u(T) = 


Letting 
C2 = {ue C? | u(0) = u(T) =0} 


and L = d?/dt?, we begin by studying the linear operator L : C2? — C(0.T]. 
This operator is in fact bijective: if 


x 
t) oT nis . nit 
(s, = ae 5 sin ——- sin — 
— T 


is the associated Green's function, then the inverse is given by 


aT 
u(s) = L7+(f)(s) = -f K(s.t) f(t) dt 


We verify (directly) the continuity of L~}: Recalling that the norm in 
C? is |lullo = sup{\lull, |lu’|].||u|[} and observing from the formula for 
the inverse that each of ||ull, ||u’||, ||u’’|| is bounded by some multiple of 
\|Lul|, we find that ||u|l2 < A||Lull, and therefore the “smoothing operator” 
—! : C[0,T] — C2 is continuous. 
We now establish 


(3.2) THEOREM. Let g: [0,7] x Rx R — R be a bounded continuous 
function. Then the two-point boundary value problem above has at 
least one solution u € C2. 
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Proor. Defining G : C'[0,T] — C[0,T] by G(u)(t) = g(t, u(t), u'(é)) and 
letting j : Cg — C!{0,T] be the embedding, we have the problem L(u) = 
Gj(u). Since C[0,T] has the simplest expression for its norm, we reduce 
this problem to the equivalent problem for GjL~! : C — C. Since jL7} 
is completely continuous, because j is, and since G is a bounded operator 
because g is bounded, we conclude that 7” 'G is compact, and therefore, by 
Schauder’s theorem, it has a fixed point. This implies that Fix(GjL~1) # 0, 
and thus the desired conclusion follows. O 


4. Topological Transversality and Differential Equations 


In this section we give an application of topological transversality to differ- 
ential equations. The approach presented here was first introduced by Leray 
and Schauder in the context of degree theory for compact fields, and has 
proved to be a powerful tool in the treatment of various nonlinear problems. 
We will treat in full detail a problem for ordinary differential equations, 
by establishing a version of a classical result of S. Bernstein. 
Consider the two-point boundary value problem 


ut ae t ‘), 
Dp y" = flt.yy 
i {Hoy 20 at 
where f = f(t,y.p) is defined and continuous in [0,1] x R?. We shall im- 
pose conditions on f that are milder than those in the previous section and 


indicate the “a priori bounds” technique that permits applying topological 
transversality to obtain the existence of a C’?-solution to the above problem. 


(4.1) LEMMA. Assume that f : [0.1] x R? — R satisfies: 
(i) there is a constant Aly > 0 such that yf(t. y.0) > 0 for |y| > Al, 
(ii) there are constants A,B > 0 such that for all (t.y.p) € [0,1] x 
[—ALo. Alo] x R, 
|f(t.y.p)| < Ap? + B. 


Then there is a constant My, such that if y is a solution to (#), then 
ly(t)| < Mo and |y'(t)| < AL, for allt € (0.1). 


PROOF. We first show that (i) implies an a priori bound on a solution. Let 
y € C*(0,1] be a solution to (7); assume that y # 0. Then the function 
y+ |y| must attain a positive maximum at ty € (0,1); supposing y(to) > 0, 
we have 


0> y"(to) = f(to, y(to),0), (to) (to, y(to), 0) < 0, 


and the last inequality holds also if y(t9) < 0. By assumption (i) it follows 
that |y(to)| < fo, and hence |y(t)! < Aly for all t € [0, 1]. 
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Now assuming that y is a solution to (#), we establish an a priori 
bound on y’ Since y’ vanishes at least once in (0, 1], each ¢ € [0.1] for which 
y'(t) #0 belongs to an interval [a,b] such that y’ has a fixed sign on [a. }] 
and y’(a) = 0 and/or y’(b) = 0. Let us take such an interval [a. b] and to be 
definite assume y'(a) = 0, y(t) > 0 for ¢ € [a,b]. Then from (ii), 
2Ay'y" 


pe A = get 
Ay? +B = 2Ay’ on {a, }], 


d 
ay tos Ay °+B)= 


and integrating from a to t yields 
Ay'*(t) + B 


log 3 


< 4ANI, 


and hence 


1/2 
ly'(é)| < alee - )} = Nf, on [a,8). 


The other possibilities that might occur are treated similarly, and the 
same bound |y’(t)| < Af; is obtained on the entire interval (0. 1]. 0 


(4.2) THEOREM. Assume that f = f(t,y,p) is continuous and satisfies: 
(i) there is a constant Mo > 0 such that yf(t, y,0) > 0 for |y| > Mo, 
(ii) |f(t, y,p)| < A(t, y)p?+B(t, y), where A, B are functions bounded 
on each compact subset of [0,1] x R. 
Then. there exists a solution y € C?[0.1] to problem (#). 


PROOF. Consider the family of problems 
“=Af(t.y.y’), 
G y 
on { yo) Oye) 
depending on the parameter \ (0 < A < 1), joining the problem (#) to the 
corresponding problem y” = 0, y(0) = y(1) = 0, whose (unique) solution 
is y = 0. We claim that there are constants Aly, AN, Afa such that for each 
solution y to (#), 
(*) ye] < Ao, ly) Sah. ly"(f)| < Ab 
for t € [0,1]. Clearly, the bounds for y and 2/ follow from (4.1); the bound 
on y” follows from the continuity of f on [0.1] x [—Alo. Mo) x [-Ah. AN]. 
Let C2? = {u € C? | u(0) = u(1) = 0}. Consider the linear operator 
L : C2 = C given by u + d?u/dt?, the family of maps T, : C1 — C 
(0 < \ < 1) defined by 
(Tyv)(t) = Af(t, v(t). v'(é), 
and the completely continuous embedding j :C? + C? Let 
r= 1Ttmax{Al, Al;,. Al}. 
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where Af). Al,;. Ala are the constants in (*), and A; = {u € Cs | [ello <r}. 
Since L: C? — C' is invertible, we can define a homotopy H) : A; > C? by 
Hy = L7'T)/. It is easily seen that the fixed points of H) are precisely the 
solutions of (.)): therefore, by the choice of r and (#) the homotopy A) is 
fixed point free on the boundary of K,. Moreover (because of the complete 
continuity of j), the homotopy H is compact. Since Hy is a constant map 


(Ho(A\,) = {0}), it is essential. Because Hy ~ Hy. topological transversality 
shows a Hy, is also essential; in particular, H, has a fixed point which is 
a solution to problem (¢7). 0 


As an immediate consequence, we have 


(4.3) THEOREM (Bernstein). Assume f = f(t. y.p) has continuous partial 
derivatives fy and f, and satisfies: 
(i) fy2k>0. 
(ii) |f(t,y.p)| < A(t.y)p? + Bit. y), 
where k is a constant and A,B are functions bounded on compact 
subsets of [0,1] x R. Then there exists a solution y € C*[0.1] to 
problem (7). 0 


5. Application to the Galerkin Approximation Theory 


Let E be a normed space, U C E open. and F : U = E acompact operator. 
We seek numerical solutions (assumed to exist) of the equation 4 = F(z) 
in U. One method for finding at least approximate solutions consists in “ap- 
proximiating™” the given equation on U by an equation « = F-(.°) for which 
an exact solution x, can be found; it is hoped that the “approximating” 
equation « = F,(x) can be selected so that zr, will in fact be an approxi- 
mate solution of the given equation r = F(z). This theory underlies various 
specific methods for the numerical solution of operator. integral. differential. 
etc., equations. One scheme for this program, called the perturbed Galerkin 
method, is the following: Let Lj, be a sequence of closed linear subspaces 
of FE, and let P, : E — Ly be projections. Choose a compact operator 
Fr: UNL, — Ly (the “approximation” to F) and measure the degree of 
approximation of F;, to F by the smallness of the operators 


Tn = Fy —P,oF:UNLn Lyn, Spy =F-P,oF:U0 OE. 


The equation r = P, F(.r) in L,, is called the associated Galerkin equation: 
and r, = F, (rn) in L, is called the perturbed Galerkin equation. 

We give conditions under which the perturbed Galerkin method provides 
approximate numerical solutions for the given equation. For a set X C E 
we write X, = XN Lp. 
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(5.1) THEOREM. Let F € %py(U,E) be an essential compact operator. 
Assume that subspaces Ly and compact operators F,, : U, —~ Ln are 
chosen so that 

sup ||F'(z) — P,F(zx)|| - 0 
zEU 


and 
sup ||F,(z) — PrF(zx)|| — 0. 
zeU, 
Then there is an N such that for alln > N, the set D, = {x € Uy | 
x = F,,(x)} of solutions of the perturbed Galerkin equation is not 
empty; moreover, sup, ex, E(Zn, 0) — 0, where Xp is the set of 
solutions of x = F(z). 
PROOF. Since F is fixed point free on OU, we have 
inf \|z — F(x)|| =a >0. 
Choose N, so large that 
sup ||F (xz) — P,F(x)||<a/2 for alln > Nj. 
au 


Then, by the proof of (6.4.8), PaF € 2u(U, E) is also essential, and there- 
fore, by (6.4.4), so is the restriction P,F|U, € au, (Un, Ln). Since 


° = > ; — 
inf lz — P,F(x)|| > inf cz — P,F(2)|| 
> inf || — F(x)|| —sup ||F(z) — PF (2)| 
OU 


>a-—a/2=a/2, 


we choose N > Nj so that supgy, ||Fn(z) — PrF(z)|| < a/4, and applying 
(6.4.8) again, we conclude that F,, € KHau,,(Un, Ln) is essential. Therefore, 
the set 2, of solutions is nonempty for alln > N. = = 

To prove the remaining part, we must know the sups on U and U,, (not 
just on OU and OU,,, as has been enough up to now). Choose any € > 0 and 
draw a ball B(z,ez) C U with €, < € centered at each x € Lp; the union 
of these open balls is denoted by 1G. Since F is fixed point free on U — 46, 
we have infg_ y¢ ||t — F(x)|| = a > 0. 

Now, if 2 € Lz N(U — Z$), then 

\|c — Fy(x)|| > ae — ||F(z) — PaF(z)Il — |PaF (2) - Fr(2)|): 

so that ||z — F,(z)|| > ae/2 on UNL, — £* for all n larger than some neg. 
But x — F,(z z) = 0 for all x € Xp, so for all n > ne the set DU, C Un is 


disjoint from — XG; that is, Lp C 2G. Since € is arbitrary, the proof is 
complete. O 
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(5.2) Corottary. Let U = {x | \|z — xol| < 6} and F € Hau(U, E) be 
an essential operator with the unique solution to = F (xo). Let F, 
and Ly be the compact operators and closed subspaces satisfying the 
requirements of the theorem. Then for all sufficiently large n the equa- 
tion xr = F(x) has at least one solution x, in U, and any sequence 
{rn} of these solutions converges in norm to xo. O 


6. The Invariant Subspace Problem 


Let E be a topological vector space. A closed linear subspace L C E is called 
nontrivial if L # {0} and L # E£; it is called an invariant subspace for a 
linear operator T: E — E if T(L) C L. 

In Hilbert space, it is well known that every completely continuous self- 
adjoint operator has a nontrivial closed invariant subspace; indeed, its spec- 
tral representation is directly based on the existence of such subspaces. 
Seeking to determine the structure of non-self-adjoint operators therefore 
raises the question: what types of operators have nontrivial closed invariant 
subspaces? The following result shows that the existence of such subspaces 
for an operator does not require the existence of an inner product: in any 
infinite-dimensional normed linear space, commutativity with some nontriv- 
ial completely continuous operator suffices to ensure their existence. 


(6.1) ‘THEOREM (Lomonosov). Let T be a continuous linear operator on an 
infinite-dimensional normed linear space E.. If there 1s a completely 
continuous linear operator h #0 such that Tok = kh oT, thenT 
has a nontrivial closed invariant subspace. 


PROOF. Let Comm(T) be the set of all continuous linear operators that 
commute with T; this set is not empty, since T € Comm(T). For each 
y #0, let LY = {Ay | A € Comm(T)}. Each Y, is a linear subspace: if 
A, B commute with T, then so also does A+ B; therefore, Ay + By € &,. 
Moreover, A(.%,) C Y%, for every A € Comm(T), since AB € Comm(T). 

If some Y,, is not dense in E, then0 4 Y,, # E, so Y,, is a nontrivial 
closed linear subspace; and since A(%,,) C A( 4) C Ly, for every A € 
Comm(T), and in particular for T, to complete the proof we need only 
consider the case where every .%, is dense in E. 

The subspace A—!(Q) is a closed linear subspace, and since AK is non- 
trivial, it is not &. Choose ro € E with K(r9) 4 0 and consider the 
open ball B(A(z9), || (70)||/2). It is clear that we can find a closed ball 
Q = B(xo,r) C K7!(B(K (29), ||K(z0)||/2)) such that 0 ¢ A'(Q); moreover, 
K(Q) is compact, as A is a completely continuous operator. Because Ly is 
dense in E for each y # 0, for each c € A(Q) we can find a D, € Comm(T) 
such that D,(c) lies in the inferior of Q. so by continuity, each c € K(Q) 
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has a ball Q.(€-) = B(c,€-) such that D.[Q-(€-)] C Q. Because A(Q) is 
compact, finitely many such balls cover K(Q), say Qe, (E1),---. Qe, (En): let 
De,,+-+;De, be the corresponding operators. 


On K(Q) let 


a;(c) = max(0,¢; — |lc—c; ll], 6;(c) = a sGile): es eee n, 


er Qj (c) 
and consider the map F': Q — E given by 


F(b) = >> BilK(b))D,[K (0)]. 


This is clearly a compact map. Note that 3;[/(b)] 4 0 implies that A(b) € 
Qe, (Ei), so that D,, [A (b)] € Q; thus, each value F'(b) is a convex combina- 
tion of points in Q, so F maps into Q. By Schauder's fixed point theorem, 
F therefore has a fixed point bp € Q, and in particular, bp # 0. 

Consider now the completely continuous linear operator W: EF — E 
given by 


n 
W = 5_ Bi[K(bo)]De, 0 K. 
i=1 
The set L = {y € E | W(y) = y} is a closed linear subspace; it is not {0} 
because bp € L; and it is not FE because W is completely continuous and F is 
infinite-dimensional. Thus, D is a nontrivial closed linear subspace. Finally, 


it is an invariant subspace for T: if y € L, then because T commutes with 
W we have W(Ty) = T(Wy) = Ty, so Ty € L and T(L) C L. oO 


As an immediate consequence, we obtain the following extension of a 
result of Aronszajn- Smith: 


(6.2) COROLLARY. Let E be an infinite-dimensional normed linear space. 
and T : E — E a continuous linear operator. If some iterate T” is 
completely continuous and nonzero, then T has a nontrivial closed 
invariant subspace. 


Proor. T commutes with T”. O 


Examining the proof of Lomonosov’s theorem more carefully gives the 
following extension for complex normed vector spaces. 


(6.3) COROLLARY. Let E be an infinite-dimensional complex normed linear 
space and T : E > E a continuous linear operator such that T # XI 
for all X € C. If there is a nonzero completely continuous linear 
operator K : E — E such that To kK = K oT, then all members of 
Comm(T) have a common nontrivial closed invariant subspace. 
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PROOF. We have seen in the proof of the theorem that if some .Zy is not 
dense in FE, then its closure , is the desired subspace. We therefore need 
only consider the case where every .Z, is dense. 

In that case, we have formed an invariant subspace for T’ to be the 
eigenspace {y € E | W(y) = y} of a completely continuous operator 
Wo: — E. According to Riesz’s theorem, every eigenspace of a completely 
continuous operator is necessarily finite-dimensional, so the invariant sub- 
space L produced in the second part of the proof is in fact finite-dimensional. 
Since T is a linear transformation of L into itself and T 4 AJ for all A, some 
cigenspace AJ = {u € E | T(u) = Eu} is nontrivial. If now A € Comm(T), 
then for each u € AI we have 


€A(u) = A(Eu) = AT(u) = T(Au), 


so that A(A/) C Al for each A € Comn(T) and AJ is the required invariant 
subspace. O 


7. Absolute Retracts and Generalized Schauder Theorem 


In this section we establish a general fixed point theorem that is formulated 
in purely topological terms and contains the Schauder theorem as a special 
case. We begin with the relevant facts from the theory of retracts. 


(7.1) DEFINITION. A space Y is called an absolute retract (or simply an 
AR) whenever (i) Y is metrizable and (ii) for any metrizable X and 
closed A C X each f : A — Y is extendable over Y. The class of 
absolute retracts is denoted by AR. 


It is evident that if Y is an AR, then every space homeomorphic to ¥’ is also 
an AR. 


(7.2) PROPOSITION. If Y is an AR and B is a retract of Y. then B is 
also an AR. 


PROOF. Let X be metrizable, A C X closed, and f : A — B a continuous 
map. Let r: Y — B be a retraction. Since }" is an AR, the map f has an 
extension F': X — Y over X; then ro F is the required extension for f. 0 


We shall now establish that every convex set in a normed linear space is 
an AR. This will be a consequence of a general extension theorem. 


(7.3) LEMMA. Let (X,d) be a metric space and {V | 4 € A} a nbd-finite 
open covering of X. Then there exists a partition of unity subordinate 
to the covering {V) |  € A}, i.e., a family {2 | \ € A} of continuous 
functions x, :X — T satisfying: 

(i) x(t) > 0 for all r EN, 
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(ii) (x) £0 if and only if x E Vy, 

(iii) for each x € X there is a nbd W of x such that only a finite 
number of x are not identically zero in W, 

(iv) Donen *a(2) = 1 for each z € X. 


PROOF. For each 4 € A we let 
d(x, X — Vy) 

ren U(z,X — Vy)’ 
and examine properties of the functions x). We first observe that the sum in 
the denominator is always finite: for d(x, X — V)) #0 if and only if .r € Vy, 
and since the covering is nbd-finite, «x lies in at most a finite number of Vy. 
Further, since {V) | A € A} is a covering, we have }°)., d(x.X — Vy) #0 
for each x € X, and so %(z) is well defined for each x € X. Now, each +) 
is continuous; in fact, for any x € X there is a nbd meeting only a finite 
number of the sets of the covering; in this nbd 2%) is explicitly given as a 
sum of a finite number of continuous functions, so 2 is continuous at each 
z € X. It follows easily that the family {2,} has properties (i)-(iv). O 


(x) = re XxX, 


(7.4) THEOREM (Dugundji extension theorem). Let X be any metrizable 
space and A C X a closed subset. Let E be any locally conver linear 
topological space. Then any f : A— E has an extension F: X — E 
with F(X) C conv[f(A)}. 


PROOF. Let d be a metric for X. Cover X — A by the balls 
{ B(x, d(x, A)) | x € X — A}; 
by Stone’s theorem, this cover has a nbd-finite open refinement {V) | A € A}. 
For each V) choose a Biv, 3d(v,, A)) > Vy; then choose an ay € A such 
that d(v,,a,) < 2d(v,, A). We calculate the position of V) relative to A in 
terms of the points a) we have selected: 
(i) d(v,, A) < 2d(v, A) for each v € Vj; for 
d(u,,A) < d(va,v) + d(v, A) < Bd(uy, A) + d(v. A), 


so the result follows. 
(ii) d(a,a,) < 6d(a,v) for every a € A and u € Vy; for 
d(a,ay) < d(a,v) + d(v.v,) + d(vy. ay) 
< d(a,v) + $d(vy, A) + 2d(uy, A) 
< d(a,v) + d(v, A) + 4d(v. A). 
Using the points a) we have selected and the functions 2) of (7.3) we are 
ready to define the extension. We let 
f(z) ifr@e A, 
os { Tear) flay) ifzeX—A. 


awa NOL 
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This function is evidently continuous at each point of the open set X — A, 
so only its continuity at the points of A needs to be proved. 

Let a € A, and let W 3 f(a) be an open set. Since E is locally convex and 
f continuous on A, there is a convex C and a6 > Osuch that f[ANB(a, 6)] C 
C CW Weare going to show that 


F([B(a,6/6)] CC CW, 


which will prove the continuity of F at a € A. 

Let x be any point of B(a,6/6) — A; it belongs to only finitely many sets 
Viecaias Vy, Then d(r.a) < 6/6, so since r € Vy,. we have d(a.ay,) < 6 
by (ii); therefore, all the ay, are in AN B(a,6); consequently, all f(ay,) are 
in C, and because F(x) = >>), %y, (7) f(aa,) is a convex combination of 
points of C. we conclude that F(x) € C. Thus F[B(a,6/6)] CW. and F is 
continuous at a. As F(X) C conv[f(A)] is evident. the proof is complete.O 


Since the values of the extension lie in the convex hull of f(A) we im- 
mediately get 


(7.5) THEOREM. Let C be any conver subset of a locally convex linear 
topological space. Then for every metrizable space X and any closed 
AC xX each f: A—C has an extension F: X — C. In particular. 
if C is metrizable, then C is an AR. O 


We now give two characterizations of the ARs in terms of a retraction 
property. 


(7.6) THEOREM. 
(i) A metrizable space is an AR if and only if it is a retract of every 
metrizable space in which it 2s embedded as a closed set. 
(ii) A metrizable space is an AR if and only if it is a retract of some 
normed linear space. 


PROOF. (i) Suppose Y’ is an AR, and that YC Z isa closed subset. Consider 
now the identity 1, : Y — Y; since Y C Z is closed and Y is an AR, the map 
ly extends over Z toanr: Z — Y, and r is clearly a retraction. Conversely, 
suppose Y has the property in (i). Using the Arens Eells theorem, embed 
Y as a closed subset of a normed linear space E. Then E is an AR by (7.5), 
and Y is a retract of E& by hypothesis: therefore, by (7.2), Y is an AR. 

(ii) follows from (i) by combining the Arens—Eells embedding with (7.2) 
and (7.5). 


(7.7) THEOREM. Let Kv be a closed ball in an infinite-dimensional normed 
linear space E, and let {U;}ier be a family of mutually disjoint open 
balls that are contained in h. Then the set KN —U;-,U; is an AR. In 
particular, the sphere ON is ar AR. 
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PROOF. We first assume that K is the unit ball in FE and show that OK is 
a retract of K. Since by (4.3.12), E ~ E — {0}, it follows from (7.5) that 
E— {0} is an AR, and hence by (7.2) the unit sphere S = OK in E is an AR. 
Consequently, there is a retraction r: K — OK. A similar argument shows 
that there is a retraction r: K — K —U;<,U;, and by (7.5) the assertion 
follows. oO 


The generalized Schauder theorem will now be established. Using the 
factorization technique we first obtain the following preliminary result. 


(7.8) THEOREM. Let K be a compact metric space and f: K — K bea 


map. Assume that f can be factored as K + X Ls K, where X is an 
AR. Then f has a fixed point. 


PRooF. Consider the diagram 


[eae —"— = 


i | 
Y? B 
xX ——>K 


in which © is the Hilbert cube and s: K — K isa homeomorphism of K 


onto K C I® with inverse s-! : K > Pe Because X is an AR, there is an 


extension y : I° — X of the map as~!: K 4 X over I™, i.e., pj = as}, 


where j : K — I© is the inclusion. Consider now the composite 
Ker Se ke 
We have 
(69)(is) = Blys]s = Blas~*]s = Ba = f. 


Thus, f factors through the Hilbert cube J* and consequently has a fixed 
point. C) 


As an immediate consequence, we have 


(7.9) THEOREM (Generalized Schauder theorem). Let X be an AR and 
f :X — X acompact map. Then f has a fixed point. 


ProoF. Because f factorizes as X Seek , where K is compact metric, 
and by (7.8), Fix(aZ) # @, we infer that f = Ga has a fixed point. O 


Because every convex set in a normed linear space is an AR, the last 
result is a generalization of the Schaudecr fixed point theorem. 
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8. Fixed Points for Set-Valued Kakutani Maps 


By a fixed point of a set-valued map S : X — 2* is meant a point zp € X 
for which .ro € Sg. In this section we will establish some fixed point the- 
orems for certain classes of convex-valued maps S$ : C' > 2, where C is a 
convex set in a normed space: maps of this type arise frequently in applied 
areas such as control theory and mathematical econoiics. The statement of 
these results will be seen to be formally similar to those for the single-valued 
case. 

We begin with the formal definitions. If X and Y are topological spaces, 
a set-valued map S : XY — 2° is called compact if the image 


S(X) = {Sz |r € X} 


is contained in a compact subset of Y; if Y is a linear topological space, 
we say that S is finite-dimensional whenever S is compact and S(X) is 
contained in a finite-dimensional linear subspace of ¥ Recall that a map 
S:X — 2° is called upper semicontinuous (written u.s.c.) if {2 | Sr Cc Wh} 
is open in Y for each open WW’ Cc ¥ 


(8.1) DEFINITION. Let X and JY be subsets of linear topological spaces 
aud S : X — 2° be a set-valued map. If Y is convex. then S is 
called a Kakutani map (or simply a K-map) provided S is u.s.c. with 
nonempty conipact convex values. 


The set of all K-maps from Y to 2' is denoted by K(.Y.}’). If S7! € 
K(. Y), we write S € K*(¥.1)). 


a. Kakutant maps in normed linear spaces 


We first establish a version of the Schauder theorem for compact Kakutani 
maps. Then we will also consider an extension of the transversality concept 
that is applicable in this more gencral context. 

The proof of our first. fixed point result is based on approximation con- 
siderations analogous to those required for the Schauder theorem: we first 
approximate the given compact. S by a finite-dimensional set-valued func- 
tion, and then this simpler set-valued function by a single-valued function. 
Both of these approximations have other uses, so are of interest in them- 
selves. 


(8.2) LEMMA. Let X be a space, E «normed linear space, and S : X — 2® 
a compact K-map. Let p: S(X) — L be a Schauder projection into 
a finite-dimensional linear subspace L such that \\p(y) — y|| < € for 
each y € S(X), and for each x © X. let Tx = Conv p(Sxr). Then: 
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(a 
(b 
(c 
(d 


== 


ConvT(X) and each Tx are compact and conver, 

T:X — 2* is a finite-dimensional K-map, 

Tz C B(Sz,e) for each x € X, 

if S(X) is contained in a conver C, then aT satisfying (a)-(c) 
can be chosen such that ConvT(X) CC. 


“we 


= 


PROOF. (a) Because each p(Sx) C L is compact, its convex closure Tx is 
compact and convex. For the same reason, the compactness of S(.X) implies 
that of Conv T(X). 

(b) Clearly, only the fact that T is u.s.c. requires proof. For this purpose, 
choose any x € X and let W C E be open with Tx C W; since Ty is 
compact, there is a 6 > 0 such that B(Tr.d) C JV. and in particular, 
p(Sx) C B(Tx.6/2). Being the composition of two point-compact u.s.c. 
set-functions, x + p(Szr) is also point-compact and u.s.c., so there is a 
neighborhood V = V(z) with p(Sy) C B(Tx,6/2) for all y € V. Since 
B(T2z,6/2) is convex, we find 


T(y) = Conv p(Sy) C B(Tz,6) Cc W 


for all y € V, so T(V) C W, and because z is arbitrary, T is u.s.c. 

(c) We show that for each given z € Tx there is a y € Sx such that 
z € Bly,e). We have z = S-j_, \iw; for suitable w; € p(Sxr) and real 
0<A; <1 with )°, A; = 1. For each i choose a y; € Sz so that p(y;) = wv: 
then y = }-_, Ay; € Sz, because Sr is convex, and 


|z—orauf =| Aco - m9 |= xb - yl] < (aje=e. 


(d) We take the Schauder projection to be into the linear space ee 
by the centers of finitely many ¢-balls {B(c;,€) | c¢ € S(X), 7 = 1,....n} 
covering the compact S(X). 


The second approximation result is the general 


(8.3) LemMMA. Let X be a metric space, E a normed linear space, and 
S:X — 2” aK-map. Then for each € > 0 there is a continuous map 
Ye : X — conv S(X) with the property: for each x € X there is an 
xz € B(x,e€) such that d(y_(x), SZ) < €. 


PRooF. Fix € > 0 and for each x € X let 
U(x) = {y EX | Sy C B(Sz.e€)}, 


which is open because S is u.s.c. Consider now the open cover {U(z) 
B(z,e€) | z € X} of X; choose a barycentric neighborhood-finite refinement 
{Va} (ie, if Ve, #9, then UV, C some U(x) N B(z.€)), and let {xa} 
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be a partition of unity subordinate to the cover {V,}. For each a, choose a 
cv € S(Va) and define y, : X — conv S(X) by 


pe(z) = > %al2) 20. 


Clearly, ye is continuous; we now verify that it has the required property. 
Let x € X be given, and let Vq,,---, Va, be all the sets V, containing z; 
{V.} being a barycentric refinement, there is some U(Z)N B(z, €) such that 


re U Va, C U(£)N B(Z,¢). 
i=1 
In particular, z € B(¥,e) and Uj_, Va, C U(Z%) = {y | Sy C B(SZ,e)}; 
since each zg, € S(Vo,) C B(SZ,e) and B(SZ,e) is convex, we find that 
ye(z) € B(ST,e). Thus, d(y-(x), SZ) < € and 7 € B(z,€), so the proof is 
complete. O 


We can now establish a version of the Schauder theorem for compact 
Kakutani maps. 


(8.4) THEOREM. Let C be a convex (not necessarily closed) subset of a 
normed linear space, and let S : C — 2° be a compact K-map. Then 
S has a fixed point. 


PROOF. We first show that given any € > 0, there are ¢ € C' and Zz € Sc 
such that ||¢ — Z|| < 4e. 

By (8.2) there is a u.s.c. map T : C — 2° such that Conv T(X) C C and 
each Tx is compact, convex, and nonempty, with Tr C B(Sr.e) for each 
x € X. For this T and the given e > 0, choose a p: C — ConvT(X) CC 
satisfying the conditions of (8.3). Because ConvT(X) is compact, y is a 
compact map, so by the Schauder theorem, there is a fixed point y(c) = c. 
According to (8.3), there is a ¢ € B(c,€) with d(c,Tc¢) < €; choosing now 
a w& € Tc with d(c,i) < 2e and then a Z € Sc with d(w#, 2) < e€, we have 
d(c,Z) < 4e, which establishes our assertion. 

Thus, for each n = 1,2,... there are c, € C and 2, € Sc, with 
d(Cn,2n) < 1/n. Since the z, belong to the compact S(C) C C, there is 
a subsequence converging to some Co € C; the corresponding c, therefore 
also converge to co; because S is u.s.c., this implies cp € Sco, and the proof 
is complete. O 


Let C' be a convex set in a normed linear space and (.X, A) a closed pair 
in C. Denote by .#(X,2°) the set of compact Kakutani maps S : X — 2°, 
and let #4(X, 2°) C (X.2°) be those that are fixed point free on A. By 
a homotopy between S,T € %4(X,2°) is meant an H € Hax7(X x 1,2°) 
with H(z,0) = Sz and H(x.1) = Tx for each x € X. The central lemma 
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(6.4.6) is valid with %4(X, 2°) replacing %4(X,C) throughout. The proof, 
which is a repetition of that given, is left to the reader: it utilizes the facts 
that the composition of point-compact u.s.c. maps, as well as the sum sr 
Sx + Tx and the intersection x + Sx Tx of two such maps are also 
point-compact and u.s.c. Thus, the transversality theorem (6.4.7) holds also 
for maps %4(X,2°), and as before, with the aid of (8.4) leads to the Leray- 
Schauder principle for compact Kakutani maps and then to 


(8.5) THEOREM (Nonlinear alternative). Let C' be a conver set in a normed 
linear space, and let U C C be open withO € U Then each S € 
Hay (U,2°) has at least one of the following two properties: 
(a) S has a fixed point, 
(b) there exist r € OU and X € (0,1) such that x € AS. O 


As in the single-valued case, many fixed point results for compact Kaku- 
tani maps follow from (8.5) by imposing conditions that prevent occurrence 
of the second property. 


b. Kakutani maps in locally convex spaces 


We illustrate another technique for dealing with Kakutani maps by estab- 
lishing a version of the Tychonoff theorem in arbitrary locally convex spaces: 


(8.6) THEOREM. Let C be a compact conver subset of a locally conver 
space E, and let S: C — 2© be a K-map. Then S has a fixed point. 


PRooF. Let {V,, | a € &} be a base of closed convex symmetric neighbor- 
hoods of 0 for E, and for each a € & let Fix, S={reC|reVea+ Sr}. 
We first show that each Fix, S is closed in C’: indeed. the set 


Ao = {(z,y) |yext+Va} 


is a closed neighborhood of the diagonal in C' x C. the graph Gg of S is 
closed in C x C because S is u.s.c., and Fixg S, being the projection of the 
compact set A, N Gg into C, is therefore closed in C’. 

We next show that each Fix, S is nonempty. Let {1,.....1,} be a finite 
set such that Ces xr; + Vo covers C’, let K = Conv{x,....,27,}. and define 
Ske. K 3 2* by 2 » (Sr + Va) NK. Each Sx(x) is convex, because 
V,, is convex; and it is nonempty because VQ is a symmetric neighborhood 
of 0, so from St CC CK 4+V, we find SrN(K + Va) 4 @ and therefore 
(Sx+Vo)NK # 0. Thus, Theorem (8.4) applies to give an r € (Sr+VQ)NA, 
and therefore Fix, S # 9. 

Since Fix, S C Fixg S whenever Va C Vj. the family {Fixa S| a € «/} 
of nonempty compact sets has the finite intersection property. and therefore 
there is a point zo € [),, Fix, S. For this rq we must have ro = Sw: 
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otherwise, 2g would not belong to Siro + V, for an appropriate V. This 
completes the proof. O 


¢. Coincidences in spaces with sufficiently many linear functionals 


To illustrate still another technique for dealing with Kakutani maps we now 
derive a coincidence theorem for inward and outward maps in the sense of 
Fan in spaces with sufficiently many linear functionals. 

We begin with the terminology. Let F be a linear topological space with 
sufficiently many linear functionals. We recall that an open half-space in E 
is a set of the form H = {r € E | y(.r) < t} for some nontrivial y € E* and 
some real number ¢. Two sets \J.N C EF are said to be strictly separated by 
a closed hyperplane if there exist y € E* and t € R such that WC {re 
E | g(r) <t} and N cC{r € E | p(r) > th. 

Let Y C E. We say that a map A: X — 2” is inward (respectively 
outward) in the sense of Fan if for any x € X and any y € E” satisfying 
y(r) < y(y) for all y € NX there is a point uw € -Lr such that y(u) > y(z) 
(respectively y(u) < y(.r)). 


(8.7) THEOREM. Let XN be a nonempty compact conver subset of E and 
A.B: X — 2” be two K-maps. If A is inward and B is outward in the 
sense of Fan, then for some (79. yo) € \ XE we have yp € ArpNBuro. 


PROOF. Suppose that the assertion of the theorem is false, i.e. ArN Br = @ 
for each x € X. Since F has sufficiently many linear functionals, the convex 
compact sets Ar and Br can be strictly separated by a closed hyperplane. 
Precisely, for each r € NX, we can find y, € E* and a number t, € R such 
that 

Arc {uE€ E|y,(u) < tr}. 

Brc{vEeE|¢,(v) >t}. 
Since A, B are u.s.c. on X, there is a neighborhood V, of x in such that 


(*) AyC {uE€FE|¢r(u)<t,-} for ye Ny. 
ByC{vE€E| ¢r(v) >t,} for ye Ny. 
For each y € E* we let 
P(y) = {y © -X | p(u) < y(e) for all uw € Ay and v € By} 


and denote hy Q(y) the interior of P(y) relative to VY. From (*) it follows 
that N, C P(y,) and therefore . € Q(y,). This implies that the family 
{Q(pr) | + € X} of open sets covers VY. and by the compactness of X we 
get a finite set {y,,..--. Yr, } C E* such that 
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Let {A;}%_, be a partition of unity on X subordinate to this covering; letting 
Yi = Pz, for i € [n], we define wy: X — E* by 


vy) => Aly): for y EX. 


i=1 
If Ai(y) #0, then y € Q(y;) C P(y;). so we have 
Yi(u)<yi(v) for all u € Ay and v € By. 
Consequently, for each y € X we have 
(xx) [w(y)u < [v(y)]v for all u € Ay and v € By. 


We now apply Theorem (1.5) for 4 = 0 to the function f: X¥ x X ~R 
given by 


n 
f(z.y) =(w(y-2z) =) AW yily—2), (zy) EX xX: 
i=l 
clearly, f is continuous, and x + f(z,y) is quasi-concave on X for each 
y € X. Since for no xp € X could we have f(z9,z9) > 0, by (1.5) we get a 
point yo € X such that 


f(x, yo) = [(yo) (yo —2z) <0 forallr eX. 


Consequently, if we let 1 = (yo), we have I(yo) = min{l(x) | x € X}: ie., 
{x € E | l(yo) = I(x)} is a supporting hyperplane of X at yo. Because A is 
inward and B is outward by hypothesis, there are ug € Ayo and vp € By 
such that 


(#4) [Y(yo)]uo = [v(yo)]¥o = [%(yo)]v0. 
which contradicts (+**). The proof is complete. O 


Theorem (8.7) can be specialized by taking the identity map on X as A 
or B. This yields the following fixed point theorem for inward (or outward) 
K-maps. 

(8.8) THEOREM. Let X be a nonempty compact convex subset of E, and 
let A: X — 2 be a K-map that is inward (or outward) in the sense 
of Fan. Then A has a fixed point. O 


9. Theorem of Ryll-Nardzewski 


If F is any family of maps of a space X into itself, by a fixed point for F 
is meant a point x9 € X such that T(ro) = xo for each T € F. Our aim 
in this section is to prove the theorem of Ryll-Nardzewski on fixed points of 
families of affine self-maps of convex sets. which has numerous consequences 
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and applications. The proof will be based entirely on functional analysis 
and is independent. of the previous material in this book; it is given here to 
indicate the use of some different. techniques in fixed point theory. Although 
the Markoff Kakutani theorem (3.3.2) and the Kakutani theorem (3.4.3) are 
also concerned with fixed points for families of affine maps, they were treated 
separately because their direct proof does not require the more sophisticated 
background in functional analysis needed for the Ryll-Nardzewski theorem. 
To formulate the theorem, we need the general 


(9.1) DEFINITION. Let -¥ be a fainily of self-maps of a set X in some linear 
topological space. The family -F is called noncontracting on X if for 
anv distinct points ., y of X, zero does not belong to the closure of 
the set {Tr -—Ty | T €-7}. The family -¥ is called distal on X if for 
any distinct x, y in Y, there is an open covering {Va |aEe of} of X 
such that T(y) ¢ U{Va | Tx € Vo} for each T € F 


We will need the following 


(9.2) LentmA. Let ¥ be a family of self-maps of a compact set X ina 
locally convex space E.. The following conditions are equivalent: 
(1) -% is distal on X, 
(2) for each net {T3 € F | 8 € A} and any pair x, y of distinct 
pots of X, if Tyr — u and Tyy — v, thenu Av, 
(3) ._F is noncontracting on X. 


PROOF. (1)=>(2). Suppose u = v. In any cover of X, the set containing u 
must contain almost all T;.7. T3y, so that -% cannot be distal on_X. 

(2)=>(3). Assume that 0 belongs to the closure of {Tx — Ty | T € F}. 
We can then construct a net {T3 | 8 € -4} with Tgx — T3y — 0. By the 
compactness of X, we can assume that T32 — u and T3y — rv: then u = 2, 
contradicting (2). 

(3)>(1). If x, y are distinct points of V, then by (3) there is an open 
(in E) nbd W of 0 that contains no Tr — Ty, T € ¥. Choose a nbd U of 0 
with U — ou CW; then {1 M(U +p) | p € X} is an open cover of X, and for 
noT €¥ do Tx and Ty oe to acommon U + p: if {Tr, Ty} CU +p, 
then Tx — Ty = (Tx — p) — (Ty —p) CU—U CW, which is impossible.O 


If .¥ is a family of ae of X, asubset A C X is called .¥-invariant 
if T(A) C A for all T € .F a closed nonempty A C X that is .¥-invariant 
and has no proper closed ¥ -invariant subset is called a minimal closed 
F -invariant subset. The proof of the following result relies on an extended 
version of the Krein-Milman theorem in locally convex spaces: if the convex 
closure Conv A of a set A is compact, then Conv A has extreme points, and 
if A itself is also compact, then those extreme points belong to A. 
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(9.3) THEOREM. Let C be a nonempty compact conver set in a locally 
conver space EF. and let ¥ be a semigroup of continuous affine maps 
of C into itself. If ¥ is distal on each minimal closed .¥ -invariant 
set, then F has a fized point. 


PROOF. Let #% be the collection of all nonempty compact convex subsets 
that are .¥-invariant; since C C #, this family is not empty. Partially order 
A by inclusion; since each descending chain {A} has the lower bound 
()Ka, the Kuratowski-Zorn lemma gives a minimal Cp C C in /. 

Now let % be the family of all nonempty compact subsets of Cy that 
are .¥-invariant; again by the Kuratowski Zorn lemma there is a closed 
minimal .¥-invariant X C Co. We are going to prove that Y consists of a 
single point. 

Assume x # y were two distinct points in X. Because (r+ y)/2 € Cy and 
Co is #-invariant, we have A = {T((x+ y)/2)| TE F}CCy. so Ac Cy 
is compact. Moreover, A is ¥-invariant, and because each T is affine. the 
convex closure Conv A C Cp is also #-invariant, so by the minimal property 
of Co we have Conv A = Cy. Now let = be an extreme point of Co: because 
A is compact, the extended Krein Milman theorem shows that > € A. so 
there is a net T,((2 + y)/2) — z. Since T, x and Tay belong to the compact 
set X, we may assume that Ty.r — u € X and Tay — v € X. so that 


z= lim $[Tar + Toy] = (u + v)/2. 


and because z is an extreme point, u = v = z. This means that for each 
open covering {V,} of X, any set V, that contains u will contain almost 
all the T,r2, Tay, and consequently, ¥ is not distal on the closed minimal 
#-invariant set X. The assumption that X has more than one point has 
led to a contradiction with our hypothesis. Thus, must consist of a single 
point zo, and since Zp is ¥-invariant, we have T(.r9) = xo for all T € .F. so 
it is a fixed point for # This completes the proof. 0 


As a first consequence, we obtain 


(9.4) THEOREM (F. Halm). Let C be a compact conver subset of a locally 
conver space E, and let ¥ be a semigroup of continuous affine self- 
maps of C. If ¥ is distal on C, then F has a fixed point. 


ProoF. It is clear that a family ¥ distal on C is distal on any #-invariant 
subset, so this follows immediately from (9.3). O 


We use this result to extend Kakutani‘s theorem (3.4.3) to locally convex 
spaces. Recall that if C is a subset of a linear topological space. and KF a, 
family of self-maps of C,, then F is equicontinuous on C if for each neighbor- 
hood W of 0, there is a neighborhead V of 0 such that whenever r-y € V 
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then Tr—Ty € W for all T € -¥. The members of an equicontinuous family 
are, clearly, necessarily continuous. 


(9.5) THEOREM (Kakutani). Let C be a compact convex subset of a locally 
convex space, and let F be a group of affine transformations of C' into 
itself. If ¥ is equicontinuous on C, then F has a fixed point. 


PROOF. This will follow from (9.4) once we show that .¥ is distal on C. In 
what follows U. V, IV denote open neighborhoods of the origin. 

Assume .¥ were not distal on C: then there must be a pair z, y of 
distinct points in C' with the property: for each neighborhood U there is a 
Tu € ¥ such that Ty-(x) and Ty(y) belong to a common set of the open 
cover {U +c¢|c €C'} of C. Choose now a nbd W so that x ¢ y + W; then 
for each V there is a U with U —U C V. and we have Tyr — Tuy € V. yet 
for the function T,, '€ ¥ we have 


Tz (Tyr) - Ta (Tuy) =r -y EW. 


Thus, .¥ cannot be equicontinuous on C. The equicontinuous family ¥ is 
therefore distal on C’, and by (9.4), the proof is complete. oO 


The Ryll-Nardzewski theorem is a generalization of (9.4) that involves 
an interplay between the given natural topology of a locally convex space 
(which we will call the strong topology, for emphasis) and its weak topology: 
it will be obtained as a consequence of Theorem (9.4). The main fact needed 
for the proof is the Mazur theorem in locally convex spaces: A convex set 
is weakly closed if and only if it is strongly closed; in particular, a strongly 
closed convex subset of a weakly compact space is weakly compact. 


(9.6) THEOREM (Ryll-Nardzewski). Let C be a nonempty weakly compact 
conver set in a locally conver space E. and let # be a semigroup of 
weakly continuous affine self-maps of C’. If # is strongly noncon- 
tracting on C’, then ¥ has a fixed point. 


PRoor. We must show that (){Fix(T) | T € .7} # 0, and we begin by 
reducing the problem. Noting that each set Fix(T) is weakly closed, therefore 
weakly compact, it is enough to show that each finite intersection of the sets 
Fix(T) is nonempty. 

Let then 7),.... T, be finitely many members of .¥, and let be the 
subseinigroup generated by 7),...,7;,; clearly, -/ is countable, and it suffices 
to show that .Y has a fixed point. 

We reduce the problem further. Pick any cg € C and consider the convex 
closure Q = Conv{T(co) | T € }; because ¥ is countable, Q is strongly 
separable. Moreover, because each T is affine, Q is .Y-invariant, and be- 
cause () is a closed convex subset of C, it is weakly closed, therefore weakly 
compact. Thus, replacing C by Q wand F by .¥, it is enough to prove the 
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theorem with the additional hypothesis that C is strongly separable. We 
now begin the proof. 

We work in the locally convex space E with the weak topology. and the 
result will follow from (9.3) if we can show that ¥ is weakly distal on each 
given weakly closed minimal .¥-invariant set Y C C. 

Let then X be such a set, and let r 4 y be two elements of Y. Because 
¥ is strongly noncontracting, there exists a strongly open nbd V" of 0 that 
contains no element of {Tx — Ty | T € #}. Choose a convex nbd IW’ of 0 
so that W — W CV. Then W is a strongly closed convex body: and since 
C > X isstrongly separable, a countable number of translates IV, = I +.r,. 
i€N, 2; € X, cover X. Since each I’, is strongly closed and convex, it is 
also weakly closed. So {X N W; | i € N} is a countable weakly closed cover 
of the weakly compact set X. By Baire’s theorem, at least. one of these sets 
contains a weakly open set U, say U C X N(W 4+ 79). 

We show that the family {T~!(U) | T € .7} of weakly open sets satisfies 
the requirement of Definition (9.1) for the points x ¥ y. First, these sets must 
cover X: otherwise, X —(J{T~!(U) | T € ¥} would be a weakly compact 
f#-invariant proper subset of X, contradicting the minimality of XY. Next. 
for no S € ¥ do Sz and Sy belong to a common set T~!(U): otherwise. 
TSz and TSy would belong to U C X N(W +4 29). so that TSx — TSy = 
(TSx — xo) —(TSy —xzo) € W —W C V. and since TS € F¥ and -F is 
strongly noncontracting, this would contradict the choice of V. 

Thus, the requirements of (9.1) are satisfied in the weak topology of -X, 
and since x, y are arbitrary, this shows -¥ is weakly distal on X. Thus, by 
(9.3) (applied to E with the weak topology), the family has a fixed point 
on X, and as we have observed, this is enough to complete the proof. O 


10. Miscellaneous Results and Examples 


A. Fized points and coincidences for set-valued maps 


In subsections A, B, and C set-valued transformations (called simply maps) are denoted 
by capital letters: small letters stand for ordinary (i-e.. single-valued) functions. Unless 
otherwise stated, we write “compact convex set” instead of “nonempty compact convex 
subset of a linear topological space” 

Let ¥ be a class of maps. We let “(X.¥) = {T: X — 2 |TeE Sigg S4{7"| 
TlES}, 4 ={T =T,0---0T) | T, € F forall 7 € [k] and some k € N} and 
Foy = {X | Fix(T) 4 0 for all T € YC. X)}. #” is called the dual class to ./: clearly, 
(Foy =F, 


(A.1) A class of maps between topological spaces is called regular if: 
(i) maps in # have nonempty values. 
(ii) if s: X — Y is continuous and T € #(Y,Z)., then Tos e€ 4(X.Z), 
(iii) if S and T are in #, then ~e is theic Cartesian product SxT. 
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Let # be a regular class of maps. Show: If NX x ¥Y € Zp and S €-A(X,Y).T €#"(X,Y), 
then Sand T have a coincidence. 


(A.2) (Alaps of type B) If X and Y are spaces, we say that S- Xx — 2” is a Browder map 
or simply a B-map provided (i) Y is convex and nonempty, (ii) for each compact K C X 


there exists a finite set {yj..... yn} C Y and a continuous selection s: A — Y of S (ie, 
sv € Sv for each « € W) such that s(A’) CC = Conv{yy..... un}. The class of B-maps is 


denoted by B. Show: Every F-map is a B-map, i.e.. F C B (Browder [1968)). 


(A.3) (Geometric results for maps of type B) Show: 
(a) B is a regular class of maps and Be = B. 
(Ib) If ¥ is a compact convex set and T € B(Y.Y) or T € B*(Y,Y). then Fix(T) ¥ @. 
(c) If N.Y are compact convex sets and S € B(X.Y). T € BY(X.Y), then their 
graphs intersect: Gg NG ry # . 


(A.1) (Intersection theorem for B-maps) Let {X, | i € /} be an arbitrary family of 
compact convex sets. We let XY’ = [],,,X,. If X = []e,¥.. then VY = X, x X" for 
each i € J, and every x € NX can be written as © = (z,.7"), where 2, € XY, and x’ € X? 
Given T, X' — 2*¢, its graph G7, is a subset of Y. Show: If for each i € J we are given 
T, € E(N'.N,), then (),¢; Gr, 4 @. 

[For each i € I choose, for an appropriate compact convex C', C .V,. a continuous 
selection t, : X’ — C, of T,: consider the map of J],_¢, C; into itself given by r+ {t,(2')} 
and use the Tychonoff fixed point theorein.] 


(A.5) (Alaps of type ®) Let X,Y be nonempty subsets of linear topological spaces and 
assume that Y" 1s convex. We say that S: VY — 2” is a B- -map (written S € ®(.X,Y)) 
provided the values of S are convex and S admits a selection S:X —2) with nonempty 
values and open fibers. Show: 
(a) FC@®cCB. 
(b) If S € ®(X.¥) and N is paracompact, then S admits a continuous selection 
s:X—-yY 


(A.6) Let \ be a nonempty convex subset of a linear topological space and S € F(X, YX). 
Assume there exists a compact A C NX and a compact convex C’ C NV such that SrnC #0 
for cach .r € XN — A. Show: Fix(S) £ 0. 

(The results (A.3)-(A.6) are due to Ben-El-Mechaiekh et al. [1982], [1987].) 


(A.7) Let XN be a compact convex set, and let f.g..X x X — R satisfy: 
(i) g(x,y) < f(z. y) for all (r.y) EN xX, 
(ii) + -— f(r, y) is quasi-concave ou NX for each y € X, 
(ill) yt g(z.y) is Ls.c. on N for each w € NX. 
Show: 
(A) Given any » € R, either (a) there is a yo € XN such that g(2. yo) < A for all r EX, 
or (b) there is a uw € N such that f(w.uw) > 2. 
(B) The following minimax inequality holds: 


inf sup 4 g(r.y) < sup f(ar). 
yEN 4 


[Use the fixed point theorem for ®-maps.] 


(A.8) Let X,Y be compact. convex sets, and Iet f,s.t.g:.X x Y — R satisfy: 
(i) f(r.y) < s(rvy) < t(r.y) < glr.y) for all (x,y) EN XY, 
(ii) yr f(r,y) is Ls.c. on) ke enechore VY, 
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(iii) 2 ++ s(x, y) is quasi-concave on X for each y EY, 
(iv) y+ t(x, y) is quasi-convex on Y for each x € X, 
(v) ++ 9(x.y) is u.s.c. on X for each y € Y 
Show: 
(A) Given any 4 € R, either (a) there is a yy € Y such that f(x.yo) < 2 for all 
x € X, or (b) there is an rg € X such that g(zp.y) > A for allye ¥ 
(B) The following minimax inequality holds: 


inf sup f(x.y)< =p inf 9(z, y). 
yey rEeX reEX yey 
[Use the coincidence theorem for ®-maps and &*-maps.] 
(For (A.7) cf. Yen [1981]; for (A.8) see Ben-El-Mechaiekh et al. [1982].) 


(A.9) (Fan matching theorem) Let X bea nonempty convex subset of a linear topological 
space and @ # Y C X. Assume T Y — 2~ is a surjective map with open values such 
that: 
(a) for some @ # Yo C Y. the complement X —U{Ty | y € Yo} is compact (or empty). 
(b) Yo is contained in a compact convex subset of Y. 
Show: There exists a finite set {71,...,7,} C X such that conv{z}....,74.}/N 4 TH; 
# @ (Fan [1984)). 


(A.10) (Schauder -Tychonoff theorem for F-maps and ®-maps) Let X. Y be nonempty 
convex sets in linear topological spaces. A map S : X — 2" is compact if S(X) C A for 
some eompact K CY Show: If XV is a convex subset of a locally convex linear space and 
S:X — 2% is a compact F-map (or more generally a ®-map), then Fix(S) £ 0. 

[First prove that if A’ is a compact subset of a linear topological space. then its convex 
hull conv K is paracompact. Then use (A.5)(b) and the Schauder—Tychonoff theorem.] 


(A.11) (Nonlinear alternative for F-maps and mans) Let U be an open subset of a 
locally convex space E with 0 € U, and S : U — 2” be a compact F-map (or more 
generally, a compact ®-map). Show: either (i) Fix(S) 4 @. or (ii) there are r € OU and 
A € (0.1) such that x € ASr. 

[Prove that the linear span L(A‘) of a compact set A in a linear topological space is 
paracompact and use the nonlinear alternative for single-valued compact maps (6.9.E.8).| 


B. Selecting familes and the generalized Nash theorem 


In this subsection we deal with families {T,},¢, of set-valued maps T, . ¥ — | where 
X is a subset of a linear topological space and {¥;},¢7 is a family of convex ees By a 
selecting family for {T,};e7 is meant a family {s,},¢; of continuous maps s, : VY — ¥, 
such that for each x € V there exists an 7 € I with s;(r) € T;(2). 


(B.1) A family {T;}ier is called a Fan family (or simply an F-family) provided: 

(i) all maps 7, have convex values and open fibers, 

(ii) for each x € X, T,(x) 4 @ for some 7 € J. ; 

Prove: If X is paracompact, then any F-family {7; . — 2 hie j admits a selecting 
family {s; : X — Yi}eer. 

[Choose a family {A,}ie, of closed subsets of X such that A, C {x € X | T(x) # 0} 
for i € I and U;ey Ai = X (cf. Engetking’s book [1989]. p. 301). Then define 5, = « — 
2% by S;(x) = T;(x) for r € A, and S,(x) = ¥, otherwise: observing that every 5, 
has nonempty convex values and open fibers. apply the Michael theorem (see Appendix. 
(B.14)) to get a selection s, of S,. Prove that {,,} -, is the desired selecting family.] 
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(B.2) Let X= [],¢,-X,. where cach NX, is compact convex, and assume {T, X > gXs} 
ix an F-family. Show: There exists an index 7 € I and a point xz € X such that 7; € T;(z). 

[Establish first the assertion for J finite. Then (using compactness of X) find a finite 
set. J C J such that for cach j € J there exists a finite subset fry a;. me ty’) Cc X, with 
VN=U Neu Up , Ts): conclude by reducing the case of arbitrary / to that in which 
I is finite] 


(B.3) Let NX and {X,};e7 be as in (B.2) and assume {f, : X x X, — R},e, is a family of 
real-valued functions satisfying: 
(i) yy +- fp(r.y,) is quasi-concave on X, for each rE X andi é 7, 
(ii) «— f,(r.y,) is Ls.c. on NX for each y, € X, and 7 € I. 
Show: There exists a point * € VY such that for each 7 € J, 
sup f(y.) < sup f,(x.22)- 


fa 


y, EN, sx 


(B.4) (Generalized Nash theorem) Let {.X,};e,; be a family of compact convex sets and 
{9:}ie7 be a family of continuous real-valued functions on VY = [],<;,-X, such that y, — 
9;(y).27) is quasi-concave on X, for each x7 € XJ Show: There exists a point T € X 
such that for each j € J we have g)(7) = niaxy ex, 9)(y).2"). 
[Define {f, XN x X, — Rhiey by f.(r.y.) = gil(yr.t") — g(x) for r € Xo y € MX, 
i € I, and by observing that (i), (ii) of (B.3) are satisfied, apply (B.3) to the family {f,}.] 
(The results (B.1)-(B.3) and the proof of (B.4) are due to Deguire-Lassonde [1995].) 


C. Applications to economics and game theory 


(C.1) (Maximal elements of binary relations) If X is aset and S: X — o* we let <g 
be the binary relation on V given by . <s y @ y € Sr (cf. (3.5.A.3)). 

Let C be compact convex, and let S.T:C — ye satisfy: 

(i) S has open fibers, 

(ii) Sr C Tr for each rE C, 

(iii) y ¢ conv(Ty) for y E C. 
Show: There exists a maximal element in (C'. <g). 

[Use (1.1.3), (5.8.2), and prove that Sro = @ for some rq E C.] 


(C.2) Let \, Y be nonempty convex sets in linear topological spaces, one of them being 
compact. Show: If S € F(X,}") and T € F*(X,¥), then there is au ro € Y such that 
SroNn Tro # O. 


(C3) Let X. > be nonempty convex sets in linear topological spaces and assume that 
either \ or Y is compact. Let f : V x Y — R satisfy: 

(i) yr f(r. y) is quasi-convex and Ls.c. on ¥ for each x € NX, 

(ii) re f(a. y) is quasi-concave and u.s.c. on NX for each y € ¥ 
Prove: sup, infy f(x,y) = infy sup, f(r. y). 
(C.4) Let {.X,},¢7 be a family of compact convex sets and {f,},¢7 a family of real-valued 
functions on V = J],.;X, satisfying: 

(i) 1 > f;(2,,27) is Ls.c. on NJ for each ep EN, 
(ii) rjr f (x, .2) ) is quasi-concave on X; for each men, 
(ili) for each 7 € Jand x) +) V!. there isa y, «NX, such that Fj(y 2) > 0. 
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Show: 
(a) There exists  € X such that f,(Z) > 0 for each j € I (see Fan's survey [1973}). 
(b) Using (a) deduce the generalized Nash theorem (B.+) (Ma [1969}). 
[(a): For each j € J define S, : X7 — 2% by Sj(x7) = {y, € X, | fj(y)-7) > 0}. Prove 
that S$; € F (x5, xX 7) and apply the intersection theorem (A.4) for F-maps.] 


(C.5)* (Coincidences for K-maps and F*-maps) Let X, Y be nonempty convex sets in 
linear topologicat spaces with sufficiently many linear functionals and assume that Y is 
compact and S € K(X,}°) Let T: X — 2° be a set-valued map. Prove: 
(a) If TE F(X, Y), then GgNGr £9. 
(b) If X is compact and T has open values and nonempty convex fibers T~!(y) for 
y€T(X), then GgNGr #Y 


(C.6) (Coincidences for K-maps and K*-maps) Let X and Y be nonempty compact 
convex sets in linear topological spaces with sufficiently many linear functionals. Let 
S €EK(X.Y) and T € K*(X.Y). Show: Gg NGr £ 0. 

(Prove that K is a regular class of maps; then apply (A.3).] 


(C.7) (Generalized Walras excess demand theorem) Let X. Y be nonempty convex sects 
in linear topological spaces with sufficiently many linear functionals and assume that Y 
is compact. Let S € K(X,Y) and let f : X x Y — Rsatisfy: 

(i) yr f(x,y) is u.s.c. on Y for each x EN, 

(ii) c++ f(x,y) is quasi-convex on .X for each y € Y 

(iii) f|Gs 2 0. 
Prove: 

(A) There exists a y € Y such that f(z. y) > 0 for all r € X. 

(B) If X is compact. then there exists a yo € S(.X) such that f(x. yo) > O for all 

ze X. 

[For (A), define T : X — 2° by Tr = {y € Y | f(x,y) < O}. show that T € F*(X.¥), 
and apply (C.5)(a) to get a contradiction. For (B). use (C.5)(b).] 


(C.8) Let X, )° be nonempty convex sets in linear topological spaces and assume that }° 
is compact. Let T € K(Y,X), and let f : X x Y — R satisfy either (I) or (II) below: 


I yt f(x,y) is ls.c. and quasi-convex on Y for each r € VN, 
(1) zr f(z,y) is u.s.c. and quasi-concave on XV for each y € Y’. 
Il yt f(x,y) is convex on Y for each z € X. 

(1) xe» f(x,y) is concave and u.s.c. on V for each y€ ¥ 


Prove: If for each y EY, 


F > 0. 
(a) me f(x,y) 20 


then for some (Zo: yo) € Gr we have 


(8) le f(zo.y) 2 0. 


[Assume that property (1) holds: to show (a)=>(). define py: Y x ¥ = R by y(y.z) = 
maxreTy f(z,2z) and note that y(y.y) > 0 forallyE Y. se ly. z) is quasi-convex on 
Y for each y € Y. and y+ (y,2) is us.c. on Y for each = € ¥ By the dual form of 
(1.5), get a point yo € Y with -(v..2) —- mex,: 7, fle.z) 2 0 for all z € Y. Next apply 
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the vou Neumann Sion theorem (1.4) to the function f = f\Tyy x Y : Tyo x Y > Rto 
establish 


max min f(.r,2) = min max f(r.z) > 0. 
reT yy z€Y EY rET yy *) 


Conclude by getting ro € Tyo with min, y f(r0,2) > 0. The proof under assumption 
(II) is analogous: to justify the implication (a)=>(/3), use the dual form of the Fan Kneser 
theorem instead of (1.4).] 


(C*.9)* (Generalized Gale Debreu theorem) Let E be a normed tinear space, E” its dual 
space, and (-,-) the pairing between E£* and £. Given AC E, we let 


= {yé FE” | (y.a) > 0 for all a € A}. 


Assunie that .Y is a nonempty compact convex subsct of FE and let T € KY. E”) be such 
that maxyerr(y.r) > 0 for each x € \’. Show: For some % € VY. we have TFN Xt # 0. 
[Apply (C.7)(B) with S(r) = {y € E* | (yr) > O}N Tr. Y = Conv S(.X) C E*. and 
f(e.y) = (y.r) for (roy) EN x YJ 
(In connection with (C.5) (C.9), see Granas Liu [1986].) 


D. Topological transversality and ord:nary differentzal equations 


The results of this subsection illustrate the scope of the topological existence principles 
developed in Chapter II. In each instance the proof of existence is based on finding a priori 
estimates for solutions to a suitable family of related problems. 


Classical problems with invertible left-hand side 


(D.1) (Cauchy problem) Let f : (0. T|xR— R be continuous and satisfy | f(t. y)| < v(lyl) 
for all t and y, where x: (0.x) — (0.0<) is continuous. Set 


*~ du 
— =Tx. 
I u(u)  — * 
Show: If T' < T>, then the problem 
(.7) y =f(t.y). y(0) =0. 


has a solution defined on [0.7]. 
[To establish an a priori bound for solutions y to 


(7x) y =Af(ty). —y(0) =0 
where 0 < A < 1, defined on [0,7] with T < Tx, note that 
/ 
/ yy / 
= — <hr 
yl ~ ly 


on the set where y # 0. Supposing that y is a solution of (:7)) satisfying |y(t)| > Ir]. 
determine a € (0, T] such that |y| > |r| on (a, t] and |y(a)| = |r]. Then, using |y|’ < |y’| < 
¥(|yl) on (a, t], get the inequality 


~ du t ly(s)|’ WOOL dy 
—=T..>T>t+ po AS Be as 
[ ja er or ee Ea =| Cu)” 


and derive the existence of a coustant VV such thu “yft)| < AL] 


ly| 
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(D.2) (Dirichlet problem) Assume that a continuous f : [0,1] x Rx R — R has a decom- 
position f = 9 +h such that: 

(a) yg(t,y.p) > 0 for all (t,y,p) € [0.1] x Rx R, 

(b) |g(t.y,p)| < C(t. y) |p|? + D(t. y) with C and D bounded on bounded sets, 

(c) |A(t, y.p)| < M(lyl% + |p?) for some 0 < a, 8 <1 and M>0. 
Show: The Dirichlet problem 


(2) y =f(t.yy'). y(0) = y(1) = 0, 


has a solution. 
[We seek a priori bounds in C10, 1] on solutions y to 


(D) y =NAg(t.y.y’)+h(t.yy')], (0) = y(1) =0. 


where 0 < A < 1. First multiplying both sides of (%)) by y and integrating from 0 to 1, 
use (a) and (b) to get the estimate 


1 
We’? < [lui -Wacesna’ylae < sf lvl? det 3 an In(t, yy!) at 
Next, using (c) and the Hélder inequality establish the estimate 


2 
lly’ II? — Allyl? < af? (llyl|2% + lly’ II?4). 


Now using Wirtinger’s inequality, 77|ly||? < ||y’||?. valid for all continuously differentiable 
functions y with y(0) = y(1) = 0, derive the inequality 


1 od 2 271, 112 23 
sll't? + (7 5) el? < acta + Wy’), 


and (because a@ and 3 are less than 1) deduce the existence of constants A/g and AJ) such 
that |ly|] < Mfo and |ly'|| < Ah] 
(For the results (D.1)- (D.2) see Granas—Guenther- Lee [1991].) 


Classical problems with noninvertible left-hand side 


(D.3) (Periodic problem, second order) Let f : [0.1] x Rx R — R be continuous, 
f(0,y.p) = f(1.y,p), and assume that there are constants AJy > 0 and Af; such that: 

(i) yf(t,y,0) > 0 for |y| > Mo, 

(ii) o = inf{| f(t, y,p)| | (t.y) € [0.1] x [—Alo. Ato] and |p| > AN} > 0. 
We seek C? solutions to the problem 


g y= f(t.yy'). 
(P) eee ee C0, 1} | u(0) = u(1). u’(0) = u'(1)}. 


(a) Construct a bounded continuous function ¢ : [0,1] x R x R — R such that 
p(t. y.p) = sen f(t. yp) 


for (t.y) € {0, 1] x [—Afo, Mo] and |p| > Ah. 
(b) Let ¢ = g/(2(Mp + 1)) and consider the family of problems 


{ y! —ey=Af(t.y.y’) —ey] + (1 Aolty. yy”. 


(P)) yER. 
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where 0 < 4 < 1 and gy is the function constructed in (a). Establish a priori bounds for 
the possible solutions of (.7y): 


llyllo < Ato. lly’ Ilo < A= max{1, Al,. g}. 


(c) Show: The problem (:7) has a solution (Granas Guenther Lee). 
(Use the fact. that the linear operator L .4 — C'{0.1] given by y — y" — ey is bijective 
(Hartman [196-1]).] 


(ID.4) (Periodic problem, second order) Consider the problem 


(.7) yl =alt.yyy- Mhyy). Fe (OI, 
ye F={u EC" [0.1] | ald) = ul). a! (0) = u’(1)}. 


where a..3: (0, 1] x Rx R — Rare continuous, a(0, y.p) = a(1y.p). 3(0, yp) = i3(1. yp). 
and the following conditions are satisfied: 
1° a(t. y.p) > 0 for all (t.y.p) EI x R?: 
2° |t(t.y.p)|/(ya(t.y.0)) < 1 for all ¢ € [0.1] and |y| > Aly. where Afy > 0 is a 
constant; 
3° |.3(t.y.p)] — % and a(t. y.p)/[3(t.y.p)| — 0 as |p| — ~ uniformly for (t.y) € 
[0.1] » [(—Alo. Ao]. 
Prove: 
(a) The problem (<7) has a solution (Nirenberg [1960}). 
(b) If 3(t, y.0) > O for all (t, y) € (0. 1] x R, then every solution to (.7) is nonnegative. 


(D.5) Let a(t.y,p) and b(t, y.p) be continuous functions of (t.y.p) € Rx Rx R with 
period 1 in ¢ such that the following conditions hold on R x Rt x R: 
(i) a(t,y.p) > 0, b(t. y.0) > 0, 
(ii) |b(t, y. p)| — 2 and a(t. y.p)/|b(t. y.p)| — 0 as |p| — x uniformly for (t.y) ina 
coinpact set, 
(iii) there is a constant Aly such that 


b(t. y, 0) 
el hae a My and0<t<1. 
Migolo? eee ee 


Show: The differential equation 


it / / 
y =alt.yy jy—Ot.yy) 
has at least one nonnegative periodic solution. 


[Define ap: Rx Rx R—R by al(t.y.p) = a(t. |yl.p). 3(t.y, p) = b(t. [yl]. p); then 
consider the differential equation y” = a(t. y.y')y — 3(t.y.y’) and apply (D.4)(a). (b).] 


(D.6) Let f(t) > 0 be continuous with period 1. Show: y” = y” — y? — f(t) has a 
nonnegative periodic solution. 

[Write y” =(1+y)y—[y+ v7 +f (t)] and apply (D.5).] 
(10.7) Let ag(t) (Fk = O.1,....2) and b(t) (J = 1,...,7) be continuous with period 1. 
Show: The differential equation 


nr Wr m 


y= So any® — Stay! = any” 14-01 + y= (y- aot > by") 
k—-) l=1 l=1 


has a nonnegative periodic solution if a, > 0, k =1,....2. an > 0, a9 < 0, bm #0. 
[Apply (D.5) witha =any"~! 1a, py"72 2+) taytland p= y—ag tyr, bry! | 
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Carathéodory solutions 


In what follows, by an L?-Carathéodory solution of a differential equation y’ = f(t. y) on 
(0, 1] is meant a function y € W!-?(0. 1] such that y(t) = f(t. y(t)) for almost all ¢ € (0. 1]. 

Let p > 1. Recall that a function g: [0.1] x R“ — R is an L?-Carathéodory function 
if: 

(a) z+ g(t, z) is continuous for almost all t € [0.1], 

(b) t++ g(t, z) is measurable for all z € R*, 

(c) for each r > 0 there exists an hy € L?{0.1] such that |z| < r implies |g(t. z)| < 

hr(t) for almost all t € [0, 1]. 


(D.8) A function f : [0,1] x R — R is called integrably bounded if for some nonnegative 
a € L}(0, 1] we have, for all y € R, 


| f(t. y)| < a(t) talmost everywhere. 


Prove: If f : (0,1) x R — R is an integrably bounded L?-Carathéodory function then the 
initial value problem 


(P) y =f(t.y). y(0) =0, 
has an L?-Carathéodory solution on (0, 1] (Schauder [1927b]). 


(D.9) (Cauchy problem) Let f : [0.1] x R — R be an L?-Carathéodory function that 
satisfies 


yf(ty) < at)(ly|? +1) for all y € R and almost every ¢ € (0, 1], 
where a € L}{0, 1] is nonnegative. Show: The initial value problem 


(F) y= f(t.y), y(0) =0, 
has an L?-Carathéodory solution on (0, 1]. 

[Establish a priori bounds in C{0.1] for solutions y to 
(Fa) y' =Af(ty). (0) =0. 
where 4 € (0, 1].] 


Carathéodory problems with noninvertible left-hand side 


(D.10) (Periodic problem, first order) Let f : [0.1] x R — R be L?-Carathéodory, a € 
C0, 1] be nonnegative, and r > 0. Assume that: 
(a) yf(t,y) < a(t)(|y|? +1) for almost all t € [0.1] and all y € R. 
(b) i y(s)f(s.y(s)) ds < 0 for all y € C[0, 1] such that y(0) = y(1) and min{|y(¢)| | 
t € [0.1]} >r. 
Show: The periodic problem 


(P) y= F(ty). — y(0) = y(1). 
has an L?-Carathéodory solution on (0, 1]. 

[Find a priori bounds in C(O, 1] for solutions y to 
(Py) y ty=AF(ty) ty.  y(0)=y(1), 


where A € [0, 1]. To this end, letting y be a solution of ( FP») for some 4, use (a) to establish 


the estimate ‘ 5 
ly(v) |" +1 <= Cute + 1) exp(4]lalli). 
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where |y(#)| = minzejoay Ly(4)| and |y(v)| = max;ejo,1 ly(t)|- Then use (b) to get |y(z)| 
<1, leading to the a priori bound |lyllo < (r? + 1)!/? exp(2Ilal]1).] 
(1.11) (Periodic problem, second order) By an L?-Carathéodory solution of a differential 
equation y” = f(t.y.y’) on [0,1] is meant a function y € wp (0, 1] such that y(t) = 
f(t.y(t).y'(t)) for almost all ¢ € (0, 1]. 

Let f R— R be continuous and h: (0,1) x R — R be L?-Carathéodory. Assume 


that f(0) = 0 and there is a constant / > 0 such that yh(t,y) > 0 for all y > M and 
almost all ¢ € [0,1]. Show: The periodic problem 


(2) y= fly) +h(y).  yl0)=y(1), (0) = (1). 
has an L?-Carathéodory solution on [0, 1]. 
(Find a priori bounds in C1{0, 1] for solutions y to 
(2) yy =AMF (y+ A(t) — yl y(0)=y(1). (0) = y'(1), 
where  € [0,1]. To this end, establish first the estimate ||yllo < A/. Next, multiplying 
(.2)) by y” and using periodicity get the estimate 


1/2 


uy2 : u2 ne : "2 / as Care “ 
ly las ea cas ee + AD)Ily" lle. 


where N = max{|h(t. y)| | t € [0.1] and y € [—AV, AZ]}; from this derive |ly'llo < N + AL] 
(The results (D.9)-(D.11) are due to Granas Guenther-Lee (1991].) 


Cauchy problem for systems in the compler domain 


(D.12) Let Br = B(0.T) be an open ball in C, let f Bp x C" — C™ be continuous, 
and analytic on Br x C”, and assume there is a continuous y : [0,2<) — (0, x) such that 


T< ea and |[f(z.u)|] < y(llul]) for all (z.u). 


(a) Show: For every z € By — {0}. and every continuous u: By — C™ that is analytic 
on Br, the following estimate holds: 


< Hjults)l| < [2 llu/(tz)|| for all t € (0, 1] with |[u(tz)]] > 0. 


(b) Using (a), show that the solutions of 
(P)) ul(z)=Af(z.u(z)), z€ Br, u(0)=0, 


for 4 € [0,1] are a priori bounded. 

(c) Deduce that the problem (:71) has a solution (Frigon (1990)]). 
[Find a priori bounds in the sup norm of the Banach space E = {u: Bp — C" | wis 
continuous, and analytic on By} for solutions u of (7), » € (0. 1]. If for some z € Br. 
u(z) # 0. determine 7 € (0,1) such that ||u(tz)|| > 0 on (7, 1]. and |]u(7=)|| = 0. Then, 
using (a) and the growth condition, get the inequality 


lut=)ll ds * ds 
— <[zl(t-—7 ane) —., 
I p(s) lal ) o Y(s) 


and deduce the existence of a constant Af such that |!2(z)|| < AT] 
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E. Approximating sequences 


Let X and Y be two metric spaces and {An} asequence of compact operators An . Y — Y 
(i) {An} is called collectively compact provided U,,5, An(-X) is compact. (ii) {An} is 
equicontinuous provided for each € > O there is a 6 > O such that d(z}.r2) < 6 > 
d{An(z1), An(z2)] < e€ for all 21,22 € X and all n = 1,2,.... Any sequence {An} of 
collectively compact and equicontinuous operators A, : ¥ — Y converging pointwise to 
an operator A .X — Y is called an approximating sequence for A (Anselone [1976]}). 


(E.1) Let {An : X — Y} be an approximating sequence for A: .Y — ¥ Show: 
(a) A is continuous and compact. 
(b) An — A uniformly on compact sets. 
(c) fn > 2 => Antn — Anz. 


(E.2) Assume that X C Y is closed, and let {An : X — ¥} be an approximating sequence 
for A: X — Y Show: 
(a) If Angn = Zn forn =1,2,..., then {zn} has a subsequence converging to a fixed 
point of A. 
(b) The set U,,>, Fix(An) U Fix(A) is compact. 
(c) If U is an arbitrary nbd of Fix(A), then Fix(An) C U for almost all n. 


(E.3) Let C be convex in a normed linear space E and let U C C be open in C; given 
A:U —C we let 0A = AOU. Let A € Hay (U.C) and An € %y(U.C) (n = 1.2....) 
be a sequence of operators such that {OAn} is an approximating sequence for 0A. Show: 
An is homotopic to A in %gy(U,C) for almost all n. 


(E.4) Let A € 2#gy(U,C) be an essential operator and {An} be an approximating se- 
quence for A with each An € 2%gy(U.C). Show: 

(i) Fix(An) 4 0 for almost all n. 

(ii) SUPrEFix(An) d{z, Fix(A)} —Qasn—x. 


(E.5) Let U = {x € C | |lx — zol| < €} and A € gu (U.C) be an essential operator 
with a unique x9 = Azo. Let {An} be an approximating sequence for A. Then for all 
sufficiently large n, the equation x = Ap(z) has at least one solution, and any sequence 
{zn} of such solutions converges in norm to Zo. 


(E.6) Assume that an open U C C contains the origin 0 € E, A: U — C is a compact 
fixed point free operator, and {A,;,, : U — C} an approximating sequence for A. Show: For 
all sufficiently large n, there are zn € OU and A» E (0,1) such that tpn = AnAn(Zn). 


F. Fized points for ES(compact)-maps. Generalized Schauder-Tychonoff theorem 


(F.1) Let Q be aclass of normal spaces. A space Y is an extensor space for Q provided for 
any pair (X,A) in Q with A closed in X any fo: A— Y extends over X tof: X — Y; 
the class of extensor spaces for Q is denoted by ES(Q). Show: 

(a) Q' C Q implies ES(Q) Cc ES(Q"). 

(b) A retract of an ES(Q) is an ES(Q). 

(c) The Cartesian product of any collection of ES(Q) is an ES(Q). 


(F.2) Prove: Every absolute retract is an ES(compact). 
[Using the Urysohn embedding, show that a normed linear space is an ES(compact): 


then apply (F.1)(b) and (7.6).] 


(F.3) Prove: Each Tychonoff cube and each product of lines are ES(norma)). 
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(F.1) Let AU be a compact space and f : A — A’ a map of the form K S X as K with 
NX € ES(compact). Show: f has a fixed point. 

(First, using the Tychonoff embedding theorem show that f factorizes through some 
Tychonoff cube: then apply an argument similar to that in (7.8).] 


(F.5) Let X € ES(compact) and f : X — NX be a compact map. Show: f has a fixed 
poiut. 


(F.6) A space Y is an approximate extensor space for compact spaces (written Y € 
AES(compact)) provided given any compact pair (X. A). any a € Cov(Y’) and fo: A— Y, 
there exists an f :.Y — Y such that f|A is a-close to f. Prove: If G is a convex set in a 
locally convex space, then C' € AES(compact). 


(F.7) Let A be a compact space and assume that a map f : A — Av can be factorized as 


KON 2. k with X € AES(compact). Show: f has a fixed point. 


(F.8) (Generalized Schauder Tychonoff theorem) Let X € AES(compact) and F + VY — X 
be a compact map. Show: F has a fixed point. 


(F.9) (ES(compact)-maps) We say that f : X — Y is an ES(compact)-map if for any 
compact pair (Z,A) and any g: A — X there exists a y: Z — Y such that y|A = fg: 
the class of all ES(compact)-maps is denoted by ES(compact). Prove: 

(i) \ € ES(compact) # 1x € ES(compact). 


(ii) If X JZ )’ S Z and either f or g is an ES(compact)-map, then so also is go f. 
(iii) If either \ or ¥ is an ES(compact) space. then every f : X — Y is an ES(com- 
pact)-map. 


(F.10) Let A be a compact space and f hk — K be an €S(compact)-map. Show: 
(i) f has a fixed point: (ii) tle generalized Schauder theorem (7.9) and (F.5) are special 
cases of (i). 


(F.11) (Approximate ES(compact)-maps) We say that f X — Y is an approzmate 
ES(compact)-map if for any compact pair (Z,.A), any g: A — \. and each a € Cov(Y). 
there exists yo Z— Y such that yalA is a-close to fg: the class of all approximate 
€S(compact)-maps is denoted by AES(compact). Prove: 

(i) VN € AES(compact) # ly € AES(compact). 


(ii) If X 4 y % Z and either f or g is an AES(compact)-map, then so also is go f. 

(iii) If either -¥ or }° is an AES(compact) space, then every f : YY — Y is an 
A€ES(compact)-map. 

(The results (F.9) (F.12) are due to Gauthier-Granas [2003].) 


(F.12) Let A be a compact space and f A — K be an A€S(compact)-map. Show: 
(i) f has a fixed point; (ii) (F.7), (F.8) and the Schauder- Tychonoff theorem (1.13) are 
special cases of (i). 


G. Analytic proof of the Brouwer theorem. 


(G.1) Let AK = {2 € E | |Ja|| < 1} be the closed ball in a Banach space E andr: K — OK 
be a Lipschitz retraction. Define a deformation d; : K — E by 1 xr +2#(r(r)— 2). Show: 
(a) dp: (AKON) > (WK, OK) and d)|OK = idgx, for all t € [0,1]. 
(hb) For all sufficiently small ¢, dy is a homeomorphism of AK onto K. 
[For (b), use the elementary domain invariance and the fact that a contractive field maps 
closed sets to closed sets.] 
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(G.2) Let K be the closed unit ball in a Hilbert space H with scalar product (. ) and 
assume that f : K — K is a map without fixed points. Define 8: K — H by 
— (z.z) 
rex —- ——— f(: 
Te fey 

Show: 

(i) @ is well defined and continuous. 

(ii) B(x) £0 for allre K. 

(iii) The map r : K — OK given by x +> 8(z)/||B(x)|| is a retraction. 

(iv) If dim H <x and f is C!, then so is the map r. 


(G.3) Let K” be the closed unit ball in R", OK" = S"7), and let r: K" — §"7! 
be a C! retraction. Define a deformation dy : K" — R”" by x & x + tg(r). where 
g(x) = r(x) — x. Show: 

(a) di|S"~! = idgn-r. 

(b) For all sufficiently small t, d; is a diffeomorphism of K" onto K” 
[For (b), express the determinant det {55 + t0g;/0x,} of the partial derivatives of d; in the 
form of a polynomial with respect to ft: 


n 
P(r) =1+ ¥ > y(a)t* with , € CK"); 
k=1 


use (G.1) and the inverse function theorem.] 


(G.4) Using the notation of (G.3), we assign to g(r) = r(x) — x a polynomial function 
Ig: [0,1] + R by setting 


itt) = f Aiea a 


k=] 


where ag = vol(K") and ay = fren V(x) dz. Show: The polynomial function I(t) has 
the constant value ag = vol(K”) for all t € [0, 1). 

[Prove that Ig(t) = ao for all sufficiently small ¢: use (G.3)(b) and the change of 
variables formula fyen Pe(x) dx = vol(d:(K")) = vol(K") = ag.] 


(G.5) Show: There is no C! retraction of K" onto S"~! 
[Supposing r : K" + S"~? is such a retraction, deduce that P,(x) = det{Or;(x)/Ox;} 
= 0, and therefore Ig(1) = 0, contradicting (G.4).] 


(G.6) Prove: Every continuous f : K" — K” has a fixed point. 

[Assuming first that f isC”, 1 apply (G.5) and (G.2): for arbitrary f, apply the Weier- 
strass approximation theorem and the special case.] 

(The above proof is essentially due to Milnor [1978]: for further improvements and 
simplifications see Rogers [1980], Groger [1981]. Traynor [1996].) 


H. Localization and multiplicity of fired points in cones 


In this subsection the following notation will be used. Let (£,|| ||) be a normed linear 
space and C C E a closed nonempty convex cone: the property C'N (—C’) = 0 is not 
required, so the case C = E is included. For 9 > 0, let Bp = {x € C | [|x|] <_o}. Sp = 
{x EC | |[zl] = o}. Ap = Bo U Sy. Given 7. RE RwithO<r< #, let 4.R = BR Kr. 
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(H.1) Let U be an open bounded subset of C with 0 € U, and let F € “ay (U,C). 
(a) Assume that for all x € OU and all \ € [0,1] one of the following is satisfied: 
1° +r AAFr. 
2° ||Fxl] < max{[lz|h lz — F|l}- 
3° (Fx,r) < (x, r), where (, ) is a scalar product in E. 
Show: F is essential. 
(b) Assume that there is a c € C' -- {0} such that » # Fr + Ac for all x € OU and all 
d > 0. Show: F is inessential. 
[For (b), assuming F is essential, find for each n € N a point z, € U such that 
In = Fry +nc; then, using boundedness of U, get a contradiction.] 


(H.2) (Localization result) Let F €.%s,us, (KR.C). 

(a) Suppose that F is essential (with respect to Kg) and F|S; is inessential (with 
respect to A). Show: F has a fixed point in A,,p. 

(b) Assume that (i) for all r € Sp and all \ > 0 one of the conditions 1°-3° of (H1)(a) 
holds, and (ii) there is a c € C' — {0} such that r # Fr + Ac for all z € S; and all A >0. 
Prove: F has a fixed point in A,,p. 

[For (a), show that F|A,,p € %s,us, (Ar.R-.C) is essential. 

(c) Let C = E, so that F € .%,us, (Ar. E). Assume that (i) Fr = —F(—2) for all 
x € Spr, and (ii) there is a c € E— {0} such that r # Fr+ Ac for all c € S; and all A >0. 
Prove: F has a fixed point in A; p. 


(H.3) (Afultiplicity result) (a) Let F: A;.R — C andG: Kp — C be two fixed point free 
compact maps such that F'|Sp = G|Sr. Show: F|S; is inessential. 
[Letting @ € (0,r), consider the functions a. 3,77 : Ag,r — R — {0} given by 


a(x) =(r—-)|lzl]. A(z)=(R-o)r-(R-r)llz|, yz) = a(z)/B(z), 
and let F: Kp — C be given by 


. (o/R)G((R/o)r) for re Ko. 
F(x) = ¢ ¥(z)F((l/y(x))2) for x € Agr. 
F(z) for r € A; R- 


Prove that F is a fixed point free compact extension of F|A,,z over AR.] 

(b) Let F € #5,us,(KR.C) be an inessential map such that F|S; is essential (with 
respect to A;). Show: (i) F has at least two fixed points, r; € B; and re € A,r, and 
(ii) F|A;,R € #5pus,(Ar.R.C) is essential. 

[To prove that Fix(F|A,.p) # %, suppose F': A,.p — C is fixed point free; use (a) to 
get a contradiction.| 

(c) Let F : Kp — C be a compact map such that (i) r #4 AF x for all x € S; and 
A € [0.1], (ii) there is a c € C — {0} such that x #4 Fr + Ac for all r € Sp and all \ >0. 
Show: F' has at least two fixed points, 7; € Br and rq € A, Rp. 

[Use (H.1) and (b).] 

(d) Assume C = E and let F € %5,us, (Kr, £) be such that (i) Fr = —F(—2) for 
all x € S;, (ii) there isa c € E — {0} such that r # Fr + Ac for all zg € Sp and all A> 0. 
Prove: F has at least two fixed points, rr; € By and rq € A, R- 

(The above results are due to Simon and Volkmann [1988].) 


I. Selected problems 


(1.1) Let E and F be Banach spaces and L € £L(E,F) be surjective. Let T: E — 2¥ be 
a completely continuous Kakutani map. 
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(a) Let Ky = {x € E | ||z|| < o}. Show: Either (i) Lx € Tx for some r € Ko, or 
(ii) there are y € OK and d € (0,1) such that Ly € ATy. 

(b) Let T: E+ 2¥F bea completely continuous Kakutani map and set Ep = {z € F | 
Lx € AT zx for some 4 € (0, 1)}. Show: If the set Ey is bounded, then L and T have a point 
of coincidence (Granas [1993]). 


(1.2) (Generalized Leray-Schauder principle) Let E be a Banach space. C C E closed 
convex, and V open in C x [0,1]; we let V, = {x € C | (x.d) € V} be the section of V 
at \. Given H V —C we define H:V Cx [0, 1] by H(r.d) = (f(x, 2). 0): clearly, if 
H is compact, then so is H. 

Let H - V +C be a compact map such that H(2,A) # = for all (z,) € OV. and 
assume that one of the following conditions holds: (i) H : V — C x [0.1] is essential: 
(ii) (1 —t)zp +tH(z,0) ¥ = for all (x,0,t) € OV x (0,1) for some zp € Vo. Show: For each 
d € (0,1) the map z++ H(z, 4) has a fixed point in V, (Precup [1995}). 


(1.3) Let X be normal, Y arbitrary, and S: X > 2° an open map (i.e., with open graph). 
Let f : X — Y be an S-selection on some closed A C X and assume that f is homotopic 
to some S-selection g : X — Y by a homotopy @ that is S-small on A (i.e., (a x I) C Sa 
for each a € A). Show: f|A extends to an S-selection f* : X — ¥ such that 

(i) f°(X) COX x DN), 

(ii) f* ~ f rel A, 

(iii) f* ~ g by an S-small homotopy extending BA x I. 
[Consider A X x I — X x I given by (z,t) + (2, G(z,t)); from A x IC AW4(I9), 
deduce that W x Ic A (Ls) for some nbd W > A, and hence (w x I) C S(w) for 
each w € W. Take an Urysohn function 4: X — I with A|X —W = 1, A|A = 0. and show 
that f*(zr) = (x, X(x)) is the required extension of f.] 


(1.4) Let X be normal, Y arbitrary, and T: X — 2° a closed map (i-e., with graph 
closed in X x Y). Let A C X be closed and f : X — Y continuous with f(a) ¢ Ta for 
each a € A. Assume that f is homotopic toa mapg X — Y with 9(z) ¢ Tz for each 
x € X via a homotopy @ such that $;(a) ¢ Ta for alla € A and t € I. Show: f|A has an 
extension f* : X — Y with f*(x) ¢ Tx for each zx and such that: 

(i) f*(X) C D(X x J). 

(ii) f* ~ f rel A, 

(iii) f* ~ g by a homotopy & with (xz) ¢ Tx for all x and t. 


(I.5) Let X be a nonempty compact convex subset of a locally convex space E' and K C E 
a nonempty closed convex set. Let g : X x X — E be continuous and such that: 
(i) for each y € X and any convex set C C E the set {x € XY | 9(z.y) € C} is convex, 
(ii) for each y € X the set {x € X | 9(z,y) € K} is nonempty. 
Show: There exists 7 € X such that 9(y,y) € K (Lassonde [1983}). 

[Let A be the diagonal in X x X: supposing the assertion is not true, find a closed 
convex symmetric nbd U of 0 in E such that g(4)N(K + U) =9@. Consider G: X — 9x 
given by Gx = {y € X | 9(z,.y) € K + U}; using the Fan-Browder theorem, get a 
contradiction by showing that 9(xo.x0) € K +U for some zo € X.] 


(1.6) (Fan: Iokhvidov theorem) Let X be a nonempty compact convex subset of a locally 
convex space E, C be a convex closed subset of E and f : XX — E a continuous map such 
that f(X) C X + C. Show: There exists 7 € X such that f(y) € ¥+C (Iokhvidov [1964]. 
Fan [1966}). 

[Let g9:X xX —E be defined by af rev) = flr)~- y and apply (1.5).] 
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(1.7) (Himmelberg theorem) Let C' be a nonempty convex set in a locally convex space E, 
and let T € K(C.C) be a compact Kakutani map. Show: 

(a) If 1’ is a closed convex nbd of 0 in E, then there exists a point zy € C such that 
Try N(ry +V) AO. 

[Observe that the map x + (Tr — V)NC has closed values and open fibers; using 
the compactness of T, find an A € (C’) with (Tx —-V)N A # @ for each x € C. Apply 
(5.9.H.3).] 

(b) The map T € K(C,C) has a fixed point (Himmelberg [1972]; the above proof is 
due to Lassonde [1990)). 


(1.8) (Fzred points for upper demicontinuous maps) Let F be a locally convex space, 
X C Ea nonempty subset and A.X — 2” a set-valued map with nonempty values. We 
say that A is upper demicontinuous if for any x € X and any open half-space H C E 
containing Az there is a nbd Nz of z in X such that A(Nz) C H. 

(a) Let XY be compact convex and A,B: X — 2F be upper demicontinuous set-valued 
maps with nonempty closed convex values such that for each r € X one of the sets Az, 
Br is compact. Assume furthermore that one of the following conditions is satisfied: 

(i) For each (y.xz) € E* x X with y(z) = min{y(z) | z € X} there are u € Az, 

v € Bz such that y(u) < y(v). 

(ii) A is inward and B is outward in the sense of Fan. 
Show: A and B have a coincidence. 

(b) Let X be compact convex and A X — 2 be upper demicontinuous with 
nonempty closed convex values. Show: If A is either inward or outward in the sense of 
Fan, then A has a fixed point. 

(The above results are due to Fan [1972].) 


(1.9) (Krein-Rutman theorem) Let E be a Banach space, C C £ aclosed cone in E, and 
let < be the partial order in EF induced by C (xx y@y—x EC). Let FP: EE bea 
completely continuous operator such that: 

(a) x <y = F(z) X Fly), 

(b) F(ax) = aF(z) fora >0, 7 € £, 

(c) there exists v € C with ||v|| = 1 such that F(v) > Gu for some B > 0. 
Show: There exist zo € C—{0} and A > # such that F(xo) = Axo (Krein-Rutman [1948)}). 

[Given € € (0,1/2), let Ce = {x € E | x > €|lz||v} and fix 1 € E* with U(v) > 0, 
[Z|] = 1. Let Xe = {x € Ce | |[z|| < 1, U(x) > el] F(v)||} and 


F(x) + 2e||F(z)|lv 
|F(z) + 2el|F()|lell 
Then prove successively: (i) Xe is closed, convex and nonempty, (ii) Fe : Xe — Xe is well 


defined and compact, (iii) there exists re € Xe such that re = Fe(xe) = AeXe — He, 
where pe > 0, Ae 2 k > 0. Use compactness of Fe to conclude the proof.] 


Fe(z) => for re De: 


11. Notes and Comments 


Applications of the topological KKM-principle 


The topological KKM-principle has numerous significant applications in di- 
verse fields. We list some typical applications (which cannot be obtained 
from the geometric KKM-principle) that are discussed in Section 1: 
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1° geometric results concerning set-valued maps of Ky Fan; 

2° minimax inequalities (of Fan and F. C. Liu); 

3° fixed point results of Schauder-Tychonoff, Fan, and Iokhvidov: 

4° theory of games and mathematical economy. 

The geometrical results (1.2), (1.3) and (1.17) were (in a somewhat dif- 
ferent setting) established in Fan [1962], [1964], and [1966], respectively: 
Browder [1968] formulated Theorem (1.2) in terms of set-valued maps, and 
using the selection technique, deduced it directly from the Brouwer theorem. 
The minimax inequality (1.7) is taken from Fan’s survey [1972], and Theo- 
rem (1.8) from Liu [1978]. Theorem (1.4), established by Sion [1958] with the 
aid of the Knaster- Kuratowski-Mazurkiewicz theorem, evolved from earlier 
results of von Neumann [1928], [1937]. The direct simple proof of (1.4) given 
in the text is a modification of a proof by Fan [1964]. 

Among the diverse applications of the Fan minimax inequality (1.7), we 
mention the following existence theorem in potential theory: 


Let X be a compact space and G: X x X — R be a continuous nonneg- 
ative function such that G(z,x) > 0 for x € X. Then there exists a positive 
Radon measure p on X such that: 

(a) [ G(x, y) du(y) > 1 for all z € X, 

(b) f G(x, y) du(y) = 1 for each x in the support of p. 


For a proof and other applications of (1.7), see Fan’s survey [1972]. 

The Schauder-Tychonoff theorem (1.13) is one of the best known classi- 
cal results in fixed point theory. Its proof, which uses (1.12), is a modification 
of that given by Lassonde [1983]. For locally convex spaces, Theorem (1.14) 
was established by Fan [1969]; the proof in the text (valid for spaces with 
sufficiently many linear functionals) is due to Kaczynski [1983]. The Nash 
equilibrium theorem was established in R" by Nash [1951]; the proof of its 
extended version presented in the text follows that given in Fan’s survey 
[1972]. Among other noteworthy results related to the Nash theorem we 
mention Gale—Mas-Colell [1975] and Deguire-Lassonde [1995] (cf. (10.B.4)). 

For more general results and other applications of KKM-maps the reader 
is referred to the survey by Fan [1972], Lassonde [1983], Gwinner [1981], and 
“Miscellaneous Results and Examples” 

Topological KKM-theory was extended to spaces with a generalized con- 
vex structure (see Horvath [1987], [1993], Khamsi [1996], van de Vel [1993], 
and also section I(c) in “Additional References” ). 


Applications of the antipodal theorem 


Theorem (2.1) is due to Kuratowski-Steinhaus [1953]; the proof of (2.1) 
follows Borsuk [1953]. Theorem (2 2) was conjectured by Steinhaus: its proof 
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(based on the antipodal theorem) was first given by Banach (see Steinhaus 
(1945]). Theorem (2.3) is a special case of a theorem of P.A. Smith stating 
that no nontrivial finite group can act freely on R” (see Smith’s survey 
[1960] for more details and further references). Theorem (2.4) is from Krein- 
Krasnosel’skii- Milman [1948]; it has important applications in perturbation 
theory of linear operators and also in approximation theory. 

The remarkable feature of the Krein—Krasnosel’skii-Milman theorem is 
that it implies in fact the Borsuk—-Ulam theorem; this was discovered by 
A.L. Brown [1979]. 


We now list some further applications of the antipodal theorem: 

(i) (Algebra) Dai and Lam [1984] applied the Borsuk—Ulam theorem to 
show that the quotient R[x1,...,Zn]/(1+22+---+22) has level n, i.e., —1 
cannot be written as a sum of fewer than n squares. 

(ii) (Graph theory) Using a version of the antipodal theorem due to Fan 
[1952], Lovasz [1978] established the Kneser conjecture: Given any decompo- 
sition of the collection / of all n-element subsets of a (2n+k)-element set 
S into classes 1,...,.%.41, at least one of these classes contains two dis- 
joint n-element sets (in connection with this result see also Bardny [1978)]). 
For some other combinatorial applications of the antipodal theorem see 
Alon [1987]. 

(iii) (Dimension theory) Using the antipodal theorem one can show that 
the n-skeleton of the (2n+2)-simplex cannot be embedded in R?” (see Flores 
[1935]). 

(iv) (Approzimation theory) Some applications of the antipodal theorem 
in approximation theory can be found in Tikhomirov [1960]. 

(v) (Game theory) Using a version of the Borsuk—Ulam theorem, Simon- 
Spiez—Torunczyk [1995] established the existence of equilibria for certain 
games arising in mathematical economy. 

For more details about applications of the antipodal theorem the reader 
is referred to Steinlein’s survey [1985] and also to “Additional References”, 
where further information may be found. 


Applications of topological transversality 


The Leray—Schauder continuation method is at present one of the most 
basic tools of nonlinear analysis. In the proof of Theorem (4.2) (Granas- 
Guenther—Lee [1977]) we indicate in a simple setting how this method may 
be used in the study of nonlinear differential equations; Theorem (4.3) was 
proved by Bernstein [1912], to whom the basic idea of “a priori” bounds is 
due. 

In subsection D of “Miscellaneous Results and Examples”, further ap- 
plications of topological transversality are given. To focus on the essential 
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features of the topological methods, the discussion is restricted to scalar 
equations of the first or second order; however, the general techniques also 
apply to systems of equations and more general boundary conditions. A sig- 
nificant feature of these exercises is that by recasting a differential equation 
as an integral equation, both the classical and Carathéodory cases can be 
treated in a classical setting, without recourse to Sobolev space formulations. 

For other applications to ordinary differential equations see, for exam- 
ple, Cesari [1960], the surveys by Mawhin [1976] and Granas-Guenther-Lee 
[1980], and also Lee~O’Regan [1995]. where further references can be found. 
For an application to nonlinear integral equations the reader is referred to 
Guenther—Lee [1993]. 


Invariant subspace problem and other applications 


(i) (Operator theory) The application of the Schauder theorem to the in- 
variant subspace problem presented in Section 6 was given by V. Lomonosov: 
Theorem (6.1), due to Lomonosov [1973], extends an earlier result of Aron- 
szajn-Smith [1954]. We remark that the invariant subspace problem for 
arbitrary bounded linear operators was solved in the negative by Enflo and 
independently by Read; for details we refer to Beauzamy [1988]. For other 
applications to operator theory, see Krein [1964] and also the survey of Fan 
[1972], where further references can be found. 

(ii) (Descriptive set theory) Engelking: Holsztyiski-Sikorski [1966] ob- 
served that the proof of the existence of Borel sets of arbitrarily high classes 
(in a metric space) can be considerably simplified by using the fact that the 
Hilbert cube J has the fixed point property. 

(iii) (Linear algebra) The Brouwer theorem yields a simple proof of the 
Perron—Frobenius theorem: Every square matriz ||a;;|| with aj; € Rt has at 
least one nonnegative real eigenvalue (Alexandroff—Hopf [1935]). For topo- 
logical proofs of some generalizations of this result see Fan [1958]. 

(iv) (Geometry) The Brouwer theorem permits proving the following 
result: Let (X,d) be a metric space, let y : [0,1] — X be a continuous arc 
with (0) 4 y(1), and let Bo, Pi,....8s be s +1 strictly positive numbers. 
Then there exists a partition 0 = tp < ty < --- < ts41 = 1 of the interval 
[0,1] and a constant K > 0 such that 


B; = Kd(p(t;), 9(tj41)) for 7 =0,1.....8 


(see Urbanik [1954]). 

(v) (Optimal control theory) The Brouwer theorem implies the following 
result: Let f : R" — R” be differentiable at 0 and such that f(0) = 0. If the 
derivative f'(0) is invertible, then for some nbd V of 0 we have 0 € Int f(V). 
For further details see Halkin /1975!. 


194 II. Theorem of Borsuk and Topological Transversality 


Dugundji extension theorem 


Theorem (7.4) and its consequence (7.5) established by Dugundji [1951] rep- 
resent strict. generalizations of the Tietze extension theorem for continuous 
real-valued functions. These results are at the roots of the theory of ANRs 
to be developed in §11. 

One can get various related general extension theorems by trading less 
structure on the domain for more structure on the range. We give two ex- 
amples of such results: 

1° If X is paracompact, A C X closed, and E a Banach space, then 

every f: A— E is ertendable to an F : X — E (Arens theorem). 
2° If X is normal, A C X closed and E a separable Banach space, then 
every f: A— E extends toan F: X — E. 

Dugundji [1951] showed that the explicit form of the extension in (7.4) 
permits proving the following theorem ('): Let X be metric, A C X closed, 
and let CB(X) denote the Banach space of all bounded continuous real- 
valued functions with the sup norm. Then there exists a linear operator 
L : CB(A) — CB(X) that makes correspond to each f € CB(A) an exten- 
sion Lf € CB(X). This theorem naturally extends to Banach-space-valued 
functions. 

More details and references concerning Dugundji type results can be 
found in the books of Bessaga—Petczynski [1975] and Hu [1965]. 


Absolute retracts and generalized Schauder theorem 


The theory of metric ANRs provides a framework within which fixed point 
results can be expressed in purely topological terms. The first result of 
this type was proved for compact ARs by Borsuk [1931la]. The general- 
ized Schauder theorem (7.8) as well as Theorem (F.8) are due to Granas; 
they are special cases of more general results to be presented in Chapters 
IV and V. 

A link between topological fixed point theory and the functional-analytic 
fixed point results is provided by Theorems (7.4) and (7.5) together with 
various embedding results into linear topological spaces. For example, the 
fact that a convex set in a normed space is an AR (Dugundji [1951]) implies 
that the Schauder theorem (6.3.2) is a special case of (7.8). The fact that the 
unit sphere in an infinite-dimensional normed space is an AR (first proved, 
using a different method, by Dugundji [1951]) permits a simple proof of 
the Birkhoff-Kellogg theorem (Granas [1962]) and also implies the result of 
Gohde [1959] that the nonconvex set in (7.7), being an AR, has the fixed 
point property for compact maps. 


(1) For A separable, this theorem was established by Borsuk [1933b]. 
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In connection with Theorems (7.4), (7.5), we make the following remarks: 
(a) There exists a compact convex subset C of a locally convex space E 
that is not a retract of E (Klee [1953] and E. Michael [1953)). 
(b) There exists a linear metric space that is not an absolute retract 
(Cauty [1994]). 
In connection with Theorem (7.8), we mention that there exists a non- 
compact AR having the fixed point property (Klee [1960]). 


Fized points for Kakutani maps 


The first result for such maps was established by Kakutani [1941], who 
extended the Brouwer theorem and applied the result to prove a version 
of the von Neumann minimax principle in R”. Kakutani’s theorem was 
extended to Banach spaces by Bohnenblust and Karlin [1950] and to lo- 
cally convex spaces by Glicksberg [1952] and Fan [1952]. An analogue of the 
Schauder—Tychonoff theorem for compact Kakutani maps was established 
by Himmelberg [1972]. 


Photo by 1. Natuioka 


J. Dugundji and S. Kakutani, Montreal, 1973 


The proof of (8.4) given in the text combines the (graph) approximation 
technique developed for compact Kakutani maps in Cellina [1969] and the 
suitably modified approximation technique used in the single-valued case 
(Lemma (8.2)) (for another technique based on pointwise approximation of 
Kakutani maps see Olech [1968)). 

We remark that Borsuk’s antipodal theorem remains valid for compact 
Kakutani maps (Granas [1959b], Cellina—Lasota [1969]), as do the topo- 
logical transversality theorem (Granas [19761) and the Dugundji extension 
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theorem (7.4) (Ma [1972]). Other results can be found in Fan’s survey [1972]; 
see also Ma [1972]. 

Fixed point results for Kakutani maps prove useful in many branches of 
mathematics; for instance, they find applications in game theory (Bohnen- 
blust Karlin [1950], Glicksberg [1952], Fan [1952]), optimal control the- 
ory (Lasota Opial [1965], [1968]), differential inclusions (T. Pruszko [1984], 
Frigon [1990a], Deimnling [1991]), partial differential equations (Chang [1980], 
the lecture notes by Lasry Robert [1976]), and classical functional analysis 
(Day [1962]). 

For numerous applications of the Kakutani maps in mathematical econ- 
omy the reader is referred to the books by Aubin [1991] and Border [1985] 
(see also Florenzano [1981]). More general fixed point results for set-valued 
naps will be treated in Chapter VI. 


Ryll-Nardzewski theorem 


This remarkable result (considerably extending Kakutani’s theorem) was 
announced in Ryll-Nardzewski [1962]; a detailed proof based on probabilis- 
tic arguments was presented in Ryll-Nardzewski [1966]. The first geometric 
proof was given by Namioka—Asplund [1967]. A simple proof of (9.4) (which 
is a special case of (9.6)) was found by F. Hahn [1967] who also showed that 
Theorem (9.5) of Kakutani [1938] follows directly from (9.6). Theorem (9.3) 
is a special case of a result of Namioka. The proof of the Ryll-Nardzewski 
theorem presented in the text is a corrected version of that given in the 
book of Dugundji-Granas [1982]; the latter proof is valid only under the 
assumption of metrizability of the space E (see also Hansel -Troallic [1976]). 
For a noteworthy extension of the Ryll-Nardzewski theorem the reader is 
referred to Namioka [1983]. 

Let G be a locally compact group. Following Eberlein [1949], call a func- 
tion f € CB(G) weakly almost periodic (f € W(G)) if its orbit under left 
translations O(f) = {Lf | c € G} is relatively compact with respect to 
the weak topology in CB(G). Solving a problem raised by Eberlein [1949]. 
Ryll-Nardzewski [1962] applied his fixed point theorem to prove that for 
every locally compact group G there exists a left-invariant mean on W(G). 
For the class of almost periodic functions AP(G) C W'(G) such a result 
(originally due to von Neumann] [1934]) can be obtained with the aid of the 
Kakutani theorem. For details see Burckel’s book [1972]. 

The Ryll-Nardzewski theorem has found applications in the theory of 
finite von Neumann algebras (Yeadon [1971], Stratild- Zsidé [1979]) and in 
linear functional analysis (existence of invariant linear functionals under the 
action of the group of isometries in a Banach space; Fan [1976]). 


II. 


Homology and Fixed Points 


In this chapter we develop the algebraic and geometric notions needed to 
formulate and prove the main result, the Lefschetz—Hopf theorem for poly- 
hedra. We further illustrate the use of homology by studying the special 
case of maps S” — S”, showing that the Brouwer degree of a map not 
only completely characterizes its homotopy behavior, but also gives consid- 
erable information about special topological features that such a map may 
have. We come full circle with the beginning of the last chapter by deriving 
Borsuk’s antipodal theorem within this homological framework. 


§8. Simplicial Homology 


This paragraph is devoted to an exposition of only those notions of simplicial 
homology theory that provide the framework for the main results of the 
chapter. 


1. Simplicial Complexes and Polyhedra 


(1.1) DEFINITION. A simplicial complez is a finite family “ = {a} of 
simplices in some R” such that: 
(a) if o is in %, then so also is every face of o, 
(b) ifo,7 € %, then 0/7 is either empty or a face common to both 
o and 7. 
A polyhedron is a pair (K, #), where % is a simplicial complex and 
K=U{ol|lo€ #}. 
If (K, #) is a polyhedron, we frequently say that “ =sdK is the stmpli- 
cial decomposition of the polyhedron, and call K = |.%| the support of %’. 
Clearly, the same support can be taken with different simplicial decomposi- 
tions (consider, for example, the space of a 1-simplex); they are then different 
polyhedra. 
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The dimension of (K,-4%) is max{dima | o € 4}; the mesh of 2° is 
max{d(a) | o € .#}. By a subpolyhedron of (K, #) is meant a pair (L, 2), 
where .f is any subfamily of ./ satisfying (a), and ZL is the support of 2; 
since .& clearly also satisfies (b), the pair (L,.@) is indeed a polyhedron. 
Particularly important is the subset #7" C % consisting of allo € 7 
having dimension < some fixed r > 0: the subpolyhedron determined by 
HX” is called the r-skeleton of (Iv..4), and is denoted by (Kh. #)". The 
subpolyhedron (A..#)° is called the set of vertices of the polyhedron. 

To illustrate, let o be a fixed simplex. Taking the simplicial structure 
to be the set .7(c) of all its faces gives a polyhedron (0,-¥(a)); the subset 
¥' = #(o0) —o, being supported by o, gives the subpolyhedron (6, .#") of 
(o, 7), and if dima = s, it is the (s— 1)-skeleton of (0, 7). Observe that for 
any (h,.#) and any o €.%, the polyhedron (0,.4(c)) is a subpolyhedron 
of (h, #). 

Let (A. #) be a polyhedron. For any z € A, the carrier o(x) of x is 
the simplex o € # of lowest dimension that contains x. It is unique, being 
N{o € -# | x €o}. Clearly. (i) o is the carrier of x if and only if r €0-—6 
and (ii) a point r belongs to some simplex o if and only if its carrier is a 
face of a. 

Let. A be the support of a finite polyhedron. Although Jv is in general 
the support of many different simplicial decompositions, the topology of 
Kk can be recovered from any given simplicial decomposition: it is the weak 
topology generated by the family .“” Consequently, for any topological space 
Y amap f : kK — Y is continuous if and only if flo : 0 — Y is continuous 
for each gd € 7% 

We now describe a family of open sets in A’ that is obtained directly 
from a given # Note that if p is a vertex of (A, #), then {0 € % | p Za} 
determines a subpolyhedron of (1, #). 


(1.2) DEFINITION. Let (A.%) be a polyhedron. For any vertex p of #, 
the set K —Uf{o € % | p gc} is called the star of p, and is denoted 
by St p. 


Stp is therefore an open set; clearly, it contains p but no other vertex of 
(K’,.#). Moreover, {St p | p € (K..7)°} is an open cover of A‘: given any 
r € Ky, let po be a vertex of its carrier a(x); because . belongs only to 
simplices having o(z) as face, we find x ¢ U{o € % | po ¢ a}. so x € St po. 
This open cover has important properties. 


(1.3) THEOREM. Let po,...,pn be vertices of (Kh. #). Then: 
(a) (jip Stpi AO if and only if (po,.-.,Pn) is a simplex of X, 
(b) ifo = (po,--.,Pn) is a simpler of XH, then (};_,Stp; is the set 
of allx € v carried by simplices having a as face. 
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PROOF. (a) Assume that po,...,~n do not span a simplex o € .%. Then for 
each o € # at least one of po,..-,Pn iS not a vertex of a. so 


Ul | po go} U---UL fo | pn Go} =K 


and ();_, St p; = 0. The argument is reversible. 
(b) If z € ();_, Stp;, then 


z ¢\{o | po ¢o}U---UL fo | mn Zo}; 


the carrier of x must therefore contain all the vertices po....,p,. This ar- 
gument is also reversible. O 


We can also use % to introduce coordinates in the support A’ analo- 
gous to barycentric coordinates in a simplex. Observe that if {p0,...,p7r} = 
(K, #)°, then each x € K can be written uniquely as z = ae pi (x)p;, 
where 0 < pi(z) < 1 for each i = 0,...,T and pe p(x) = 1 for each 
z € K; indeed, we have only to define, for each i, 


if p; is a vertex of the carrier of x, 


barycentric coordinate of z relative to p, 
pi(z) = 
0 otherwise. 


Thus, for each x € K, the nonzero p;(x) are the barycentric coordinates 
of x in its carrier. Since for each i and any o € .%, p;\o is either identically 
zero or the barycentric coordinate function of o relative to p;, we conclude 
that each yp; : K — TI is in fact continuous. It is easy to see, using (1.3). that 
St pi = {z | pi(x) > O}. 

It follows from this representation of the points of K that for any topo- 
logical space Y, each map f : Y — K is uniquely expressible as f(y) = 
se pio f(y)pi, and if f is continuous, then each function p30 f : Y — I is 
continuous. The construction of continuous maps of spaces into polyhedra 
is frequently based on 


(1.4) THEOREM. Let (K,.%) be a polyhedron in R” with vertices {ppo,... 

..,pr}, and let Y be an arbitrary topological space. Let yp; : Y — I be 

a family of functions, one for each vertex p;, with Wize vily)pi EK 

for each y € Y. If each p; is continuous, then y > 5°;_, vily)pi is a 
continuous map f:Y — K. 


Proor. Regarded as a map of Y into R”, f is evidently continuous; since 
f(Y) C K C R", the continuity of f as a map of Y into K follows. 0 


The homotopy of two maps of a space Y into a polyhedron can sometimes 
be detected by their behavior relative to the given %. One frequently used 


condition is 
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(1.5) THEOREM. Let (ix,-#%') be a polyhedron, Y an arbitrary space, and 
fig: ¥ Ai continuous. Assume that for each y € Y, there is some 
simplex 0 € .¥ containing both f(y) and g(y) (such maps are called 
contiguous). Then f & g. 


PROOF. For each y € ¥’, the line segment joining f(y) to g(y) lies in some 
ao €-#’, therefore in A’. These seginents are given by 
T 
H(y.t) = > [te(f(y)) + (1 — tee(g(y))Ipis 
i=0 
since the functions tu; o f + (1 —t)u;0g: Y x I — JI are continuous, the 
map H:Y x I — K is continuous and provides the required homotopy. 0 


2. Subdivisions 


Given any simplicial decomposition # of A’, we shall construct another 
simplicial decomposition .“' of K’, called the barycentric subdivision of 7%: 
its importance lies in that all the simplices of ' are “smaller” than those of 
HA , so by repetition of the construction, we can get. simplicial decompositions 
of a given support that have arbitrarily small mesh. 

The barycenter of an n-simplex 0 = (po,---,Pn) is the point [o] = 
4 > ;-9 Pi (occasionally we use the notation b,); a zero-simplex is its own 
barycenter. We first describe the barycentric subdivision Sd! o of the poly- 
hedron (o,. #(c)), where o is a single simplex; the vertices of Sd! ¢ will be 
the barycenters of all the faces of a. The definition is by induction on the 
dimension of a: 

1. If dimo = 0, then Sd'o =a. 

2. Assume Sd! oa known for all o of dimension < n — 1. Let o” be an 
n-simplex, and let Y be the collection of all (n — 1)-simplices of Sd’ o"—}, 
as o"—! runs over all the (n — 1)-faces of 0? Then Sd'o” consists of the 
n-simplices 

{(o, -++3Yn-1, [o"]) | (yo, ore »Yn-1) € at 


and all faces of these simplices. 

Observe that the barycentric subdivision of a” introduces no new ver- 
tices on @”, so if each of two simplices 0,7 is barycentrically subdivided, 
the process will yield identical subdivisions on o M7; the barycentric sub- 
division .“' = Sd’ % of (Kh, #) is obtained by subdividing each o € % 
barycentrically, and consists of 


{o' |o' €Sd'o anda € #7}. 


For theoretical purposes, it is more convenient to describe Sd! % in 
another manner. 
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(2.1) DEFINITION. Let (K,.%) be a polyhedron. Sd! % consists of all 
simplices ([o0],..-,[o5]), where 09 C a1 C -:: C az is a strictly 
increasing sequence of simplices of 


It is easy to verify that each set {[oo],...,[os]} in the definition is in 
fact affinely independent. A proof that this construction is equivalent to 
that previously given can be based on the observation that each simplex 
([o0],---,[os]) is contained in a,, since a, is a convex set containing all the 
points [oi], i =0,...,s. 


(2.2) THEOREM. Let (K, A) be an n-polyhedron of mesh pp. Then the mesh 


of Sd} KH is < wae 


PROOF. We need only estimate the length of any edge of a simplex of 7’ 
Let p = [oo] and g = [01] be the vertices of such an edge: according to the 
definition, we have, say, 09 C 01, so that the vertices of o9 are among those 
of 01 = (po,---,Ps); SAY Oo = (po,.--,Pr), Where r<s <n. Then p—g= 


ret Dinol —q), and for each i = 0,...,7, also pj —qg = oH =o” —p,). 
so tha 
(s+1)(r+1)-—(r+1) 
Ip—all < oy aa De A eae renee ay 


7=0 j=0 


because there are (¢ + 1)(r + 1) terms in the double sum, but r + 1 of them 
are zero, and all of them are < p. Thus, 


Ss Tr 
— < < 
\|p Serta eS era 


completing the proof. O 


Hl 


The process can be repeated. Defining the mth barycentric subdivision 
of (K, #) inductively by 


Sido H =H, Sd™ H =Sa'(Sd""1 7%), 
we have 
(2.3) COROLLARY. Let dim Kk <n. Then 


mesh Sd” #7 < (5) mesh %. 
n+l 


so that the diameters of the simplices of Sd X tend to zero under 
repeated barycentric subdivision. O 


3. Simplicial Maps and Simplicial Approximations 


If (K, %) and (L,£) are two polyhedra, it is natural to consider maps of 
K into L that respect the given simplicial decompositions. 
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(3.1) DEFINITION. A map gy: (A..4/) > (L,.2) is called simplicial if: 
(a) for cach siuplex (py.....ps) € 4, the points y(po),---.9(ps) 
are vertices (uot necessarily distinct) of some simplex of 2, 
(b) the map y is affine on each og €.%: 
s s s 


203003) = dlr), SL =HhL AZO. 


?=0 1 0 i=0 

It is to be emphasized that , is a piecewise linear map: it is uniquely 
determined by its values on the vertices of .“ Therefore, we often write 
yi # — L&. Clearly, a constant map, sending all of A’ to a vertex of L, 
is simplicial. Moreover. because the barycentric coordinate functions A; are 
continuous, any simplicial map y : (4..7) — (L..2@) is continuous on each 
simplex ao € .#, and therefore it is continuous. 

We relate the simplicial maps to arbitrary continuous maps of A’ into L 
by 


(3.2) DEFINITION. Let f : A — L be any continuous map. A simplicial 
map y: (A. Sd". #) — (L,.@) for some r > 0 is called a simplicial 
approximation to f if f(Stp) C Sty(p) for each vertex p € Sd’ 7%. 


We establish 


(3.3) THEOREM. Let f : AK — L be any continuous map. Then there 
exist simplicial approximations y : (Kh. Sd" #) — (L.2) to f for all 
sufficiently large r > 0. Aloreover, every simplicial approximation to 
f is homotopic to f. 


PrRoorF. Let 6 > 0 be a Lebesgue number for the open cover 


{f~1(Stq) |q€ (L.)°} 


of A’. By (2.3), the mesh of Sd” .# is < 6/2 for all sufficiently large r; since 
the diameter of each St p is < 6, each St p is contained in f—1(Stq) for at 
least one q. For each vertex p € Sd” .#. choose 3:(p) to be any vertex of L 
such that f(Stp) C St y(p). The nap w sends the vertices of each simplex 
(po.---.Pn) € Sd” H to the vertices of a simplex of @: for 


n n n 
O# F((\Stri) c () F(Stp.) c (Stel). 
7=0 1=(0) 1=0 

and (1.3) applies. 

Extending y affinely over each simplex gives the desired simplicial ap- 
proxunation to f. To show that f and y» are homotopic, let r € A, and let 
(pus... Pn) = a(x) be its carrier in Sd". Then (2x) € (p(po),---, (Pn)) 
€ .£: on the other hand, f(x) € f(A; ,Stpi) C Mj St e(p2), so by (1.3), 
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f(z) is carried by some simplex having (y(po),.--.42(pn)) as face. Thus. 
f(z) and p(x) are always in a common simplex of Y, so by (1.5) the proof 
is complete. 


Note that the simplicial approximation to f is in general not unique: 
it depends on the level r of subdivision that is used. and on the choice of 
the vertex y(p) for each vertex p € Sd” #. However, for each fixed r. any 
two simplicial approximations y,y : Sd” “ — L to f are contiguous: for 
if (p0,.--,;Pn) is the carrier of any given x € Sd’ .¥%, then f(.r) belongs to 
Njzo St y(pi) and also to (j_, St ¥(p;), so by (1.3), all the vertices y(p;). 
(pi) lie in some single simplex of 2, and both y(z),~(x) belong to that 
simplex. Note also that for each fixed r and simplicial approximation ¢ : 
Sd’ # — £ to f, always d( f(x), y(z)) < mesh. and that the homotopy 
path from f(z) to y(z) lies in a single simplex of Y. 


4. Vertex Schemes, Realizations, and Nerves of Coverings 


Definition (1.1) suggests that a polyhedron may be described simply by 
specifying its set of vertices and those sets of vertices that span the simplices 
of #; it was the observation that such a description can in fact be made in 
purely abstract terms, and suffices to determine the carrier uniquely up to 
homeonorphism, that suggested that algebraic methods may be useful in 
the study of polyhedra. 


(4.1) DEFINITION. An abstract complex H is a finite set o/ of elements to- 
gether with a family sd & of subsets of @ that satisfies the condition: 
if s € sd.&, then every subset of s also belongs to sd & 


The elements of «f are called the “vertices” of #7, and each set {po. or Pn} 
of n + 1 elements that belongs to sd # is called an “n-simplex” of %. 

Each polyhedron (K,.%) determines an abstract complex KH called its 
vertex scheme: & is the set of vertices of (K, %), and sd .& consists of those 
subsets of (K,.#)° that span the simplices of 7%. 

Any polyhedron with vertex scheme isomorphic to H i in obvious sense is 
called a realization of #. We will now show that every abstract complex H 
has at least one realization A’ in some R”, and in fact, the topological nature 
of these realizations is determined entirely by the abstract complex “ 


(4.2) THEOREM. Every abstract complex KH has a realization in some R”: 
and any two realizations of KH are simplicially homeomorphic. 


PROOF. We describe a realization of KH. , called the standard realization. Let 
{po,..-.pT} be the vertices of 7. and let ep..... er be the vertices of the 
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standard simplex A’ C R'*?, Select. a definite one-to-one correspondence 
p, © ¢, and define a subpolyhedron (4,4) C (A? ,-F(A*)) by taking 


KH = {(Cigs--- Ci) | (Digs +s Pi,) € 8A}. 


This is clearly a polyhedron with vertex scheme isomorphic to KH, so it isa 
realization of . To prove the second part, we show that any realization of 
Kis homeomorphic to the A we have constructed. Let b; be the vertices of 
any realization P of H, where b; — pj; then (bp....,.bn) € sd P if and only 
if (€p.....€n) € #: defining f(b;) =e,.i=0,....7. and extending affinely 
over each simplex yields the required homeomorphism f : P — K. O 


The notion of an abstract complex provides a convenient means for defin- 
ing polyhedra. One important such use is to define the nerve of a finite family 
of subsets of a space. 


(4.3) DEFINITION. Let X be a topological space, and H = {H, |a € #} 
an indexed finite family of subsets of X. Let # be the abstract 
complex with the set o as vertices and with {a0,...,a@n} € sd# 
if and only if Hy, N---NH,, # 9. The standard realization of 
is called the nerve of the family {H, | a € @} and is denoted by 
N(H). 


As an example, let (P.sd P) be any polyhedron, and {St p | p € (P,sd P)°} 
the covering by its vertex stars. By (1.3), the nerve of this family has pre- 
cisely the same vertex scheine as (P.sd P). so that this nerve is homeomor- 
phic to P. 

Information about the structure of a space can be obtained by studying 
the nature of polyhedra “approximating” the space in some sense. The in- 
tuitive idea is that nerves of open coverings can be regarded as being such 
“approximating” polyhedra, with a finer covering giving a “better” approx- 
imation. For normal spaces, the relation of the space to the nerves of its 
finite open covers can be given in a very precise manner: 


(4.1) THEOREM (Alexandroff). Let X be normal, and U = {U, | a € #} 
a finite open cover of X. Then there exists a continuous map kK : 
X — N(U) such that .—'(Sta) C Ug for each vertex a of N(U). 


PROOF. Shrink the open cover U to an open cover {Va | a € &} having 
Va C Ua for each a € «; and let fa : X — I be an Urysohn function 
with wa|Va = 1 and pa|(X — U.) = 0 for each a € & Because each x € X 


belongs to some Va, we have >), Me(x) 4 0 for each x, so that the functions 


= Ha(Z) 
Aa (x) a ys. pa(2) 


wa | 
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are continuous on X for each a € &. Define kK: X — N(U) by 
K(x) = S > Aa(z) a. 


To see that x(x) € N(U) for each x € X, note that if Ag,..... Aa, are 
all the A, that do not vanish at z, then r € Ug, N---NU,,,, so that the 
(Q1,.-.,Qn) Span a simplex of N(U) and x(x) belongs to that simplex. It 
follows from (1.4) that « : X — N(U) is continuous. Finally. «(.r) € Sta. if 
and only if A,(x) > 0, so that Kh! (Sta) C Ug. oO 


These simple maps are called standard maps of X into N(U): the « 
stands for Kuratowski, who was the first to give the explicit formula. 


5. Simplicial Homology 


Let # be a finite simplicial complex, and linearly order its vertices. Then 
each simplex (go,-.- Gn) can be written uniquely as |po..... Pn|. where py < 
Pi < ++: ~ Pn, and is called an oriented n-simplex. 


(5.1) DEFINITION. For each n > 0, the free abelian group C',(%) gen- 
erated by the oriented n-simplices of is called the group of n- 
dimensional chains of #; clearly, C,(#) = 0 forn > dim” For 
each n > 1, the boundary operator On : Cn(X)  Cn-1(7) is the 
homomorphism defined on each generator by 


n 
On|po, 2s Pn = S (1) lpo. eee Dis ees Pri, 
i=0 


the caret over the p; indicating that it is to be omitted; for n = 0. we 
define 0p : Co(%”) — 0 to be the zero homomorphism. 


A simplex with its vertices written in some order is called an ordered n- 
simplex. We relate an arbitrary ordered n-simplex (pi,..... 7r,,). made up 
of vertices po..... Pn Written in some order, to the generators of C',(-4”) by 
the convention 


+|po, ee ‘Pn if {Pigs aha Di, is an 


2 even permutation of {po..... Pn}, 
(Pigs ++ Pin) = —|po.---:Pn| if {pi.---.pi, } is an 
odd permutation of {po..... Pn}- 


With this convention, each simplex, ordered as it is written, represents + or 
— agenerator of C,(.#); moreover, the boundary operator applied formally 
to that ordered simplex yields exactly the boundary of the generator it 
represents. Thus, the boundary operator can be used on any ordered simplex 
without first converting it to an oriented simplex. 
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It is straightforward to verify that any composition On © On+41 1S zero, 
which is equivalent to the statement that Im 0,4; C Ker ]0,. The kernel of 
On 2 Cp(H’) > Cn-1(-%) is denoted by Z,(%) and called the group of n- 
cycles of .4’; note that Zo(.%) = Co(.#%). The image of On41 : Cr4i(#) 
Cn(%) is called the group B,(-%) of n-boundaries, and the quotient group 
Hy(-4’) = Zp(H%)/Br(*%) is the nth homology group of .#. The elements 
of H,(%) are called homology classes, the coset z + B,(.%) being the 
homology class of the n-cycle z. Two n-cycles z, 2’ belonging to the same 
homology class are called homologous; this will occur if and only if z— 2’ = 
Ocn41 for some (n + 1)-chain cn4;. Note that H,() = 0 for n > dim.%, 
and H,(#) = Zn(#) for n = dim # 

The entire construction can be put in abstract form. Let a chain complex 
be any indexed family C, = {(Cy.On) | n = 0,1,...} of abelian groups 
and homomorphisms 0, : C, — Cp-1, where C_; = 0, Q is the zero 
homomorphism and 0, © 0,4; = 0 for all n > 0. A chain complex therefore 
appears as a sequence 


Me 6 hes Ce 7 Ge er oa 
of abelian groups and homomorphisms, in which the composition of any two 
of the homomorphisms is zero; and the group H,(C.) = Ker d0,/Im0,4, 
provides a measure of how much this sequence deviates from exactness at 
the group Cy. 

Within this framework, we can define, for a simplicial complex .%, ho- 
mology groups over an arbitrary abelian group, or field, G. For any such 
G, the finite formal sums cn, = > g;|o?| with g; € G form an abelian 
group C,(%;G), which is a vector space whenever G is a field. The bound- 
ary homomorphism 0, : C,(%:G) — Cyh-1(#;G) is defined as Oncn = 
>> 9:O|o?|, and is a linear map when G is a field. Again 0, © 0,41 = 0, so 
that {(C,(%; G), On) | n = 0,1,...} is a chain complex; the corresponding 
homology groups H,,(.%; G) are called the homology groups of # over G. 
If G is a field, then H,(.%;G), being a quotient of a vector space by a linear 
subspace, is itself a vector space ('). 

As the homology groups have been defined, they appear to depend on 
the triangulation used; we will sce later that in fact, they are topological 
invariants of the support of # We now calculate some homology groups. 


EXAMPLE 1. If # is a connected simplicial complex (i.e., | %]| is connected), 
then Ho(.4;G) = G. We show this for G = Z, the proof for arbitrary G 
being the same. The connectedness of #% is equivalent to the statement 
that for any two vertices po and p, there is a sequence a; = (p9,71); 


() Note that in this terminology, Hn(.%) is Hn(%; Z), and, in fact, the chain complex 
{(Cn( 4; G).0)} is precisely {(C,,( #7) = G.= 1)}. where ® stands for the tensor product. 
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02 = (P1.p2),---:0n = (Pn—1,Pn) of 1-simplices joining pp and py. Now 
fix a vertex py; for any vertex pp we have a 1-chain con = )."_, % such 
that Ocon = pn — po. In particular. for any 0-chain c = }~ n,p; € Co(%) = 
Zo(.# ), we find 


So nipi — (Soni) p0 =>) ni(pi — po) = So 1.8e0 = A( nicer). 


so that every 0-cycle 5° njp; is homologous to some cycle npy. Now. npo and 
mpo cannot be homologous when m # n, since the boundary of any 1-chain., 
d>> no}, will have coefficients alternating in sign. therefore a coefficient 
sum equaling 0. Thus, every 0-cycle is homologous to a unique cycle npo. 
and the assertion is proved. Oo 


EXAMPLE 2. If #4 = {p}, a single vertex. then Hy(p:G) = G and H,(p:G) 
= 0 for all z > 0. 


EXAMPLE 3. Let % be any simplicial complex, and v a vertex not in ./. 
The cone #%, over with vertex v is the simplicial complex having as 
vertices the vertex v and the vertices of %, and simplices {(v,p0,--.,DPn) | 
(po,---:Pn) € &} together with all faces of these simplices. Then Ho(%.: G) 
= G and H;(.%;G) = 0 for all i > 0. Since .%, is connected, the first 
statement is clear. To prove the second, we introduce some notation. Extend 
the given linear ordering of .% to one of .%, by v ~ the first vertex of /, 
and writeo =v 7 if o = |v,po,---,Pn|, T = |po.---. Pn|. extending this 
notation in the obvious way for chains. Since O(v-7) = 7 —v- 07, we have 
O(v-c) = c—v- Oc for every chain. To establish our result, let n > 0, and let 
c, be an n-chain in %; then cy, = U-Cn—1 +dn. where we have collected all 
simplices in the chain involving the vertex v, so Ocn = Cn—1 —U-OCn-1 + Odn. 
If cn is a cycle, then because no simplex with vertex v can offset any of the 
remaining terms, we must have c,-; + Od, = 0. Consider now the chain 
Cnt1 =U: dn; then 


Ocn41 = dn — V+ Odn = dyn +> Cn-1 = Cn, 
so every cycle bounds. 


EXAMPLE 4. For the (closed) n-simplex o”, we have Ho(a";G) = G and 
H,(o";G) = 0 for all i > 0, for o can be regarded as the cone over any one 
of its (n — 1)-faces. 


EXAMPLE 5. Let K® be the s-skeleton of a simplex A, and note that only 
the groups C;(K) for 0 < i < s are used in forming the homology groups 
H;,(K) for 0 < i < s—1; since C;(K) = C;(K°*) for 7 < s, it follows that 
H;(K) = H;(K°*) for0 <i < s—1. Using this observation. we calculate the 
homology of 6”, the boundary of an n-simplex (which is homeomorphic to 
the (n — 1)-sphere S"~'). We shal] show that whenever n > 1, 


208 III. Homology and Fixed Points 
; 0 fori£#0,n—1 

H,(a";G) = : : : 

AesG) i fori =0,n —1. 


Since &” is the (n — 1)-skeleton of o”, we find H,(6";G) = H;(o0";G) for 
0 <i < n—2, so from the previous example, all the groups except for 
i= n-—1 are as indicated. Since ding” = n— 1, we have Hyj-1(6";G) = 
Zn~1(0":G), so that we need only deterinine the group of (n — 1)-cycles. 
Let ao” = (po.. ..pn) and consider the chain c, = lo” in C,(6"; Z); 
then by-1 = Oen = Doi g(-1)'(po.- -,Pis---+Pn) is a cycle on 6” because 
Obn—1 = O0c, = 0; we will show that the cycles on G” are precisely all the 
chains gb,—; for g € G. In fact, any (n — 1)-chain on o” can be written as 


n 
Cn-1 = S-(-1)'gi(po. see »Prs vee »Pn)s 


SO a 
OCn-1 = Yt-v'af 2A Po was Phistss Diss. +Pn) 
i= T<i 
a 
wD 

2 LA Vo(-1 + (—1)*g4(-1)"}(Pos «+++ Brs- + sBies ++ -sPn) 
i<k 

a 2 {C1 "Ios — gi|}(po.---sDis-++sPky---++Dn)- 
i<k 


Thus, Cn—1 will be a cycle if and only if all g; — g; = 0. and therefore if and 
only if Ch: = gbn_1 for some g € G. Thus, Hy_-1(6": G) = Z,(6":G) = G. 
The cycle b,-1 is called the basic (n — 1)-cycle of 6" in Zp_1(6": Z). 


6. Chain Transformations and Chain Homotopies 
Let #, & be two simplicial complexes. 


(6.1) DEFINITION. A collection 7 = {7,} of homomorphisms 7, : Cyp(%) 
— C',(@), one for each dimension n > 0, and such that 0n41°7p41 = 
Tn © On41 is called a chain transformation or a chain map; this can 
be visualized as a diagram 


—>C,(%) Le game 4 Poe a oe eae 2, OX) —»+ 


> Cal 2) G> Cn-1 (2) F—> Cn-2(-¥) —> ++ G—> Co( 2) —> 0 


in which each square is commutative, 
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Chain transformations are important because they induce homomorphisms 
Ten: Hy(H’) — Hy,(L) of the homology for each n, by the rule 


Tan[2 + Br(%)] = T(z) + Bn(L). 


For 7, maps Z,,(.%) into Z,(), because O7(z) = 70z = 70 = 0 if Oz = 0. 
and 70c = Orc shows that 7(B,(%)) C Bn(Y), so we need only pass to 
the quotient. 

The composition 4 07 of chain maps is easily seen to be a chain map, 
and a direct calculation shows that (A 07), = As OTs. 


EXAMPLE 1. Let f : 4 — 2 be a simplicial map. For each n > 0, define 
fn: Ca(#) — Cr(@) by setting 


(f(po).---,f(pn)) if all the f(p;) are distinct, 
0 


fn#\Po.---sPn| = otherwise, 


on the generators. It is straightforward to verify that fy = {frx} is a 
chain map. The homomorphism f, : Hp(%) - Hp() defined by fy is 
called the homomorphism induced by f. Thus, every simplicial map induces 
a homomorphism in homology. If both “ and & are connected, then f, : 
Ho(#) = Ho(&); and under composition, (go f)s = gs © fs. 
EXAMPLE 2. Let #’ be the first barycentric subdivision of . We shall 
define a chain map 

Sd: C,(#) — C,(%’). 
We observe that if b, is the barycenter of a, and if B’ is the complex repre- 
senting the barycentric subdivision of Oo, then the simplices of %’ carried 
by o are exactly the cone b, - B’. We define Sd by induction: set Sd = po 
for po € Co(.#’), and if Sd is defined for all k < n, set 


Sda” = bg -Sd do" 
on each generator |o”| of C,(%). 
We now show that 0Sd = Sd@ by induction: this is certainly true for 
n = 0, and if true for dimension n — 1, then using b = bz, 
OSda” = O(b- Sd do”) = Sd do" — b- 0Sdd0" 

= Sdd0" —b-Sd000" (by the induction hypothesis) 

= Sd do”. 
More generally, if #'™ is the mth barycentric subdivision of #, we obtain 
a chain map Sd™ : C,(%#) — C,(/'™) by iteration of the chain maps 

Cu(H)  C.(0)  C.(I0") + C20) 


observe that for each o € .%. the chain Sd™ a is carried by a. 
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(6.2) DEFINITION. Let 7,p:C,(.%) — C,(.Y%) be two chain maps. A chain 
homotopy joining 7 and pis acollection D = {D,,} of homomorphisms 
Dy: Cr(H)  Cn4i(Z), one for each n > 0, such that 


Tm — Pn = On41Dn+Dn-10n for alln > 1. 
We say that 7 and p are chain homotopic if such a D exists. 


It is simple to verify that chain homotopy is an equivalence relation in the set 
of all chain maps C,(#) — C,(.2); moreover, if 7, : C.(%) - Cy (2) 
are chain homotopic, and a,f : C,(.2) — C,(#) are chain homotopic, 
then ao7 and oy are chain homotopic maps of C,(.%) into C,(#). The 
importance of the concept stems from the following: chain homotopic maps 
always induce the same homomorphisms 7,, ps : H.(/) — H.(): for, if 
2 is any cycle in %, then 7(z) — p(=) = ODz, so 7(z) is homologous to p(z) 
for each :. 


EXAMPLE 3. Let f,g : #” — & be two contiguous simplicial maps. Then 
f.=9.:H,(#) — H,(Z). For let 
H a 
D\pos.--+Pal = d_(-1)'(f(v0).- «+ (pi). 9(Pi)s---.9(Pn)) 
i=0 

on each generator of C,,(.#). Each term on the right is made of vertices 
(possibly repeated) of some simplex in precisely because the maps are 
contiguous; we set any term with repeated vertices equal to zero. A routine 
calculation shows that gx — fy = D0O+ 0D for the induced chain maps, so 
the result follows. 


Let #' be the first barycentric subdivision of 7, and let 7: #' > # 
be a pseudo-identity map, defined on the vertices of #’ by 


m(p') = some vertex of the carrier of p’. 


This map is clearly simplicial; indeed, St p’ C St ap’. so that any such map 
m is a simplicial approximation to the identity map of |.7| Consider now 
the chain maps 
Sd 
C.(H) > C,(X") > CY), 


where we write 7 instead of wy for simplicity. 


(6.3) THEOREM. 
(a) toSd:C,(%) — C,(%) is the identity map of C,(%). 
(b) Sdozw: C,(#") — C,(X") is chain homotopic to the identity 
map of C,(#"). 


PROOF. We prove (a) by induction, the assertion being trivial for n = 0. 
Assume that it is true for dimensions < n — 1, and let o” be any generator 
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of C,(.%). It is clear from the definitions that 7 oSdo” = ag”, where a is 
some integer, possibly zero. Now 


ado” = O[x o Sda”] = 70Sdoa” = 70 Sddo", 


so by the induction hypothesis, a = 1 and 7 Sdo” = o” for every generator 
of C,(#), completing the inductive step. 

We begin the proof of (b) by observing that each simplex a’ € #' 
is of the form ([oo],..-,{oz]), where a9 C a, C --- C of, so by defining 
s(o’) = of we see that s(o’) is a simplex of # containing a’, and s(0o’) C 
s(o’) for each o’ We will construct, by induction, a chain homotopy D : 
Cr( 4") — Cr4i(%") such that the obviously defined support |D(a’)| of 
D(o") is contained in s(o’) for each a’; the proof relies strongly on the fact 
that the barycentric subdivision on each simplex of .# is the cone over its 
subdivided boundary with the barycenter of the simplex as apex. 

We define D : Co(.%"’) — C,(.%"): for each generator pp of Co(%") we 
have po — Sd (po) = po — po, where mph is some vertex of s(pp); since the 
simplex s(pp) appears in 4’ as the cone over its barycenter, we find from 
Example 3 of Section 5 that pp — mpp = 0; for some & with |é| C s(p6), 
so setting D(po) = G1 gives py — Sdapp = OD(pp), as required. 

Assume D : C;(#') — Ci4:(%") has been constructed for all i < n 
with |D(o’)| C s(o’) for each a’. Choose any generator 6” of C,,(.%') and 
consider the chain é, = 6" — Sda6é”" — DOG", which lies in s(6"). We have 


O€n = 06" — Sd7zd06" — ODOG" = DOIG" = 0, 


the next to last equality by the induction hypothesis, so é, is a cycle in 
s(6"), therefore bounds in s(6"): Gn = O€n+41. Letting Do" = é,41, so that 
OD6G" = é,, and repeating for each generator G” completes the induction.O 


It is clear that this can be iterated. Let #%'”) be the mth barycentric 
subdivision of %, and Sd™ : C,(.%”) — C, (4) the iteration of the chain 
mapping Sd. Define z : #'™ — % to be an iteration of pseudo-identity 
maps 


© Aue) => Him) —p von oy KH 


Then roSd™ : C,() > C,(%) is the identity and Sd” om : C,(4#/'™) = 
C,('™) is chain homotopic to the identity. 

As an application, let % be a finite simplicial complex; evidently, C,() 
and C,("")) are in general not isomorphic. However, we have 


(6.4) THEOREM (Invariance of homology under barycentric subdivision). 
For any finite simplicial complex #, we have Sd? : H.(%) = 
H,(4'\™), and wm. : H.(4™) & Hy (X) is the inverse. 


Proor. Theorem (6.3) gives 7, oSd™ = id and Sdy" oz, = id. 


O 
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7. Induced Homomorphism 


Let ¥ and ¥ be two simplicial complexes. A simplicial map y: # — 2 
induces a homomorphism y, : H.(.%) - H,(&). We are now going to con- 
struct a unique homomorphism f, : H.() — H.(.@) for each continuous 
(not necessarily simplicial!) map f : A — JL, in such a way that if f is 
simplicial, then f, is the homomorphisin induced by the simplicial map f. 
This will be a consequence of 


(7.1) LemMMA. Let f : K — L be continuous. For any two simplicial ap- 
prozimations p : #'™ = LF andy: H'™ts) — F of f, the 
homomorphisms yp, Sd™, a, Sd”** : H,(%) — H,(L) are identical. 


PROOF. Consider the diagram 


H, (47(™)) 


H,(#) Sd? H, (2) 


ee ee 


H,(27("+°)) 


The left triangle is commutative. For the right triangle, let 7: #("+5) — 
H'™) be a pseudo-identity map. Then yom and jy: are both simplicial 
approximations to f, since 


f(Stp’) C f(St ap’) C Styr(p’), 


so that ya and yw are contiguous, and therefore v, = (y7)s = Ys O Ts! 
consequently, by (6.4), y. Sd$ = y,. and the proof is complete. 


On the basis of this result, we make 


(7.2) DEFINITION. Let f : K — L be an arbitrary continuous map of 
simplicial complexes (i.e., of their underlying spaces), and let y : 
KH'™ _, ¥ be any simplicial approximation to f The homomor- 
phism f, : H.(%) — H.(2@) is yp. Sd" : Hi (H%) > Hi (Y). 


Observe that if f : K — L is itself a simplicial map, then the homomorphism 
fx : H,(#) — H,() given by this definition is precisely that induced by 
f itself. 


This definition has the correct behavior under composition: 


(7.3) THEOREM. fk EE L % P, then go. ° fs = (g° f),; furthermore, 
(idic)+ = ida.(x)- 
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PROOF. Let » : YS) — # be a simplicial approximation to g. and y : 
Hm) _, (5) a simplicial approximation to f : K + L. With a pseudo- 
identity map 7: YS) |= Y, the map mp: #(™ — Y is a simplicial 
approximation to f : K — L. The homomorphism g, 0 f, is therefore 
W,Sdz om, oy, Sd” = Y,y,Sd7 (by Theorem (6.3)) 
= (by). Sd)", 


and py : #'™) = @ is easily seen to be a simplicial approximation to gof. 
The second assertion is evident. O 


We are now going to show that any two homotopic maps f,g: P > K 
induce the same homomorphism. For this purpose, we observe that if I is 
the unit interval and P is a polyhedron, then P x J has a natural simplicial 
decomposition by taking for each (po,..-,pn) € W the family of simplices 


{(po x 0,.-.,p: X O,p; X 1,-.-,pn X 1) |i =0,1,...,n} 


together with all faces of such simplices. The desired result will be a conse- 
quence of 


(7.4) LEMMA. Let P be a polyhedron. If there are two continuous maps 
a#B:I—T such that 


(id xa), = (id xf). : L(Y x I- A(AxT), 


then for any polyhedron K, homotopic maps f,g: P — K induce the 
same homomorphisms f, = 9. : Hs(#) — Hs (Z). 


PROOF. For any 7 € I, let k- : I — I be the constant map k,(I) = 7. We 
first show that 


(id x ko) = (id x ki), : H.(F x I) > AF x 1); 
for since a # @, there is a7 € I with € = a(r) # B(r) = 7. Let pp: ToT 


be an Urysohn function with p(€) = 0 and y(n) = 1. Then 
id x ko = (id x p) 0 (id x a) 0 (id x k,), 
id x ky = (id x p) o (id x B) o (id x k;), 


so by passing to the induced homomorphisms in homology, the hypothesis 
of the lemma gives our preliminary result. 
To prove the lemma, let p: fxg: PxI-—P,andletj7:P>PxTI 
be the embedding j(p) = (p, 0). We have 
f =po(id x ko) 97, 
g = po(id x 1) oj. 


Passing to homology and using ovr preliminary result finishes the proof. O 
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(7.5) THEOREM. Let P, WN be finite polyhedra and f,g: P— K continu- 
ous. If f ~ g, then f, = 9: H,(Y) — H.( 7%). 


PROOF. Being a finite polyhedron, P x I has finitely gencrated homology, 
so there are at most countably inany distinct endomorphisms H,(# x I) 
— H,(:7 x I). However, there are uncountably many distinct continuous 
maps I — I. so that (id x cr), = (id x 9), for some distinct a, 8: I — I, 
and applying the lemma completes the proof. O 


We are now in a position to show that the homology groups of a simplicial 
complex are invariant under homeomorphisms of the supports: although the 
homology groups are calculated using a specific simplicial subdivision, they 
are in fact. functions only of the underlying space. 


(7.6) THEOREM (Topological invariance of simplicial homology). Let 7, 
KX be simplicial compleres. and|P|, |X| their underlying spaces. Let 
h:|2| — |X| be a homeomorphism. Then h, : H.(:7) = H.(%H). 


PROOF. Let g : |#| — |#| be the inverse of h. Since gh = idp and hg = 
idj, we find from (7.3) that (gh), = id. and (hg), = id, and then that 
gh, = id and also h,g, = id; since these last two conditions imply that h, 
is an isomorphism and g, its inverse, the proof is complete. O 


8. Triangulated Spaces and Polytopes 


To give the homology a broader scope, we define a generalization of the 
notion of a polyhedron that relaxes the restriction that the simplices be 
rectilinear: specifically, we consider homeomorphic images of polyhedra. 


(8.1) DEFINITION. A homeomorphism h of a space X onto a polyhedron 
(P, ) is called a triangulation of X. A space X together with a 
triangulation h : X — P is called a polytope (or a triangulated space) 
and is denoted by (X;h, P). 


Obviously, every polyhedron is a polytope. To give a simple example of 
a nonrectilinear polytope, let h be the central projection of the n-sphere 
S" ¢ R"*! onto the boundary of an (n + 1)-simplex o”+! having the 
origin as barycenter: then h : S" — 6+! js a triangulation of S”, and 
(S":h.G"*!) is a polytope. 

Let (X;h, P) be a triangulation of the space X. Clearly, h~!(a) = a for 
each simplex o € #; the family {h7!(c) | o € P} is called the simplicial 
subdivision of the polytope, the set h—!(c) being called an n-simplez when- 
ever dima = n. The notions of vertex, subpolytope, star, and barycentric 
subdivision in (X;h, P) are obtained as inverse images under h of the corre- 
sponding concepts in P: broadly speaking. we treat the sets h~!(a) C X as 
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if they were rectilinear simplices. If (X:h, P) and (Y: 9. A’) are polytopes. a 
map y: X — Y is called simplicial if goh—! : P > K is simplicial; because 
h~ is uniformly continuous, X has subdivisions of arbitrarily small mesh. 
and the simplicial approximation theorem carries over to polytopes. 

If (X;h, P) is a polytope, we define H,(X;h.P) = H,(&): whenever 
(X;9,K) is any other triangulation of X, we have gh=! : P & K, so by 
(7.6), the group H,(X;h, P) is independent of the triangulation used. and 
will be denoted simply by H,(X). If y: X — Y is a continuous map of the 
polytope (X;h, P) into (Y;g, K), we define the induced homomorphism y, : 
H,(X) — H,(Y) to be that induced by gyh7! : P — K: it is trivial to verify 
that (~y), = v4". whenever X BS ge, , so as in (7.6). homeomorphic 
polytopes have isomorphic homology. We remark that the converse is not 
true: a point and the unit interval have isomorphic homology, but they are 
not homeomorphic. 

In the future, we will denote a polytope simply by X, whenever the 
triangulation used is clear from the context; we also write A for both a 
simplicial complex and its underlying space. 


9. Relative Homology 


The notion of homology in a simplicial complex A can be made relative 
to a subcomplex L C K: Using the factor groups C,(K)/C,(Z). a bound- 
ary operator 8 : C,(K)/Cn(L) - Cn-i(K)/Cn—1(L) can be defined by 
Alen + Cy(L)] = [Ocen + Cr-1(L)]; the homology of the chain complex 
{C,,(K )/C,,(L); 8} is denoted by H,(K,L), and called the homology of K 
mod L, or the homology of K relative to L: and for any abelian group G, 
one gets the relative homology groups H,(K,L;G) over G by considering 
C,(4') @ G and its subgroup C,(L) @G. 

The groups H,(A,L) can be expressed directly in terms of the chains 
in K: Let 

c€C,(K)|0cE Cr_-i(L)}, n>. 

4n(K, Lb) = ees n=0; 


this is called the group of n-cycles of K mod L. Let 
B,(K, L) = Bp(K) + Cr(L) 
= the subgroup of C,,(A’) generated by B,(A) and C,(L); 
this is called the group of bounding n-cycles of K mod L: the quotient group 
H,,(K, L) = Z,(K, L)/Bn(K.L) 


is the nth homology group of K mod L. Note that if L = 0. then H,(K. 0) 
= H,,(K). 
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EXAMPLE 1. Let A = {p,q} be a complex consisting of two vertices, and 
let L = {g}. Then Ho(pUq,q) = Z and H;(pUq,q) = 0 for 2 > 0. The 
second assertion is obvious, since C;(p Uq) = 0 for i > 0. As for the first, 
we have Zo(pUq,q) = Co(p) 6 Co(q) and Bo(pUgq, gq) = Co(q), and because 
Co(p) = Z, the assertion follows. Similarly, Ho(p U g,q;G) = G for any 
abelian group G. 


Let K and P be two siinplicial complexes, with subcomplexes L C K 
and Q@ C P. A chain map 7: (C,(K),Cn(Z)) — (Cn(P), Cr(Q)) induces, by 
passing to the quotient, a chain map 7 : C,(K)/C,(L) — C,(P)/C,(Q), 
and therefore a homomorphism 7, : H,(K,L) — H,(P.Q); expressed di- 
rectly in terms of the n-cycles of K wig L, we have 7,[c+Bn(K)+C;,,(L)] = 
[7c+B,(P)+C,,(Q)]. In particular, every simplicial map f : (K,L) - (P,Q) 
induces a homomorphism f, : H,(K,L) — H,(P,Q). 

Let L be a subcomplex of A’. One of the characteristic features of homol- 
ogy theory is a long exact sequence that relates the homologies of K, L and 
K mod L. To define this interrelation, let i, : H,(L) — H,(K) be induced 
by the inclusion 7: L — K, and let j, : H,(K) — H,(K, L) be induced by 
the inclusion j : (K,@) — (KL); specifically, 


jele+ Br(K)] = [c+ Ba(K) + C,(L)); 
and let 0, : H,(K,L) — Hy-,(L) be the homomorphism 
0,[c + B,(K) + C,(L)] = (0c + By_1(L)]. 
It is straightforward to verify 


(9.1) THEOREM (Homology sequence of a pair). Let L be a subcomplez 
of K. Then the sequence 


+ Hy(L) + Ha(K) + Hy(K,L) + Hp (L) 
.» 4 Ho(K) 2 Ho(K,L) +0 


is exact, which means that the image of each homomorphism is pre- 
cisely the kernel of the next homomorphism. Moreover, a simplicial 
map f : (K,L) — (P,Q) induces a homomorphism of the (K,L) 
exact sequence into that of (P,Q), which means that in the diagram 


++ > Hn(L) > Ha(K) —2> Hal K, eae | RY | 2 ee a 


fis |. E |. 


> Hn(Q) > Hn(P) S—> Hn(P.Q) > Hn—1(Q) —> 


each square is commutatire. 0 
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By regarding the exact sequence of (9.1) as arising from a chain complex 
and a subcomplex, we are led to a generalization: Starting with subcom- 
plexes MZ C LC K, we have the chain complex {C,(K )/ C,(AL)} and 
subcomplex {C,,(L) IC (AZ)}; the quotient complex is {C,(A)/C;(L)}. so 
we obtain, more generally, 


(9.2) COROLLARY (Homology sequence of a triple). Let AI CLC K be 
simplicial complezes. Then there is an exact sequence 


Bt tay H,(L, M) — H,,(K, M) = Hi, (K, L) 
2) Hy-i(L, M) 3 --- + Ho(K, L) > 0, 


where all unlabeled homomorphisms ae anduced by inclusion maps, 
and @ is the composition H,,(K,L) 25 Hy—\(L) 24 Hy—(L,M). 
Moreover, a simplicial map f : (K,L,M) — (P,Q, R) induces a 
homomorphism of the exact sequence of the triple (K,L,M) into that 
of (P,Q, R). O 


It is clear that with AJ = @, the exact sequence of (9.2) is precisely that 
of (9.1). 


EXAMPLE 2. Let K be a simplicial complex, and p a vertex of K. Then 
H;(K,p)=H;(K) for all i> 0, 
Ho(K, p) = Ker[Ho(K) “4 Ho(p)), 
where 7 : K — p is the constant map. For consider the exact sequence of 
the couple (K, p); if i > 2, we have H;(p) — Hi(K) — Hi (K, p) z H;-1(p) 


exact with the two end terms zero, so H;(K) = H;(K,p) for i > 2. The 
terminal part of the exact sequence reads 


0 — Hy(K) — H,(K,p) = Ho(p) *» Ho(K) — Ho(K,p) — 0. 


Now observe that because the composition p de p is the identity 
map, we have 74%, = id, so is : Ho(p) — Ho(K) is monic and Ho(K) = 
Imi, @ Kerz,. Using this information in the exact sequence, we find that 
0, is the zero homomorphism, so that H,(K) = H,(K,p), and Ho(K,p) = 
Ho(K)/Imi, = Ker7,, as asserted. 

In particular, if K is connected, then Ho(K,p) = 0. The exact sequence 
of the triple (K, L,p), p a vertex of L, is called the reduced homology se- 
quence of (K, L); we remark that in calculations with exact sequences using 
connected subcomplexes with vanishing homology, it is more convenient to 
use the triple (K,L,p) because the cases 7 = 0,1 do not require special 
consideration. 
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Let A, B be any two subcomplexes of a simplicial complex K. The in- 
clusion map 


e:(A, ANB) > (AUB,B) 


is called an excision: the pair (A,A/M B) is formed from (A U B, B) by 
removing from AU B all of B that is not in A. The second basic feature of 
simplicial homology is the following result that the reader can easily verify: 


(9.3) THEOREM. Let A, B be any two subcomplezes of a simplicial complex 
kK, ande: (A, ANB) > (AUB, B) the excision. Then 


e,: H,(A, ANB) = H,(AUB, B) 
for all n > 0. 
PROOF (sketch). Consider the homomorphism 
p: H,(AUB,B) > H,(A, ANB) 


induced by the chain map generated by p(c) = o if o € A, p(o) = 0 
otherwise, and investigate e, oy and poe,. O 


EXAMPLE 3. Let K be a simplicial complex. The suspension XK of K is 
the union of two distinct cones A, K_ over K with K,NK_ = K. For ex- 
ample, the suspension of the two-point complex S° = {p,q} is a polyhedron 
homeomorphic to S'; the suspension of S! is a polytope homeomorphic to 
S?, and inductively, 2S" ~ S"*! To determine the homology of ZK in 
terms of , we consider the exact sequences of the triples (7A, K_,p) and 
(Ky, 440 K_,p), where p is a vertex of K. For any n > 0, we have 


H,(K_,p) 


H,,(K,U K_,p) H,(K4.p) 


il 


HH, (K4. UK_, Kk) <—H,(K,, Ay M Ik_) 


| : 


H,-1(K_,p) Ayi( hy K_,p) 


Ay-} (Ky, p) 


where e, is induced by excision. Since H;(K4,p) = 0 = H;(K_,p) for all 
t > 0 by Example 2, the @, and j, are isomorphisms, and using (9.3), we 
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conclude that 
O.€,'j. : Hp(2K,p) = Hy(Ky UK_.p) © Hn—-i(Ky 1 K_.p) 
= H,-1(4,p) 
for all n > 1; clearly, Hpo(2°K, p) = 0 because XK is connected. 
As an application, we find 
H,(S",p) = Hp(ZS*"*,p) © Hn-1(S*-*p) 
for n < k, so by iteration, 
H,,(S*,p) = Ho(S*~", p). 


If n < k, then Ho(S*-", p) = 0 because S*~-" is connected: if n = k, then 
Ho(S°, p) = Ho(p Ugq,p) = Z. Thus, for any n > 1, the homology of S$” is 


H,(S") = 1A for 2 = 0,7, 
0 otherwise. 

With this result, it is easy to show that the boundary of an n-simplex, 
nm > 1, is never a retract of the simplex, a proposition we have seen to 
be equivalent to Brouwer’s fixed point theorem. For assume that Oo” is a 
retract of 0”, and let r: 0" — Oo” be such a retraction. With 7 : dao” — ao” 
we have roi = id : do” — Qo”, so in homology, r,i, = id. But this is 
impossible because 7, : Hn-1(00") — Hn-1(o”) is the zero homomorphism 
whereas id : H,-;(00") — Hp-1(Oo0") is the isomorphism Z — Z. This 
contradiction completes the proof. 


10. Miscellaneous Results and Examples 


(10.1) Let K be a simplicial complex with Hj+1(K) = 0. Let Ay, K2 be subcomplexes 
such that K = K, U Ko. Show: If a cycle zn in Ay NM Ke bounds in Ay and also in Ko. 
then it bounds in Ki N Ko. 


(10.2) Let K be a simplicial complex. Two n-chains cj’. cZ in K are called homologous. 
written c? ~ cf, if c? —c# = Oc"? for some (n+1)-chain c”*". Let L be a subcomplex of 
K. Then: (i) a chain c™ = )> a;07 is in L (written c” C L) if a; =0 for each ;' € K—L; 
(ii) c” is a cycle mod L if Oc” C L: (iii) c” bounds mod L if c” ~¢", where c” C L. 
(a) Prove the following statements: 
1° The boundary of a cycle of K mod L bounds in L if and only if the cycle is 
homologous mod L to a cycle in K. 
2° A cycle of L is homologous to zero in K if and only if it is the boundary of a 
cycle of K mod L. 
3° A cycle of K is homologous to a cycle of L if and only if it is homologous to 
zero mod L. 
(b) Show that assertions 1°-3° are equivalent to the exactness of the homology se- 
quence of the pair (K. L). 
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(10.3) A connected simplicial complex K is called unicoherent if in each representation 

Kk = Kh, U Wg as a union of two connected subcomplexes, the intersection K;N K2 is also 

connected. Show: If A is a connected complex and H)(K) = 0, then K is unicoherent. 
[Use (10.1).] 


(10.4) By a 2-dimensional pseudomanifold M is meant a 2-complex with the properties: 
(a) each 1-simplex is the face of exactly two 2-simplices and (b) Af cannot be represented 
as the union of two nonempty subcomplexes having no 1-simplex in common. Let M 
be a 2-pseudomanifold, and let a, denote the number of i-simplices, i = 0,1,2. Show: 


ag > (7+ S19 — 24,)/2. where x = ag — a1 + 02. 
[Because of property (a), we have 3a2 = 2a; moreover, a < (%).] 


(10.5) Let K be a simplicial complex and LZ a subcomplex. Let N be the number of 
components of A’ that contain no elements of L. Show: 

(a) Ho( 4, L) is the direct sum of N copies of Z. 

(b) If dim K <n+1 and K” is the n-skeleton of AK, then Hy41(K, K") & Cn4i(K). 


(10.6) Prove: dim K < n if and only if Hp41(AK, 2) = 0 for every subcomplex LC K. 
[Take L = Kk" ] 


(10.7) Let A be a simplicial complex and * a vertex of K. Show: 


H,(K,*)=HAn(K), n>0, 
rank Ho(K,*) =—l+rankHp(K), n=0. 


[Use the exact sequence for (K, *).] 
(10.8) Let K be a simplicial complex, L a subcomplex, and CL the cone over L. Show: 
H,(K,L) = Hs(K UCL, +). 
[Use exactness to show that H,(K UCL, *) = H.(K UCL,CL) and excise CL — K.] 
(10.9) Let K,, Ka be subcomplexes of K, and P;, P2 subcomplexes of P. Assume 
7: (C(K);C(K1), C(K2)) > (C(P);C(P1), C(P2)) 
is a chain map such that both 7, : H«(K1) = Hs(P)) and 7 : Hs(K2) & Hs (Po). Prove: 
Te : He(Ky 1 Ko) & He(P; Po) 


if and only if 
Tx : A,(Ky U ka) = H.(P; U Po). 


[Use the exact sequences of (K,, K, M K2) and (P;, P} N P2), then the 5-lemma, excision, 
and the exact sequences of (Ky U K2, K2) and (P; U Po, P2).] 


(10.10) Let K = K, U Ko with Kk, C P;, Ko C Po and K = P; U P». Assume that the 
inclusions A + P; and Kz — P2 both induce isomorphisms in homology. Show: 


in: H,(K1N Ko) = Hs (Py N Po). 


(10.11) Let K = Ky UK2 and LC Ky Ko. Assume that Hs(K), L) = Hs(Ko,L) =0. 
Show: 


Hn(K,L) © Hp-1(K1NKo,L) for all n. 


[Use the (Ai, K1 N Ko, L) exact sequence, excision, and the (Ky U Ke, K2,L) exact se- 
quence.] 
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11. Notes and Comments 


Simplicial complexes 


The study of 1- and 2-dimensional simplicial complexes appears already in 
the work of Euler and Cauchy. The early treatment of simplicial complexes 
of higher dimensions was given by J.B. Listing (Der Census rdumliche Com- 
plexe, Gottingen, 1862); working on the topological ideas which had been 
suggested to him by his teacher C.F. Gauss, Listing was, in fact, the first to 
use the term “topology” in his Vorstudien zur Topologie, 1847. 

Triangulations of differentiable manifolds and barycentric subdivisions 
were treated for the first time by Poincaré [1895] and used to establish 
duality results for manifolds. 

Simplicial complexes can be generalized in various directions. A descrip- 
tion of infinite simplicial complexes is given later on, in §13. By relaxing 
all “linearity” conditions, one arrives at the notion of CW-complex due to 
J.H.C. Whitehead (see, e.g., Maunder’s book [1970]). 

Simplicial maps and the simplicial approximation technique were devel- 
oped by Brouwer. The version of the simplicial approximation theorem given 
in the text was first proved by J.W. Alexander. There exists an important 
relative version of this theorem, found independently by Jaworowski [1964] 
and Zeeman [1964]; a detailed proof of their result can be found in Maun- 
der’s book [1970]. We remark that the Jaworowski-Zeeman theorem can be 
used to justify the proof of the Brouwer fixed point theorem proposed by 
Hirsch [1963] (see the above book of Maunder, and Joshi [1999]) and also 
to give an elementary proof of the nonexistence of a continuous nonzero 
tangent field on S?” (Jaworowski [1964]). 

The fundamental concepts of the nerve of a covering and of the standard 
map into the nerve (which appear in Theorem (4.4)) were introduced by 
Alexandroff [1927] and Kuratowski [1933], respectively. The statement and 
proof of Theorem (4.4) were given (in the context of metric spaces) by 
Kuratowski [1933]; this proof made use for the first time of the technique of 
partitions of unity. 


Simplicial homology 


The simplicial homology theory presented in this chapter is the result of the 
work and influence of many mathematicians. Influenced by discussions and 
correspondence with B. Riemann, E. Betti published in 1871 a memoir (1) 


(1) For details see A. Weil, Riemann, Betti and the birth of topology, Arch. History 
Exact Sci. 20 (1979), 91-96. It should be remarked that Riemann gained some background 
in topology from Listing, who was one of his professors in Gottingen between 1849 and 


1851. 


to 
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containing what is now called the “Betti numbers”; these were so named by 
H. Poincaré who was inspired to study topology through Betti’s work on 
the subject. The concept of the (integral) homology group of a polyhedron, 
expressed in terms of numerical invariants (Betti numbers and torsion co- 
efficients) was introduced by Poincaré [1895], [1900]; these invariants suffice 
for the classification of the 2-dimensional manifolds. The proof of the topo- 
logical invariance of Betti numbers for polyhedra was first given by J.W. 
Alexander by applying the simplicial approximation technique of Brouwer. 


Moscow, 1935. Top row: E. Cech, H. Whitney, K. Zarankiewicz, A. Tucker, S. Lefschetz, 
H. Freudenthal. F. Frankl, J. Nielsen, K. Borsuk, D. Sintsoff, L. Tumarkin, M. Nikolaenko, 
V. Stepanoff, E. van Kampen, A. Tychonoff. Bottom row: K. Kuratowski, J. Schauder, 
S. Cohn-Vossen. P. Heegard, J. Rozaiska, J.W. Alexander, H. Hopf, P. Alexandroff, 
P. Soloveff. 


The introduction of group-theoretic methods circa 1925 led to the ma- 
chinery of chain complexes, homology groups with various coefficients (which 
cannot be described by numerical invariants alone), and to cohomology. In 
the 1920s, J.W. Alexander, S. Lefschetz and H. Hopf developed simplicial 
homology theory attaining remarkable results, some of which are presented 
in this chapter. The term “homology group” appears for the first time in 
Vietoris [1927]. The reader interested in historical details is referred to the 
book of Dicudonné [1989] and also to J.-C. Pont’s thesis, La topologie algé- 
brique des origines @ Poincaré, Presses Univ. France, 1974. 

In connection with the proof of Theorem (7.5) see Schmidt [1974]. 
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§9. ‘The Lefschetz—Hopf Theorem and 
Brouwer Degree 


some topological properties of polyhedra can be determined directly from 
their homology: for example, the condition Hp(P) = Z implies (in fact. is 
equivalent to) the connectedness of the polyhedron P In this paragraph 
we will obtain some algebraic conditions on a self-map of P that imply the 
existence of a fixed point. 

We first prove the Lefschetz—Hopf fixed point theorem: this involves an 
alternating sum of the traces of the endomorphisms f, : H,(P;Q) —- 
H,(P;Q); the relevant facts about traces are presented separately before 
proceeding to the proof. After that, we show that the alternating sum of 
the number of the nonzero eigenvalues (counted with their multiplicities) of 
those endomorphisms also gives information about the map, this time on the 
existence of periodic points. Some simple applications of these two results 
are developed. 

The use of homology is further illustrated by defining the degree of maps 
S” — S” and giving some of its uses, notably to determine the fixed point 
properties of such maps and also their behavior at antipodal pairs of points. 
We establish Hopf’s theorem that the (algebraically defined) degree does, in 
fact, completely characterize the homotopy behavior of the map, and within 
this algebraic setting we prove Borsuk’s theorem once again. 


1. Algebraic Preliminaries 


Let C denote the field of complex numbers. Given ann xn matrix A = |Ja,;|| 
with entries from C, the trace tr(A) of A is the sum ) > a;; of its diagonal 
entries. We collect here various properties of the trace that will be needed. 

Denote the determinant of any square matrix C' by |C|. Letting A denote 
a variable in C, the polynomial p(A) = |A — AJ| is called the characteristic 
polynomial of A. Clearly, 


pd) = (=1)PA" + aA bby 


is a polynomial of the nth degree, and the constant term a, equals |A|; more 
importantly, noting that the terms involving A” and A"—! can arise only from 
the product (a1; — A)..-(@nn — A) in the expansion of the determinant, we 
find that the coefficient of \”~! is (—1)"—! tr(A). This immediately leads to 


(1.1) Proposition. Let A be ann xn matrix over C. If B is any non- 
singular n x n matrit over C, then tr(BAB™*) = tr(A). 


PRoor. Since the determinant of » product of n xn matrices is the product 
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of their determinants, we have 
|BAB™' — \l| =|B(A—AI)B™| = |B|-|A-Al| |B™| 
=|A-Al| 


so A aud BAB™! have the same characteristic polynomials, and therefore, 
in particular, the same trace. O 


The roots of the characteristic polynomial of A are called the eigenvalues 
of A; because C is algebraically closed, every n xn matrix over C’ has exactly 
n eigenvalues, not necessarily all distinct and nonzero; however 


(1.2) PROPOSITION. Let 41,.. ae be the n eigenvalues of then x n ma- 
tric A. Then tr(A*’) = = j=1; for every integer s > 1. 


PRooF. Consider first the case s = 1. Writing 
n 
|A — AI] = pla) = [J Qs -») 

j=) 

shows that 
pa) = (-1)"a" + (-1)"7| Soa)" + 
since we know that the coefficient of \"~! is (—1)"—! tr(A), the result for 
s = 1 is proved. Now let s > 1 be given; recall that if w = e?™*/® is an sth 
root of unity, then a* — »° = ez (a — w}) for any complex number a; 
numerical identities involving multiplication and addition being valid also 
for commuting matrices, we have 
AS — I =(A-AI)(A—wdl)...(A—ws'2I), 

so passing to determinants gives 


s—l 
|A® — A°T| = |] |A-w/AT 
a 


II dj —A)- ) Te, —wh)- ~ I dj —wS?)). 


Collecting terms and using the on identity eae gives 
nr 
|A® — A®I| = [03 — 5), 
j=1 
and hence, since )* is arbitrary, |A® — wl] = T]5_, (0 — uv); the d§ are 
therefore the eigenvalues of A*, and as in the case s = 1, the proof is 
complete. O 
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In what follows we shall be dealing for the most part with vector spaces 
over the rationals Q, so we give here the facts and terminology we will use. 

Let & be a finite-dimensional vector space over Q. and py : E — E a linear 
transformation. The matrix A = ||a?|| of y relative to a basis {u,..... Un} 
in & is obtained by writing 


n 
y(ui) = >— alu, t=1,....n, al €Q; 
j=l 


we define the trace tr(y) of the endomorphism y to be tr(A) and the eigen- 
values of y to be the eigenvalues of A. We point out explicitly that in talking 
about eigenvalues, we regard matrices as being over C’, so that every n x n 
matrix over @ will have exactly n eigenvalues. some possibly complex. 


(1.3) PROPOSITION. tr(y), and the eigenvalues of yp, depend only on y and 
not on the particular basis {u1,...,Un} that is used. 


ProoF. If {v,-..,Un} is any other basis, we have vu; = yo ja1 Uys i= 
1,...,n, where C = ||c!|| is a nonsingular matrix over Q; the matrix of 
y relative to the basis {v),...,vn} is easily calculated to be CAC™!, so 
by (1.1), this will have the same characteristic polynomial as A, and in 
particular, the same trace as A. O 


We remark that if y: E — E has the matrix A relative to some basis, 
then the k-fold iterate y* : E > E will have the matrix A* relative to that 
basis. 

The following propositions express the two basic properties of the trace 
of an endomorphism: 


(1.4) THEOREM (Commutativity). If f : BE’ > E” andg: E" — E’ are 
linear maps of finite-dimensional vector spaces, then tr(gf) = tr( fg). 


ProorF. Let {u,.--, Un} be a basis in E’ and {v,... .Um} be a basis in EB”, 


f(ui) = S-aly;, g(v;) = S| bf ur. 
Then we have 
Mm n mMm j 
gf (ui) = >_ a} 9(vj) = (do aloha, 
j=l k=1 j=l 


fo(vj) = S208 Flux) = d- (D> ofak,) 


bel “i k=l 
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and therefore 


> (ate Ve » (doe) = tr( fg). O 


(1.5) THEOREM (Additivity). Given a commutative diagram of finite- 
dimensional vector spaces with exact rows 


0 —> pf! —> E—> E” —>0 


J od ol 


0 ——> FF’ —> E —— EF" —-0 


then 
tr(p) = trp’) + tr(p”). 


PROOF. We may assume without loss of generality that E’ C E and E” = 
E/E'. Let 7 : E — E” be the projection, let {u),. .u,} be a basis of 
E’, and let {uj,....Ur.Urqt.---s Un} be its extension to a basis of E: we 
note that {7(u,;+41),---,7(un)} is a basis for E” Let A’ be the r x r matrix 
of y’ with respect to {uw;,....u,}, and A” the (n— 1) x (n — 1) matrix 
of y” with respect to {m(up+41),---,7(Um)}; then the matrix A of y with 
respect to {u,- ,Un} is easily seen to be of the form A = E rae and 
the conclusion follows. O 


2. The Lefschetz—Hopf Fixed Point Theorem 


The Lefschetz—Hopf theorem, which we will establish in this section, includes 
many of the known facts about the fixed points for maps of polyhedra. 

Let ix be a finite simplicial complex. Taking chains over a field F and a 
chain transformation 7 of C’,(/<; F) into itself, we recall that each C,, (A: F) 
is a vector space over F, each 7, : C,(K:F) — C,,(4;3F) is a linear trans- 
formation, and each induced 7,4, : Hp)(4:F) — H,,(4\:F) is a linear trans- 
formation of a vector space. The following relation between the traces tr(7;) 
and tr(7,;) is of fundamental importance: 


(2.1) THEOREM (Hopf trace theorem). Let dim AK = n, and let 
C.(N; F) — C.(K: F) 


be any chain transformation. Then 


n n 


S\(-1)! tr(7) = $(-1)' tr(z4:). 


i=) 7°70 
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PROOF. We use repeatedly Theorem (1.5) on additivity of traces. Using the 
commutative diagram in (1.5) with the exact row 


0 — Z,(K;F) * C.(K;F) % B,1(K;F) +0 
and then the commutative diagram with exact row 

0 B,(K;F) + Z,(K;F) 5 H,(K;F) +0 
we get, for each O <r <n, 


tr(7,,C,) = tr(7,, Z-) + tr(7,-1, Br_-}) 
= tr(t%r, H,) + tr(7,, B,) + tr(7--1, Br_1). 


Because B,, = 0 = B_, this gives 


nr n 
> (-1)} tr(rs, Ci) = $0 (-1)! tr(ra, Hi), 
i=0 i=0 
and the proof is complete. oO 


Now let K be a finite polyhedron, and let f : K — K be a map. If we 
use the rationals Q as coefficients, then each induced homomorphism fn : 
H,(K;Q) — H,(K;Q), being an endomorphism of a finite-dimensional 
vector space, has a trace tr( fn). 


(2.2) DEFINITION. Let K bea finite polyhedron, dim K < n. The Lefschetz 
number X(f) of amap f: K > K is 


n 


A(f) = )_(-1)' trl fas, Hi(K Q)]. 


i=0 
We first determine the nature of this number. 


(2.3) THEOREM. Let K be a finite polyhedron and f : K — K continuous. 
Then \(f) depends only on the homotopy class of f Moreover, X(f) 
is always an integer, and does not change if Q is replaced by any 
other field of characteristic 0, such as R or C. 


PROOF. The dependence on the homotopy class of f is immediate because 
homotopic maps induce identical homomorphisms. To see that A(f) is an 
integer, we will use the Hopf trace theorem. Letting f, = y. 0 Sd", where 
y: K™) _, K is a simplicial approximation to f, we find from (2.1) that 

nr 
Af) = }o(-1)' tr(ySd™, Ci(K; Q)). 


2k: 
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Working now in any C,(A;Q) and using the basis {o;} of oriented r- 
siinplices of AV, we have 


Sd"o; =) > bijoj, all by = 0,41, , € K™, 
y(o;) = ye CjrOk, all cj, = 0 except possibly one, which is +1, 


so that. 


ySd™(a;) = _ b, Ck OK 


is the expansion of the linear transformation ySd™ in terms of this basis. 
Being a matrix of integers, it has an integral trace, so each tr(pSd™, C,) is 
an integer, and therefore (f) is an integer. Observe that the expression of 
y Sd™ in terms of the basis {o;} remains the same regardless of the field F 
of coefficients used. and if the field has characteristic 0. then tr(ySd”.C,) 
will also remain the same. This completes the proof. O 


We now prove the main theorem of this section: 


(2.4) THEOREM (Lefschetz—Hopf fixed point theorem). Let K be a finite 
polyhedron, and let f: K — K be a map. If (f) #0, then f has a 
fixed point. 


PROOF. Assume that f has no fixed point. Since A is compact, there is an 
€ > 0 such that d(f(x),x) > ¢ for all r € A. Using repeated barycentric 
subdivision, we start the proof by taking A with a fixed triangulation of 
mesh < ¢€/3. 

Let py: K(™ — K be asimplicial approximation to f. By the Hopf trace 
theorem, it is enough to calculate the trace of pSd™ : C,(A;Q) - C,(K:Q) 
for each r, and for this purpose, we take each C,.(A.Q) with the basis {o7} 
of all oriented r-simplices of A. Expressing ySd™ in terms of this basis we 
have 


Sd” oF = > Gar. 7, & Km, 7, CO}. 
and therefore 
pSd"aF = )~ aijy(7]) = S- bijor. 


In the last equation, no y(77) = tof: for if uv is a vertex of any 77 C of, 
then f(v) € f[St(v)] C St y(v). so that d(f(v), y(v)) < €/3, and therefore 


d(v,p(v)) = d(v, f(v)) — d(f(v), p(v)) > 2¢/3; 


so if (wv) were also to belong to of, we would have (a5) > 2e/3, contra- 
dicting that the mesh of the triangulation is < €/3. 

Thus, tr(ySd™, C,(; Q)) = 0 for each r, and by the Hopf trace theorem, 
A(f) = 0. This completes the proof, O 
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One immediate consequence is a broad generalization of Brouwer's theo- 
rem: A nullhomotopic map of any connected polyhedron always has a fixed 
point. For f.; : H;(K;@Q) — H;(K;Q) is the zero endomorphism for all 7 > 0 
and the identity automorphism of the 1-dimensional vector space Hy(K’: Q). 
so A(f) = 1, and f has a fixed point. More applications will be given later. 

We remark that the converse of (2.4) is not true in general: for example, 
the identity map id : S' — S! leaves every point fixed, and as the reader 
will easily verify, A(id) = 0. 


3. The Euler Number of a Map. Periodic Points 


Given f : K — K, a point x € K is called a periodic point of f if f"(x) =z 
for some n; the minimal such 7 is called the period of the periodic point. For 
example, every fixed point of f itself has period 1, and for the antipodal map 
a: S" — §", every point is a periodic point of period 2. In this section we 
introduce an algebraic measure that provides an effective tool in the study 
of periodic points. 


(3.1) DEFINITION. Let K be a finite polyhedron, dim K < n. The Euler 
number x(f) of amap f: K —K is 


x(f) = )o(-1)' dim [:(KQ)/ LU Ker £1]. 


2=0 m>1 
We first examine the nature of this number. 


(3.2) THEOREM. Let f : K — K be a map of a finite polyhedron. Then 
x(f) is an integer depending only on the homotopy class of f. More- 
over, 


(*) x(f) = >(-1)*u(3), 


i=0 
where (i) is the number of nonzero eigenvalues (counted with mul- 
tiplicities) of the endomorphism 


fei: Hi(K;Q) — Hi(K;Q). 


PROOF. Since homotopic maps induce the same homomorphism, the first 
assertion is obvious. To establish the second assertion observe that f,; maps 
N fas = Um> Ker f@ into itself, and hence induces an endomorphism f7, on 


the factor space H;(K) = I¥.(K Q)/Nf. . From the commutative diagram 
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with exact rows 


0 —> Nf,; —> Hi(K) —~ H;(K) —~-0 


ae: 


0—> Nf,, —> H,(K) —> H,(K) —~ 0 


we get as in (1.5) the relation between the characteristic polynomials p,,, (A) 
= py (A)pyu (A); since ff; is nilpotent, py: (A) = A® (s = dim Nf,;), and 
ieee fx, and f" have the same nonzero eigenvalues. This implies, because 

., is an isomorphism, that (2) = dim HARK), and our assertion follows. 0 


We now establish the main result of this section. 


(3.3) THEOREM (Bowszyc). Let K be a connected polyhedron, and let 
f:K—K beamap. If \(f) #9, then f has a periodic point. 


Proor. For each gq = 1,...,.n=dimK, let {A,; | i=1,....n(q)} be the 
nonzero eigenvalues of the endomorphism f,, : Hg(K;Q) — H(A; Q), and 
consider the rational function 


1 n : n(q) l 
(*) b= StL preset 


which is analytic around z = 0. We now get another expression for Ls(z) 
by expanding each term in a power series around z = 0. This gives 


Ls(z)=(1tz4+2°+-- BE apahlses oa) 
+(1+AjQ2 + Nos? + -) a oe 


If we collect like powers of z, the coefficient of . is the alternating sum of 
the sum of the kth powers of the eigenvalues in each dimension: according 
to (1.2), that coefficient is therefore (f*), the Lefschetz number of the 
kth iterate of f. As for the constant term, it is the alternating sum of the 
numbers of nonzero eigenvalues in each dimension, so the total, according 
to (3.2). is \(f). Altogether then, we obtain a power series representation 


(+) L;(z) = \(f) + >> MF")2" 
n=] 


valid in a neighborhood of z = 

Observe next that letting z — oo in (*) gives |Ls(z)| — 0, so if Ly is 
identically a constant, that constant must be zero. To prove the theorem, 
assume x(f) 4 0. Since x(f) = Ls(0) 4 0, the above observation assures 
that Ly is not identically constant, so some coefficient A(f*) is nonzero, and 
f* has a fixed point. The proof is commlete, 
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It is frequently of importance to determine, from the existence of a peri- 
odic point for an f : K — K, whether or not f itself has a fixed point: the 
following relation between the Lefschetz number of f and that of its iterates 
has been useful in questions of this kind. 


(3.4) THEOREM (The mod p theorem). Let K be a polyhedron. let f : 
K— K be continuous, and let p be a prime. Then ( f?)=A(f) mod p. 
More generally, if g = p*, where s is any positive integer. then 
A( £2) = A(f) mod p. 


Proor. As seen in (2.3), the matrix of the linear transformation corre- 
sponding to f-# = ~,#Sd;" is a matrix A of integers; the matrix for f?y 
is therefore A?, so the problem (in the case s = 1) reduces to showing 
that for any matrix A of integers, tr(A) = tr(A?) mod p. We work with the 
characteristic polynomials. Let 


nr n 
JA— AI] = So a,A* and [AP — A] = S70 AY: 

k=0 k=0 
regarding these as elements of Z,[A], we have 


|A— API] = > ay? = >= ake nod p, 


because by Fermat’s theorem, a? = a mod p for every integer a. Thus, work- 
ing mod p we have 


|A = PI] = So ab? = (So anr*)" =|A—dI|P =|(A— AIP 
= |A? — PI], 
so that D~a,A*? = Db, A*? mod p; since tr(A) = (—1)"~'an_) and tr(A?) 
= (—1)"—!bn-1, the proof for the case s = 1 is complete. 


The gencral case follows from this by an obvious induction and the ob- 
servation that if g = p® and r = p’—!" then f? = (f7)? 0 


4. Applications 


We give here some simple and direct uses of Lefschetz and Euler numbers, 
in fixed point problems and in some other areas of mathematics. 

It has already been shown that any nullhomotopic map of any connected 
polyhedron has a fixed point. We generalize this in 


(4.1) PRoposITION. Let K be a connected polyhedron and frk ak 
such that f” is nullhomotopic for some n. Then f has a fixed point. 


PRroor. Observe first that if f” is nullhomotopic, then so also is f n+1: for 
if ®:K x I — K shows that f” is nullhomoetopic, then (z,t) G[ f(x), t] 
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shows that. f"+! is nullhomotopic. We now start the proof. Choose a prime 
p > n; using our observation recursively, we find that f? is nullhomotopic, 
therefore f?. : Hj(K;Q) — H;(K;Q) is the zero homomorphism for all 


i > 0. and consequently, A(f?) = 1. Since 
A(f) = A(Ff?) mod p, 
we have A(f) 4 0, and the proof is complete. O 
Instead of restricting the map, we now restrict the spaces to get 


(4.2) PRoposiTIOon. Let K be a connected polyhedron with H;(K;Q) =0 
for alli > 0. Then every continuous map f : K — & has a fited 
point. 


PROOF. It is immediate from the definition of the Lefschetz number that 
A(f) =1 for every f: K 3K. 0 


We remark that the hypothesis of (4.2) is satisfied by the cone over 
any polyhedron (therefore, in particular, by a simplex) and also by any 
even-dimensional projective space. The result (4.2) can be extended. 


(4.3) PROPOSITION. Let A be a connected compler, and L a connected 
subcomplex such that H;(L;Q) = 0 for alli > 0. Let f: K — K be 
such that f"(K) C L for some n. Then f has a fized point. 


PRoor. Choose a prime p > n. Since f"*!(K) = f"[f(K)] c f"(K) CL, 
we find, by proceeding recursively, that f?(k) C DL. We now factorize the 
map f?:K > Kas K SL- K, where py: K > L is the map x} f?(z) 
andi: L > K is the inclusion, so that f? = iy, and therefore A(f?) = A(iy). 
By the commutativity property (1.4) of the trace, A(iv) = A(yi), and since 
L is a connected complex with H;(L;Q) = 0 for all i > 0, we get A(ypi) = 1. 
Thus, A(f) = A(f?) = 1 mod p, so A(f) # 0, and f has a fixed point. O 


Placing somewhat weaker restrictions on the space than those in (4.2), 
we get 


(4.4) PROPOSITION. Let K be a connected compler with odd-dimensional 
homology groups Haj41(K;Q) all zero. Then every f: K — K has a 
periodic point. 


Proor. The Euler number \(f) is greater than or equal to 1, since there 


are no offsetting negative terms. oO 


By its classical definition, the Euler characteristic of a polyhedron K 
is x(K) = S0;59(—1)' rank C;(K; Z). This number is related to Euler and 
Lefschetz numbers in the following uscful 
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(4.5) PROPOSITION. Let id: K — K be the identity map. Then 
x(K) = A(id) = \ (id). 


ProoF. If o1,...,05 are all the g-simplices of A’, then s = rank C,(K; Z): 
since the chains 19),..., 10, form a basis for C,(A:Q), it follows that the 
trace of id : Cy(K;Q) — C,(K, Q) is exactly rank C,(K:Z). so the Hopf 
trace theorem gives x(A’) = X(id). Finally. the eigenvalues of the identity 
map id, : H;(AK;Q) — H;(K;Q) all being equal to 1, we find X(id) = \ (id). 
and the proof is complete. 0 


All closed 2-manifolds except the torus and the Klein bottle have a 
nonzero Euler characteristic, as also does every even-dimensional splicre: 
these are therefore included among the polyhedra covered by 


(4.6) PRoposITION. Let K be a connected polyhedron with Euler charac- 
teristic x() 40. Then: 
(a) any f : K — K homotopic to the identity map has a fixed point, 
(b) any homeomorphism h : K — K (homotopic to the identity or 
not!) has a periodic point. 


Proor. Using (4.5), we find in case (a) that 0 4 \(K) = A(id) = A(f): in 
case (b), because h is a homeomorphism, we have \(h) = \(id) = \(4), 
and the proof is complete. 


The statement (4.6)(b) raises the question of the possible period of a 
homeomorphism; this is considered in 


(4.7) PROPOSITION. Let A be a connected complex and p a prime. If there 
is a fixed point free homeomorphism hh: K — K with h? = id for 
some g = p, then the Euler characteristic \(K) = 0 mod p. 


PROOF. We have A(h?) = A(id) = ,(A), and therefore A(h) = \(A) mod p. 
If x(K) 4 0 mod p, then h would have a fixed point. O 


This can be interpreted as saying that if a manifold admits a nontrivial 
fixed point free Z,s-action, then p must be a divisor of its Euler characteris- 
tic. Thus, for example, x(S?") = 2, so that an even-dimensional sphere can 
admit at most a Zo-action, and the antipodal map is an example of such an 
action. 

Our last application is to topological dynamics. 

A semiflow on a polyhedron K is a continuous map f: A x Rt —K 
such that 


f(z,t+7)=f[f(@t),7), reK. tre R*. 
Heder 22K 
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A fired pout for the semiflow is a point x9 such that f(z0,t) = Zo for all 

i€ Rt (ic., f has a degenerate orbit). 

(1.8) Proposition. If W is a finite polyhedron with \(h’) # 0. then any 
semiflow on K has a fixed point. 

PROOF. For cach tg € Rt, we denote the map rr f(4.to) by fro. Each fi, 


is homotopic to the identity: one need only set (x. e) — f(x.(1— @)to) to 
get. a homotopy of f;, to fp = id. By (4.6)(a) each f;, has a fixed point. Let 


An = {0 | f(a. 1/2") =r}: 


each A,, is nonempty. closed, and therefore compact: moreover, An D An41 
>--+, since f(r.1/2"°t!) = x gives 


] ] ] 
i(30) =9| (ea) ae 


By the finite intersection property. there is some ry € (es A,: and since 
f (xo. 1/2") = ro for each n € Z, we have f(ro9.m/2") = Zo for all natural m 
and n. Because the set of dyadic rationals {m/2"} is dense in Rt, continuity 
of f ensures f(29.t) = ro for all t > 0. and the proof is complete. 0 


= I. 


5. The Brouwer Degree of Maps S” — S” 


As an illustration of the use of homological methods. directly related to fixed 
points, we study the properties of mappings of spheres into themselves. The 
study of such maps arises naturally in an attempt to determine whether a 
given nap f : (K"t!.dK"+t!) — (R**!, R**1_ {0}) necessarily has a zero: 
this question is reduced to the study of maps of spheres by considering the 
map ®: S" — S* given by x f(x)/|[f(x)||: if & is not nullhomotopic. 
then f must have a zero. 

In the present section we study the case where k = n; if k > n, then @ 
is always nullhomotopic (which implies that the given f|S" has an exten- 
sion over K"*! with no zero); if k <n, the study of & involves algebraic 
machinery much more involved than that considered in this book. 

Let n > 1, let f : S" — S" be a continuous map. and let f, : H,(S") - 
H,(S") be the induced homomorphism. Choose a generator u € H,,(.S”) 
= Z: then f,(u) = d-u for some integer d. positive, negative. or zero. and 
clearly d completely determines the homomorphism. Moreover, d depends 
only on f, and not on the generator selected: for if —u were used. then 
f.(-—u) = —f,(u) = —du = d(—u). This justifies 


(5.1) DEFINITION. The (Brouwer) degree of a map f : S" — S™” is the 


unique integer d(f) such that f,(u) = d(f)-u, where wis any generator 
of H,(.S"). 
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The degree is a direct generalization of the winding number of analysis, with 
which it coincides when n = 1; we give a direct geometric interpretation of 
d(f). The homomorphism induced by f being that of a simplicial approxi- 
mation, it is enough to give its geometric interpretation for a simplicial map 
h: S" — 2", different symbols being used for the n-spheres because they 
are taken with possibly different simplicial subdivisions. Let {o,..... as} be 
all the n-simplices of S” and {71,...,7,} those of 2"; recall that we can ori- 
ent these simplices so that cn = )°3_1 01, €n = );—, Ti are the basic cycles. 
Now choose any n-simplex 7°. Let p be the number of oriented simplices 
such that h(o;) = +7°, and k the number of those such that h(o;) = —7°: 
we call p—k the algebraic number of times that T° is covered. If d(h) is the 
degree of h, we have h(c,) = d(h)E, = (p — k)T° + C: because 7° does not 
occur in C, we must have p — k = d(h). Since 7° is arbitrary, we conclude 
that d(h) is the algebraic number of times that any given n-simplex of 2” 
is covered. 

Using this interpretation it can be easily verified that the map z +> 2”: 
S} —, S! has degree n, and moreover that if f : S" — S” has degree n, then 
so also does its suspension Sf : S"t! — §”+1; it follows that for any degree 
d and any n > 1, one can therefore construct, by repeated suspension, a 
map f : S" — S” of degree d. 

The degree has the following elementary properties: 


(5.2) PROPOSITION. Let n> 1, and let f,g: S" —- S” Then: 

(a) d(fog) = d(f)- d(g), 

(b) if f ~g, then d(f) = d(g), 

(c) A(f) =1+(-1)"d(f). 
Proor. (a) Since (fog)« = fx gs, we find that f,g.(u) = f-(d(g)u) = 
d(9) fa(u) = d(g) - d(f)u. 

(b) is immediate because homotopic maps induce the same homomor- 

phism, and (c) follows from the Lefschetz—-Hopf theorem because H;(S") = 0 
for 1 4 0,n and H,,(S™) is a one-dimensional vector space. O 


We remark that (b) is in fact an equivalence. It was shown by H. Hopf 
that the degree characterizes the homotopy class of f. We shall give a proof 
of this important result in Section 8. 

The degrees of some maps are easily calculated. 


(5.3) PROPOSITION. (a) id: S" —~ S” has degree +1. 
(b) A constant map S" — S” has degree 0. 
(c) The antipodal map a: S" — S” has degree (—1)"+!. 


ProoF. (a) and (b) are obvious from the definition: for (c). note that a 
has no fixed points, so by the Lefschetz Hopf theorem, 0 = A(a) = 1+ 
(—1)"d(a), completing the proof. O 
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The degree of a map gives information about its global behavior: 


(5.1) THEOREM. Let f: S" — S” be given. 
(a) If d(f) 4 (—1)"t!, then f has a fixed point. 
(b) If d(f) #1. then f sends some point to its antipode. 


PROOF. (a) Assume f has no fixed point; then 0 = A(f) = 1+ (—1)"d(f), 
and so d(f) = (—1)"t!. which proves (a). To establish (b), assume that f 
sends no point to its antipode, i.c.. f(r) 4 a(r) for all rr € S”; this implies 
that ao f(.r) ¢.r for all r € S", so af has no fixed point. By (a), we must 
therefore have 


(—1)"*? = d(awo f) =d(a)-d(f) = (-1)"*"d(f). 
so d( f) = +1. and the proof is complete. O 


Because the sign of (—1)"*! depends on the parity of n. we shall see that 
there are fundamental differences in the behavior of self-maps of even- and 
of odd-dimensional spheres. 


6. Theorem of Borsuk—Hirsch 


The degree gives information about fixed points and points sent to antipodal 
points. The Borsuk—Hirsch theorem, which we will establish in this section, 
shows that the parity of the degree determines the behavior of the map at 
antipodal pairs of points. 

Recall that a map f : S" — S” is antipode-preserving if fa = af; we call 
f antipode-collapsing if fa = f. We again begin by calculating the degree 
of some maps. The first part in the following theorem is the homological 
version of Borsuk’s antipodal theorem: 


(6.1) THEOREM. Let f:S"— S". 
(a) If f is anttpode-preserving, then d(f) is odd. 
(b) If f ts antipode-collapsing, then d(f) is even. 


PROOF. In the proof of both (a) and (b), we shall take S” with the tri- 
angulation used in the combinatorial lemma, so that for each simplex of 
the triangulation, a(q) is also a simplex of the triangulation: clearly, every 
barycentric subdivision of S” will also have this property. 

(a) Let h : S"” — S" be an antipode-preserving simplicial approximation 
to f. By the combinatorial lemma, h maps an odd number of simplices onto 
the main simplex of S", so by our description of degree, d(h) = d(f) is odd. 

(b) Let h: S7 — S” be an antipode-collapsing simplicial approximation 
to f. Hach n-simplex 7 of S” will now be covered an even number of times: 
if C S7 is mapped onto 7. then a(c) is a simplex in S? having the same 
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image as a. Thus, the algebraic number of times a simplex of S” is covered 
is even, and so d(f) is even. This completes the proof. 0 


(6.2) THEOREM. Let f: S" = S” 
(a) (G. Hirsch) If d(f) is odd, then f must send some antipodal pair 
of points to an antipodal pair of points. 
(b) (Borsuk) If d(f) is even, then f must send some antipodal pair 
of points to the same point. 


PROOF. (a) Assume that antipodal pairs never have antipodal images. so 
that fa(x) # af (xz) for each x. This means that fa(x) and f(.r) are never 
opposite, so that the segment joining them does not go through the origin. 
Projecting these segments from the origin onto the sphere gives a homotopy 
from fa to f, specifically, 


F(2,1) = <b fate) + tf 2) 


W(t) fa(z) +¢f(z)| 


In particular, f is homotopic to 


1, _fa(z) + f(z) 
2) = Thala) + fle) 
Call this map ©; it is clear from its definition that (ar) = G(r). ie., & is 
antipode-collapsing. Since f ~ ®, we have d(f) even, and (a) is proved. 
To prove (b), assume that antipodal points never have the same image. 
Since fa(x) # f(z), it follows that fa(z) and af(z) are never opposite. 
therefore are homotopic. As before, 


(1 —t)fa(xr) +taf(r) 
F(z, t) = ——————_—\———. 
(4) = Ta) fala) + taf (el 
is a homotopy. Letting (xz) = F(z, 5) we find that af is homotopic to 


fa(z) + of(z) 
72) Thole) + af(a)h 
Note now that a&(z) = Da(x), so that © is antipode-preserving. Conse- 
quently, a® is also antipode-preserving, and since a® ~ aaf = f. we con- 
clude that d(f) is odd. This completes the proof. 0 


7. Maps of Even- and of Odd-Dimensional Spheres 

In this section we apply (5.4) to obtain fundamental differences in the be- 
havior of self-maps of spheres which depend on the dimension of the sphere 
being odd or even. 


(7.1) THEOREM. Every map f : S27 _, $2" has a fized point and/or sends 
some point to its artipodc. Precisely 
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If d(f) # +1. then f has a fixed point and sends some point to its 
antipode. 

If d(f) = +1. then f has a fized point. 

If d(f) =—1, then f sends some point to its antipode. 


PROOF. Because (—1)?"?! = —1, every map has a degree differing from at 
least one of +1 and —1; the result follows from (5.4). O 


(7.2) THEOREM. Every map f : S2°+! — §2"+! with degree # +1 has a 
fixed point and sends some point to its antipode. If d( f) = +1, it may 
have both, only one, or none of these features. 


ProoF. In this case, (—1)(@"+!)+! = +1. We consider the case d(f) = 1. 
Here, id and a both have degree +1, and each has only one of the two 
properties. The map 


R(2,.%2,---, Langs Lan42) = (—£2, 71, +--+; —Lon42, Len41) 


has no fixed point, and sends no point to its antipode (therefore has de- 
gree 1). Finally, if we start with the map y : S! — S! of degree +1 given 
by 
Aer oa O<t<z, 
1, n<t<2z, 
which has both a fixed point and sends some point to its antipode, repeated 
suspension of this map will give examples of maps having degree +1 and 
both properties. O 


This difference has two immediate consequences. 


(7.3) COROLLARY. Every rotation (2.e., orthogonal transformation of de- 
terminant +1) of S2" has a fixed axis; but there are rotations of 
S?"+! having no fized azis. 


PRooF. A rotation is an antipode-preserving map that is homotopic to the 
identity, and therefore has degree +1. For S?", this nust have a fixed point, 
so its antipode will also be fixed, and these provide a rotational axis. For 
S?n+l the map R in (7.2) is a rotation that has no fixed points. 0 


Denote by T(x) the n-dimensional hyperplane in Rt! tangent to S” 
at x € S"; translated to the origin, it is an n-plane L, perpendicular to 
the vector x. A continuous, nonvanishing, tangent vector field on S” is a 
continuous map assigning to each « € S” a nonzero vector in Lz. 


(7.4) COROLLARY (Poincaré Brouwer). There is no continuous nonvan- 
ishing tangent vector field on S2"; such fields exist on S2"*?, 


PRooFr. Assume that y were such a field; the rule f(z) = y(z)/|ly(z)]| 
would then give a map f : S$" + S™ that has no fixed points and sends no 
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point to its antipode. By (7.1) this is impossible for S?” In the case of an 
S?"+1 however, the map sending 


(21,22,-.-.Tan41.T2n42) 


to the vector with components 


(—22, L1y-++s 7L9n42. Lan+1) 


defines a continuous nonvanishing tangent vector field. O 


8. Degree and Homotopy. Theorem of Hopf 


We have seen that homotopic maps have the same degree. Our objective in 
this section is to prove the converse, thereby attaining Hopf's theorem that 
two maps S” — S” are homotopic if and only if they have the same degree: 
their behavior in homology therefore completely determines their behavior in 
homotopy, so for example, the antipodal map of an odd-dimensional sphere, 
having degree +1, is homotopic to the identity map. The proof of Hopf’s 
theorem given here will be inductive, based on first showing that for n > 2, 
each f : S$" — S” is homotopic to the suspension of some g : S"~! — S"7! 
We use the symbols S”, X” for the n-sphere to distinguish it as domain 
and as range; S” has n+ (respectively n_) and X” has 64 (respectively 6_) 
as its north (respectively south) pole; the northern (respectively southern) 
hemisphere of S” is denoted by S% (respectively S") and its equatorial 
sphere by S"~!; analogously for 2” Given a small disk D C S% centered 
at n*, we will frequently use the following homeomorphism h : S" — S”, 
called the radial projection identifying D with S": each arc of a great circle 
from n4 to n_ meets OD at x and S"~! at €(x): h maps the arc n;z linearly 
onto n€(z), and xn_ linearly onto €(r)n_. Since h : (S”. D) — (S”. S7) is 
bijective and continuous, it is a homeomorphism; and because z and h(.r) are 
never antipodal, h ~ id. as also h~! ~ id. The radial projection identifying 
a disk centered at n_ with S™ is defined in an entirely analogous manner. 
The crucial result is 


(8.1) LEMMA. Let n> 2. Then each f : S" — ©" is homotopic to a map 
y such that p—'(d4) is either empty or a single point. 


PROOF. Triangulate ” so that 64 and 6_ are interior points of n-simplices. 
Using a sufficiently fine barycentric subdivision on S”, we can assume that 
f :S™ — I” is simplicial. Only the case f~'(6,) 4 @ has to be considered. 
and because 6, is in the interior of an n-simplex. f~'(54) consists of finitely 
many points, p1,---,Ps, at most one in each n-simplex of the triangulation 
of S”. Similarly, f—!(6_) is a finite set. 

Because n > 2, the finite set f—!(6_) does not disconnect S”. so there is a 
polygonal path A running from »; ta ny to »y...., to ps that avoids f~!(d_): 
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each w € A therefore has a spherical neighborhood V;, such that f(Vz) C 
Xo — {5_}. It follows that the compact set has a covering {Vi,..., Vr} by 
finitely many open balls such that p, € Vi, ps € Vr. Vi Vier # OF (Vi) C 
Ms" — {6_}. and no p, lies on any OV;. Since f(\UV,) is a closed set avoiding 
6_. there is a closed disk 1\_ centered at 6_ that it avoids also; using a radial 
projection / identifying 1. with ©". we can assume (since ho f ~ f) that 
f(V,) C interior of 5 for each i= 1,...,T. 

We now change f on V; to get a map F, : S" — ZX” homotopic to f and 
such that 1; NF, '(6,) is any single point 1; € V, N Vo: replace f|V71 by the 
map r: 1, — ©” that. for such xr € OV. sends the segment sz linearly 
onto 64 f(a). Then 


Fs ee f(x). xreS"-V,, 
Ala) = {4 rev, 


is continuous; moreover, for .r € V;. both r(x) and f(.r) belong to the interior 
of 5”, so F;(x) and f(.) are never opposite, and therefore F; = f: finally, 
V, N FL *(64) = {x1}. This process is called concentrating Vi N f—'(64) 
at Vv}. 

Now repeat this process with F, and V2. concentrating Vo M F, '(64) at 
an Lg € Vo N V3 to get Fo: S" — LX” homotopic to F;. and therefore to f; 
and we have F;'(6+) C VaU---U Vp. Proceed recursively in this manner: 
at the kth stage, F (64) Cc Y,U---UV>; concentrating V, NF -"(64) at an 
Mpa. € VEAVEs, yields an Fy41) : S" — ©” homotopic to F, ~ f such that 
F. (64) C Vi4,U---UVep. At the last stage. concentrating V7 N Fr", (64) 
at ps, we obtain Fy ~ f with Fr '(5,) = ps. and the proof is complete. O 


As an immediate consequence, we have 


(8.2) THEOREM. Let n > 2. Then each f :S" — £” is homotopic to the 
suspension of some g: S"=! — Yet 


Proor. If f—'(6,) = @, then f is nullhomotopic, and the conclusion is 
obvious. By Lemma (8.1), we can assume f—!(64) = nz. by a rotation if 
necessary. Choose a small closed disk A_ centered at 6_; since f is contin- 
uous, there is a disk D centered at n4 such that f(D) Cc ©" — A_: on the 
compact S”" — D, no point goes to 64, so f(S" — D) C £”" — Ay for some 
disk A, centered at 64. 

We now use a “radial projection” s: 5" — ©” that pushes 0.44 and 
OA_ onto Y"—!: for each r € £"—!, let 64.26_ be the arc of a great circle 
through sr: it meets OA, at €+ and OA_ at €_; s maps 644 linearly onto 
64r.€,€_ onto the point .r, and €_6_ linearly onto x6_. Then sf(D) C it 
and sf(S" — D) Cc ©"; moreover f(x) and sf(x) are always on the same 
arc of a great circle, so are never antipodal. and therefore f ~ sf. Taking a 
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radial projection h identifying D with S} we have sfh—} : (S",S”,S") > 
(£", 57, 5") and sfh-) ~ sf beanse he Ln = id. py let g = sfh- “ig? wee 


S”"-! —, Y"-1; then the suspension Sg : (S",S%,S") 3 (Z", eo), Ss 
since Sg(x) and so foh7}(z) are never ees they are hati epie a 
the theorem is proved. O 


We now prove the main result: 


(8.3) THEOREM (Hopf). Letn > 1. Then f,g: S" > S” are homotopic 
if and only if they have the same degree. 


PROOF. It is enough to show that if deg(f) = deg(g), then f ~ g, since the 
converse is already known. We consider first the case n = 1. Regarding S! 
as R/Z, the reals modulo 1, an f : S' — S! is determined by a continuous 
F:R— R such that F(x +1) — F(x) = N, where N is some integer, 
positive, negative, or zero: the function F determines the map f : S' > S? 
given by e27# 15 e2riF 2 , and in the other direction, if f : S! + S! is given, 
then F is a branch of 55 1 log f(e?"#) continuous on R. It is straightforward 
to verify that f : S! —+ S! has degree N if and only if its representing 
function satisfies F(x +1) — F(x) = N. Now let g: S1 > S! bez 2"; it 
is represented by G(x) = Nx. Given any map f : S! — S! of degree N, we 
show that it is homotopic to g: for if f is represented by F’, then 


D(x, t) = exp(27i[tF (x) + (1 — t)G(z))) 


is a homotopy of g to f because O(z + 1,t) — B(x, t) = N, so that D(z, t) 
represents a map of S! into S! for each fixed t. Thus, all maps of degree N 
are homotopic to g, and therefore to each other, so the theorem is proved 
for n = 1. 

We proceed by induction. Assume the theorem is true for k = n—1, and 
let f,g : S” — S™” have the same degree. By the previous theorem, f and 
g are homotopic to the suspensions Sf’, Sg’ of maps f’,g’ : S"-1 = §"7}; 
since the suspension of a map and the map have the same degree, we have 
deg(f’) = deg(g’), so by the induction hypothesis, f’ ~ g’. Suspending that 
homotopy shows that Sf’ ~ Sg’, and therefore f ~ g. Thus, the theorem is 
true for k = n; this completes the induction, and the proof. O 


9. Vector Fields on Spheres 


Let AC R"+! A vector field on A is a continuous map f assigning to each 
a € Aa vector at the origin in R”*+}; the vector field f is said to have a sin- 
gularity at a € Aif f(a) = 0. The study of vector fields is important in many 
areas of mathematics; for example, they arise in attempting to determine 
the global properties of solutions of ordinary differential equations. 
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A continuous vector field f on A determines a map F : A ~ R"t? by 
re as — f(x), and if the field is nonvanishing, no point of A is kept fixed 
by F’ Conversely, if F.: A — R"*! is any continuous map, then the map 
f(x) = x — F(z) is called the vector field associated with the continuous 
map F, and is nonvanishing only if F has no fixed point. 

Take A = K"t!, if f is a vector field with no singular points on 0K"t?} 
= $”, then the map cy: rr f(zx)/||f(x)|| : S" — S™ is well defined; the 
degree 3(f) of cy is called the characteristic of the vector field. Note that 
the characteristic is determined by f|S” and depends only on the directions, 
and not on the lengths, of the vectors. Using these concepts, many results 
of the previous sections can be given additional geometric context. We list 
some of these interpretations; most are based on the technical results. 


1. If f is a nonvanishing vector field on K"t', then its characteristic is 
zero. 


For cy is then extendable to a map of K"*? into S”. 


2. The field of outward normals on S” has characteristic +1, that of 
inward normals has characteristic (—1)"t?. 


For cy is the identity map in the first case, and the antipodal map in the 
second. 


3. (Poincaré-Bohl) Iftwo nonvanishing vector fields on S” have different 
characteristics, then there is at least one point at which the vectors 
are opposite. 


For otherwise, the maps c7,c, would never be antipodal, and therefore would 
be homotopic. 


4. Every nonvanishing vector field on S” with characteristic # +1 has 
an inward normal; every nonvanishing vector field with characteristic 
# (—1)"*! has an outward normal. 


This is a reinterpretation of (5.4). Similarly, from (6.2) follows 


5. Let f be a nonsingular vector field on S”. Then there exists a pair of 
antipodal points at which the vectors are parallel. 


For a reinterpretation of (6.2) we have 


6. Let f be a nonsingular vector field on K"t?. Then there exists a pair 
of antipodes at which the vectors have the same direction. 


For d(cy) = 0; if the vectors at antipodal points never have the same direc- 
tion, then cy sends no antipodal pair to the same point, and therefore must 
have odd degree. This is a contradiction. 
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10. Miscellaneous Results and Examples 


A. Degree and the Lefschetz—-Hopf theorem 


(A.1) (Fundamental theorem of algebra) Let p(z) = co + cz +--- +cn2z” be a complex 
polynomial of degree n > 1. Show: p(zo) = 0 for some 29 E C. 
[Suppose that p(z) # 0 for all z € C with co, cn # 0. Set 


P(z) = coz™ +012") +---+en-1z+¢n forzEC, 
and for€ € S' andteé {0, 1] let 


p(t¢) 
f(G,é) = 
= DEO) 
To get a contradiction, show that (¢,t) + f(C,t)/|f(C,t)| defines a homotopy H; : S! > 
s} joining a constant map Ho to the function H; given by ¢ + ¢”, which is impossible, 
because d(Ho) = 0 and d(H) = n.] 
(This proof is due to Burckel {1981].) 
(A.2) Let f,g: $2” — S?”. Prove: At least one of f, 9, go f has a fixed point. 
(Use d(g 0 f) = dg - df.] 
(A.3) Let f: S?" + §?" Show: 
(a) Either f or f? has a fixed point. 
(b) Either f has a fixed point, or else there is a point xo € S?" such that both zo 
and —2po are fixed points of f? 


(A.4) Let f: R2"t+! — R2"+!, Show: There are r #0 and \ € R such that f(x) = Az. 


(A.5) (Generalized Borsuk-Ulam theorem) Let K be a polyhedron and T: K — K 
periodic, of period 2. Assume that there is a g: sS"—! _, K such that 


gn-1_$5 


sn 1—>k 
commutes, where a is the antipodal map. Show: If Hp-1(K) does not contain an infinite 
cyclic subgroup, then for each f : K — R” there is a y € K with f(y) = fT(y). 


[Assume f : K — R” with f(y) # fTy for all y; then with 


_ f(y)-—FfTy 
FW) = Thy) — FTul 


we get a commutative diagram 


K—~+ 57-1 


K Ee > gn} 
This gives us aFg = Fga, so that Fog is antipode-preserving. so has odd degree. 
Fy.g«(bn—1) = (2k+1)bn—1 (where b;—) is a generator of Hn—1(S"—')). Now, g«(bn—1) € 
H,—1(K), and for any integer s, F[sgs(bn—1)] = sFugx(bn—1) = (2k + 1)sbn-1 # 0. 
Therefore, g+(bn—1) # 0, and {4.fh,,. 1)} eenerates an infinite cyclic group.] 
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(A.6) (Dugundji Fan theorem) Let T be a triangulation of the boundary of an n-simplex 
o = (po,---.Pn). To each vertex uv € T assign arbitrarily a number 7(v) € {0,1,...,n} 
and define y : T — & by v +> p(y). This map is simplicial, and has degree d, obtained 
by counting the algebraic number of (nm — 1)-simplices of T that are mapped into a fixed 
(n — 1)-face of ao. Let o, be the algebraic number of simplices in T of dimension k that 
receive the same labels as the subscripts of their carriers in 6. Show: 


n—l 
Y-(-1)* on = 14 (-1)" 1a. 
k=0 


[The Lefschetz number A(y) is 1 + (-1)"—'d. Using the Hopf trace theorem, compute 
this by working with the traces of the chain map ySd7, and taking the k-faces of o as 
basis for the k-chains. Observe that Sdy7 s = the sum of all simplices of T carried by 
S = (pig.---sPi,). SO to say that pSdys = --- + as +--- means that a is the algebraic 
number of those simplices of T of dimension k carried by s that receive the labels zg,... , ix. 
Since A(y) = poe, (—1)* tr(pSd7), this completes the proof.] 


B. Vector fields 


(B.1) Show: A vector field f -(K"+!, S") — (R"*!, R"+! — {0}) is essential if and only 
if x(f) #0. 


(B.2) Prove: Two vector fields f,g : (K"*t!, S") — (R"*t!, R"*! — {0}) are homotopic 
if and only if 2(f) = (g). 


(B.3) Let f : (K+, 5”) = (R"+!, R"*! _ {0}) be a vector field such that the vectors 
at antipodal points never have the same direction. Show: 2(f) is odd. 


(B.4) Let f :(K"*t!, §") = (R"*!, R"*! — {0}) be a vector field. Show: 
(i) If +(f) #1, then f has an inward normal. 
(ii) If 2(f) 4 (—1)"*!, then f has an outward normal. 
(iii) If n is odd and x(f) # 1, then f has an outward normal and an inward normal. 
(iv) If n is even and x(f) 4 +1, then f has an outward normal and an inward normal. 
(v) If n is even, then f has a normal. 


(B.5) Let f : (K"*}, S$") — (R"*t!, R™+! — {0}) be a vector field. Show: Either f has 
singularities or +(f) = 0. 


(B.6) A vector field f : S" — R"*+! — {0} is directed inward (outward) at x € S” if f(z) 
lies on the same (opposite) side of the tangent plane to S” at r as S” itself. Clearly, if 
f is directed inward everywhere, then —f is directed outward everywhere, and vice versa. 
Let f (Kt! 5") 4 (Rt) Arti _ {0}) be a vector field. Show: 
(a) If f|S” is directed inward everywhere, then x(f) = (—1)"*! and f(z) = 0 for 
some zp € K"*! 
(b) If f|S” is directed outward everywhere, then x(f) = 1, and f(zo) = 0 for some 
zo € Krtl 


(B.7) Show: A vector field f : K"+! — Rt! — {0} is somewhere on OK"*! inward 
normal and somewhere outward normal. 


(B.8) Let f : K"*! — R"*+! _ {0}. Show: There is a pair of antipodes on OK"*! at 
which the vectors are parallel. 
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11. Notes and Comments 


The Lefschetz--Hopf fixed point theorem 


This is the basic fixed point result formulated in homological terms. It was 
first discovered for compact manifolds by Lefschetz [1923], [1926] and then 
extended by him (Lefschetz [1927]) to manifolds with boundary. Hopf [1928] 
gave a completely different, simple proof for arbitrary polyhedra; this is 
essentially the proof given in the text. Various extensions of the Lefschetz— 
Hopf theorem will be found in Chapter V. 


Converse of the Lefschetz—Hopf theorem 


Because A(f) is a homotopy class invariant, the converse of the Lefschetz- 
Hopf theorem is the statement: If A(f) = 0, then there is some g ~ f having 
no fixed point. This is false, in general, even for self-maps of polyhedra. 
However, the converse is true for a broad class of polyhedra: Say that a 
polyhedron K is of type (A) if dim K > 3 and the star of each vertex has 
connected boundary (thus includes all the n-manifolds, n > 3). Then the 
converse is true for all simply connected polyhedra of type (A). 

The converse of (4.6)(a) is the statement: If the Euler characteristic 
x(K) = 0, then there is a fixed point free f : K — K that is homotopic 
to the identity. This is also false in general. However, it is true whenever K 
is either a manifold or any polyhedron of type (A). For further details, see 
R.F. Brown [1966]. 


Existence of periodic points 


The first result on the existence of periodic points was established by Fuller 
[1953], to whom (4.6)(b) is due; for (4.4) the reader is referred to Hajek 
[1964]. These results are special cases of Theorem (3.3) proved by Bowszyc 
[1969]. Bowszyc introduced the Euler number and the periodicity number of 
a map, and using these invariants, established a more general result. ‘These 
notions will be treated in more detail in Chapter V. For other closely related 
results on periodic points see Kelley-Spanier [1968], Halpern [1968], and also 
the survey by Fadell [1970]. 


Applications of the Lefschetz—Hopf theorem 


Theorem (3.4) is a special case of a more general result due to Zabreiko- 
Krasnosel’skii [1971], and independently, Steinlein (see Steinlein [1980]). The 
first direct proof of (3.4) was given by Peitgen [1976]. Theorems (4.1) and 
(4.3) are the simplest results in the so-called asymptotic fixed point theory. 
Theorem (4.3) was found bs Bourgin {1958a! and independently, by Berstein 
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[1957]. Theorem (4.7) is due to Floyd [1952] and Theorem (4.8) to Myshkis 
[1954]. G. Hirsch [1943] observed that Borsuk’s antipodal theorem can be 
obtained using the Lefschetz—Hopf theorem. 


The Brouwer degree 


The general notion of topological degree of a map between orientable man- 
ifolds is due to Brouwer [1912]; he gave some of its properties and used 
it to settle some significant questions such as domain invariance in R”. 
The related notion of the characteristic +(f) of a “vector field” f : S" — 
R"+! — {0} (x(f) = df), f = f/\l|f\]) was developed by Kronecker in a 
series of papers in 1869-1878, studying existence of common zeros for a 
given system of real-valued functions. In the differentiable context, he ex- 
pressed it by an integral, which he showed to be integer-valued; its value is, 
in fact, equal to s(f) as defined above. Kronecker's ideas were claborated 
by Hadamard [1910], who also gave numerous geometric applications. 

Theorem (6.1)(a), proved by Hopf (see Alexandroff—Hopf [1935], p. 483), 
represents a homological version of Borsuk’s antipodal theorem. Part (a) 
of (6.2) is due to G. Hirsch [1946]; part (b) of (6.2) was established by 
Borsuk [1937]. 


Degree and homotopy theorem of Hopf 


Let [S”,.S"] denote the set of homotopy classes of maps of S” into itself. 
The bijectivity of deg : [S",S"] — Z for n = 2 is due to Brouwer [1912], 
and for arbitrary n to Hopf [1927]. The proof of the theorem of Hopf (8.3) 
is an adaptation of that given in Dugundji’s book [1965]. Theorem (8.2) in 
a different form was established by Borsuk [1933b]. 


Vector fields on spheres 


The nonexistence of a continuous nonzero tangent vector field on S? was 
proved by Poincare; the fact that S” has such a field if and only if n is odd 
was established by Brouwer [1912]. For elementary proofs of (7.3) (without 
using the degree) see Jaworowski [1964] and Milnor [1978]. One can gen- 
eralize the problem and seek the maximal number of nonvanishing linearly 
independent tangent fields on S” (i-e., the number of vector fields 1, ..., Uz 
on a given S” such that for each x the vectors v;(x),...,v%(xz) are linearly 
independent in R"+'). Write n + 1 = 2°s, where s is odd and b = 4d+c 
with 0 < c < 3, and let o(n) = 2° + 8d — 1. Hurwitz, and independently 
Radon, showed in 1923 that there are at least o(n) such fields on a given 
S”; the much more difficult part that there are exactly @(n) such fields was 
proved in 1962 by F Adams. 
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The genus function y 


Let (X;T) be a pair, where X is a paracompact space and T: X > X a 
fixed point free involution on X, i.e., T? = id. The genus 7(X:T) of X (by 
abuse of notation denoted simply by 7(X)) is the smallest positive integer n 
such that there exists an equivariant map f : X — S",ie., f(Tr) = —f(2r). 

This invariant (which was introduced by Yang ([1954], [1955]) and Kras- 
nosel’ski¥ [1955]) is closely related to the notion of the Lusternik—Schnirel- 
mann category and to various extensions of the Borsuk antipodal theorem. 

The following statements (Yang [1954]) are equivalent: 

(i) y(X;T) > n; 
(ii) af X ts covered by n+1 closed sets, then at least one of them contains 
a pair x, Tx; 
(iii) of f : X — R", then there is a point x € X such that f(x) = f(T x); 
(iv) there are no n closed sets Mj,..., A, such that A; ANTM; =@ and 
X =U, (44 UTM). 
Note that in case X = S” and T = antipodal map, (ii) is the Lusternik- 
Schnirelmann-Borsuk theorem and (iii) is the Borsuk—Ulam theorem. 

The function 7 can be used to establish the following extension (due to 
Bourgin [1955] and Yang [1955]) of the Borsuk-Ulam theorem: If (X,T) has 
4(X) >n and f : X — RF is any map, then the set Ay = {x € X | f(z) = 
f(Tx)} is closed and T-invariant, and y(As) > n—k. A consequence is that 
the (covering) dimension of Ay is at least n — k. 


The basic properties of the genus function + are the following: 
(i) (Functoriality) If f : X — Y is an equivariant map between spaces with involu- 
tion, then 7(X) < 7(Y). 
(ii) (Continuity) If A C X is closed and invariant, then (A) = (U) for some closed 
invariant nbd U of A. 
(iii) (Normalization) 7(S") =n. 
Other numerical-valued functions satisfying the above properties have been studied by 
several authors and are referred to as numerical-valued indices. One such theory based 
on cohomology was introduced by Yang [1954] and Conner- Floyd [1960]. Let (X:T) be a 
space with a fixed point free involution and for the double covering .¥ — X/T denote by 
c € H'(X/T) (Cech cohomology with Ze coefficients) its characteristic class. Yang [1954] 
and Conner-Floyd [1960] defined the cohomology index yc of (X.T) by ¥(X) = sup{n | 
c” £0} and proved that yc has the properties of the genus function. 
For related and more general results, see Conner-Floyd [1962]. Holm Spanier [1970], 
Fadell—Husseini [1987], and also Fadell [1989] and Jaworowski [1989], where further refer- 
ences can be found. 


The genus function I 


The genus I'(X;T) of a pair (X;T) as above is the smallest positive integer 7 
for which one can find n closed sets Af,,.... Af, such that AG;NTM; = 0 and 
X = Up, MiUTM;. Clearly for any (X:T) we have T(X;T) = y(X:T)4+1. 
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For every involution T on S" we have '(S";T) > n+ 1 (Fet [1954]). 
More generally, if X is a compactum with Cech homology H;(X; Ze) = 
Hy,,(S"; Z2) for k < n, then for every T, [(X;T) > n+ 1 (Jaworowski 
(1955]). Hence, for such spaces the generalizations of Theorems (5.2)1, (5.2)2 
and (5.2)4 of §5 are valid. More general or related results can be found in 
Yang [1954], [1955], Jaworowski [1956], and Davies [1956]; see also Hopf 
[1944], G. Hirsch [1944], Geraghty [1961], Bacon [1966]. For uses of the 


genus in critical point theory see Krasnosel’skii’s monograph [1956]. 


Let .X be a paracompact space on which a finite group G acts without fixed points. 
The genus I'(.X;G) of X with respect to G is the smallest positive integer n for which 
one can find n closed sets M),...,A/, such that (i) M;Ng(M;) = 0 unless g = 1, and 
(ii) X = U{g(M@,) | i = 1,...,2, g € G}. This invariant was considered for G = Zp by 
Krasnosel'ski¥ [1955] and in full generality by Schwarz [1957]. 

The notion of genus can be considered in the following more general sense. Let 7 : 
E — X bea fibration (or more generally a surjective map). The Schwarz genus I'(7) of 7 
is the minimal number of open sets U; needed to cover X such that there are continuous 
s; : Uj — E with 7 0 s; = idy,. For more details or generalizations, see Schwarz [1961], 
[1962], and Steinlein [1980]. 

A surprising application of the Schwarz genus to problems in computer science was 
given by Smale [1987]. 


Genus and critical point theory 


Let E be a Banach space and ¥ be the family of all closed symmetric sets 
A C E — {0} (each equipped with the involution a + —a). If 6: BE 
R is an even C? function, one way of finding critical points of ® is the 
Lusternik-Schnirelmann method of minimaxing © over certain subfamilies 
of 4. Specifically, letting S = {x € E | ||z|| = 1}, consider for each 7 > 1 
the family 

Gj ={AEGY|ACS, (A) 23} 


and define 
c; = inf sup Ga). 
AEG, acA 

Under suitable conditions on 9, it can be shown that each c; is a critical value 
of , and if cj = cj41 =--: =Cj4p = c for some p > 0, then 7(K,) > p+1, 
where K, = {x € E | (x) = c, S'(x) = 0}; this implies that either ® has 
p+1 distinct critical points or K, is uncountable. It can also be shown that 
if 6, = {x € S| G(x) = c, G(x) = O}, then c; = inf{c € R | 7(,) > jh. 
For details, the reader is referred to the book of Mawhin—Willem [1989], 
Rabinowitz’s lecture notes [1984], and Szulkin [1989]. 


IV. 


Leray—Schauder Degree 
and Fixed Point Index 


This chapter is devoted to the concept of the topological degree and the 
fixed point index. With the aid of some fairly elementary facts from linear 
algebra and simplicial topology, we develop first the theory in the simple 
setting of Euclidean space. Then, using some of the techniques developed in 
Chapter II, we extend the index in R” to infinite dimensions, and establish 
the fixed point index theory for compact maps in arbitrary metric ANRs. As 
a special case we also obtain the Leray-Schauder degree for compact fields 
in normed linear spaces. The chapter ends with a number of applications. 


§10. Topological Degree in R” 


Our aim in this paragraph is to establish in an elementary manner the 
definition and main properties of the topological degree in R”. 

Let U be a bounded open set in R”, and let C(U, R”) be the space 
of all continuous maps f : U > R” taken with the sup metric. In general 
terms, the (Brouwer) degree problem is to assign an integer d(f,U) to each 
f € C(U, R") which indicates the minimal number of zeros that f, and all 
functions sufficiently close to f, must have. 

Clearly, local constancy of f + d(f,U) is not possible if the functions 
are allowed to have zeros on the boundary OU of U, so attention must 
be restricted to the (open) subspace Co(U,R") = {f | f : (U,QU) — 
(R”, R” — {0})}. The development then starts by choosing a dense set o& C 
Co(U, R") such that each ¢ € & has only finitely many zeros in U. Counting 
these zeros algebraically (examples such as x +> z* on (—1,1) show that a 
simple count need not be locally constant) gives a degree function that turns 
out to be locally constant on the subspace .. Defining the degree d(f, U) for 
each f € Co(U, R”) to be the degree of any sufficiently close approximation 
¢€@ to f then yields the required degree function. 
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In the analytic approach, « is usually taken to be the C’™ functions 
having 0 as a regular value, and this requires some knowledge about C” 
approximation of continuous functions, and of Sard’s theorem. In our ap- 
proach, we take .o/ to consist of piecewise linear maps; the development then 
requires little more than fairly simple linear algebra, and generally known 
facts from PL topology. 


1. PL Maps of Polyhedra 


In this section we describe the fundamental notions and obtain the basic ap- 
pel as theorem. We recall that given an n-simplex a” = (po,.--,Pn) = 
(is =0 \iDi | ee oA =1,0<A; < 1,2 =0,...,n} in some R*%, a map 

:o" — RP is called affine if (Lixo Pi) = Yj AiP(pi)- 

A polyhedron IK. C R* is a union of a finite number of simplices, where 
the intersection of any two simplices is either a common face or is empty; 
we let A’? denote the g-skeleton of A, i.e., the subpolyhedron consisting of 
all the simplices of dimension < g. By a pair (K,Q) of polyhedra in R° is 
meant a polyhedron A C R* together with its subpolyhedron Q C K. We 
say that such a pair (A. Q) is special if for any simplex o™ = (po.p).- -;Pm) 
of A with all p; in Q° we have o™ € Q; note that for any pair (K,Q) its 
barycentric subdivision (K : Q) is always special. 


(1.1) DEFINITION. Let A C R® be a polyhedron. A map ¢: A — R” 
is called PL if it is affine on cach simplex, and PL” if it is also a 
homeomorphism (onto its image) on each simplex of dimension < n. 


By slightly moving the images of vertices and placing them in general posi- 
tion, any PL map can be approximated by a PL” map; in fact, we need a 
more precise version of this result. 


(1.2) LEMMA. Let (Ah.Q) be a special pair of polyhedra in R°. and let 
f:K — R" be a PL map that is PL” on Q. Then, for each < > 0, 
there is aPL" map ¢@: K > R” with ¢|Q = f\Q and ||f — 4|| <.e. 


PROOF. For any finite set S C R”, let F(S) be the union of the flats spanned 
by all subsets of k < n elements of S: by Baire’s theorem, F(S) has an 
empty interior (everything being < n—1 dimensional). Consider the vertices 
Pi,---,Pr of KX not in Q. Choose y, ¢ F[f(Q°)] with lly. — f(p1)|| < e, and 
proceeding recursively, choose 


ye & FUF(Q*)U {y1,---.9e—-1}) with lly — f(pe)Il<e. k= 2....,8 
Defining 
$(45) = f(a), 4 EQ”, 
Op.) = th. i—1....,8, 
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and extending affinely over each simplex gives the desired map ¢: indeed, 
for any o! with 1 < n, the images of the vertices do not lie on any k-flat with 
k <l, so glo’ is a homeomorphism; and if z = gaan A,7; is any point of 


of = (ro,...,7) € K, then [If(2)—4(2)ll = |] og MLf(ra)— lr] < ¢-0 


More important for our purposes is the PL” approximation of arbitrary 
continuous maps: 


(1.3) THEOREM. Let (K,Q) be a pair of polyhedra in R‘, and f : K — R® 
a continuous map that is PL” on Q. Then, for each € > 0, there is 
a subdivision K of K and a PL” map: K > R® with v/Q = f|Q 
and ||p — f\| <e. 
PROOF. Since K is compact, uniform continuity of f gives a 6 > 0 with 
f(z) — f(y)|| < €/2 whenever r [a — yl| < 6. Subdivide A’ barycentrically 
sufficiently many times to get K with mesh K < 6, set ¢(p) = f(p) for each 
vertex p of K, and extend affinely over each simplex of K to get a PL map 
p: K = Rf 7isa simplex of Q and @ C @ a simplex of Kk, the maps 
¢, f are both affine on @ and coincide on the vertices of ¢, so f|é = 9c, 
and the ¢ match up to give ¢|Q = f|Q. Finally, if x € K is in the interior 
of some simplex ae -»Pi) e K, then |lz — 3;|| < 6 fori = 0,....1, so 


ILf(2) — 6(2)Il = IF) — Dino Aef®i)I| < €/2. Applying now Lemma (1.2) 
to ¢ gives a PL” map Z with ||~ — f|] < € and ¥|/Q = f|Q. O 


(1.4) DEFINITION. Let K be a polyhedron and K"~! its (n — 1)-skeleton. 
For any continuous f : K > R”, we call f(K"—") its set of critical 
values, and all the points in R" — f(K"~?) its regular values. 


With this terminology, we have the following PL-analog of Sard’s theorem: 


(1.5) THEOREM. Let K C R® be a polyhedron and ¢: AK — R" a PL map. 
Then the set of regular values of ¢ is open and dense in R”. 


PROOF. The critical values of ¢ are contained in the union of the finitely 
many sets ¢(0"—!), o"—! € K; since each has no interior, their union has 
no interior, and the proof is complete. O 


In what follows, we will call a PL” map ¢: K — R” special PL” if 0 is 
a regular value of ¢. Thus, a PL map ¢: (K,K"~") > (R", R” — {0}) is 
special PL” if ¢ is a homeomorphism on each simplex of K” 


2. Polyhedral Domains in R”. Degree for Generic Maps 


An open set U C R&S is called a polyhedral domain if its closure U is a finite 
polyhedron; we shall assume each polyhedral domain endowed with a fixed 
simplicial subdivision. We now define one ra'n approximation class &: 
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(2.1) DEFINITION. Let U C R” be a polyhedral domain. A continuous 
map f : (U,0U) > (R", R” — {0}) is called PL-generic (or simply 
generic) if it is special PL” on some subdivision of U. We let 


@(U,R") ={f € Co(U, R”) | f is PL-generic}. 
Theorem (1.3) leads to the basic approximation result: 


(2.2) THEOREM. Jf U is a polyhedral domain in R", then the set & (U, R”) 
of generic maps is dense in Co(U, R"). 


Proor. Starting with f € Co(U, R”) and any € > 0, apply (1.3) to get a 
PL” map ¢ on some subdivision K of U with ||¢— f|| < ¢/2; since the regular 
values of ¢ are open dense, there is a regular value yo with ||yo|| < ¢/2. Then 
@ — yo is generic and ||(¢ — yo) — f|| < €; the proof is complete. O 


We now consider the zeros of a generic map ¢ € #&(U,R"). Since 
dimU = n and ¢ is special PL” on some subdivision K of U, ¢ has only 
finitely many zeros, and at most one in the interior of each n-simplex a” € 
K. We will count these algebraically, by determining for each p € $~1(0) 
whether or not @ reverses the orientation of the n-simplex containing p in 
its interior. 

To motivate the formula, recall that if (u1,...,un) is an ordered basis 
determining an orientation of R”, an ordered n-simplex o” = (po,.--,Pn) C 
R” is, by definition, oriented as R” or in the opposite way, according as the 
nonsingular linear transformation 


LD: (uj,---;Un) (P1 — Po,--+:Pn — Po) 


has a positive or negative determinant. Let ((p;)1,---,(pi)n) € R” be the 
coordinates of the p;. Then the determinant of L is 


1 asi 1 
det L = ie is Ma — | (Po)1 (Pn)1 
Wile Won ++. adn (Pomn| lia, (nde 


We abbreviate det L/|det L| by [[po,..., Dn]. 


Now let ¢: 0” — R” be an affine homeomorphism of the simplex o”; 
the product [po,.-., Pn] - [6(~0),---,¢(Pn)]] expresses then whether or not 
o” and ¢(o”) have the same orientation. Since a transposition of the p; 
changes the sign of both determinants, the product is clearly independent 
of the particular orientation chosen for R", and of the order in which the 
vertices of the simplex are written. 

We are now prepared to define the degree d(¢,U) for maps in the ap- 
proximating class 2: 
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(2.3) DEFINITION. Let U be a polyhedral domain in R" and ¢:U — R” 
be generic. If p € #~1(0) belongs to the interior of the n-simplex 
(Po,---;Pn), then the local index J(¢,p) of ¢ at p is 


J($,p) = [po.---.Pnll [$(Po),---.O(Pn)]) 
and the degree of ¢ on U is 


d(,U) = }“{J(¢,p) |p € 6 *(0)}. 


The above formulas allow explicit calculation of J(¢, p) and d(¢, U) for any 
generic ¢; another equally direct description is given in the following 


(2.4) THEOREM. Let U C R® be polyhedral and ¢ € &(U,R"). Assume 
that p € 6 '(0) belongs to the interior of 0” = (po.....Pn), and let 
T be the linear part of the affine homeomorphism ¢|o". Then 
J($, p) = sgndetT = (-1)’, 
where 2 is the number of negative eigenvalues of T, each counted with 
its multiplicity. 


PROOF. Let (uj,...,Un) be a basis for R”. If L is the linear transformation 
sending (w1,..-,Un) to (p1 — po,---:Pn — Po), then T o L is linear, sending 
(t1,---,Un) to (d(p1) — (po), ---, (Pn) — $(po0)), So that 


[$(p0),---,(pn)] = sgndet(T o L) = sgn det T sgn det L, 


and therefore 


J(¢,p) = [Po, ee | : [#(p0), cea $(Pn)] 
= (sgn det L)* sendet T = sgn det T. 


Since T is nonsingular and has n nonzero eigenvalues 1,...,An (counted 
with multiplicities) with det 7 = IL A,, and since complex eigenvalues occur 
in conjugate pairs, we find sgndet T = (—1)°. O 


It is an important consequence of (2.4) that J(¢, p) depends only on the 
affine map ¢|o”, and not on any special simplex (po, ..., Pn) containing p in 
its interior that is used for the explicit calculation. Consequently, the degree 
of a generic map depends only on the local behavior of ¢, and is independent 
of the particular subdivision used to calculate it. Moreover, the degree of a 
generic map is invariant under all sufficiently small translations. 


(2.5) PRoOposITION. Let U C R” be polyhedral, and let ¢ : U — R” be 
generic. Then there is a neighborhood V (0) of the origin in R” such 
that for every y € V(0) the map $ — y ts generic. 


Proor. If K is a subdivision of U on which ¢ is special PL”, let o? i = 
1,..., N, be the set of n-simplices of K having a zero of ¢ in their interior. 
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Noting that €; = dist(0, @(00?)) > 0 fori =1,...,.N and that 


n = dist lo, (7 - Usr)] > 0, 


7=1 


we can take for V(0) a ball of radius e€ < min{€),...,én, 7}. O 


3. Local Constancy and Homotopy Invariance 


Our next objective is to show that d(¢,U) is locally constant on #(U, R®). 

This will follow easily after we show that d(¢,U) is invariant under ho- 

motopies ¢: (J,0U) x I > (R", R” — {0}). The discussion of homotopy 

invariance is somewhat lengthy, and requires some attention to detail; but 

the effort gives. in fact, a more general version of homotopy invariance. 
We start with the simple 


(3.1) Lemma. Let W C Rt! be a polyhedral domain, and ¢: W — R" 
be special PL”. Then each component of ¢~1(0) is homeomorphic 
either to the unit interval I or to a circle; and in the first case, the 
component has both endpoints in OW 


Proor. Assume that o”*! m 6—!(0) 4 @; because glo”! is affine and 
dim ¢(o"t!) = n, we find that dim(¢|o"*1)—!(0) = 1, so (¢|o7t!)—}(0) is a 
line segment. It cannot be contained in any n-face a” of ot! because ¢|o” 
is a homeomorphism, so it must join points in the interiors of two distinct 
n-faces of o"t!. If any of these n-faces is the face of some other Opt the 
segment: continues into of**. Thus. the component will consist of a finite 
string of segments, each meeting the next at a point in the interior of some 
o”, Since ¢1(0)No”t! consists of at most one segment, the string can never 
cross itself. Thus, if the string returns to a previous point, the component is 
homeomorphic to a circle; otherwise, it is homeomorphic to I. In the latter 
case, the component cannot have an endpoint c in the interior of W: for 
then c would be in the interior of some n-simplex o” and also the center of 
an (n+1)-ball B contained in W; if B+, B~ are the intersections of B with 
the two open half-spaces determined by the linear span of o”, then both 
are nonempty (7 + 1)-dimensional subsets of W, which must therefore be 
contained in two distinct simplices having a” as face; and as we have seen, 
the component will continue across o”. O 


We next develop a formula that traces the evolution of the local index 
as one moves along ¢7!(0). 

Let o” = (po,--.,Pn) be an ordered n-simplex in oriented R7t?; then, 
for each € not in the n-flat spanned by o”, the ordered simplex has the 
relative orientation [po,...,Pn,€], and we have the following simple 
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(3.2) PROPOSITION. 
(a) [[po,---, pn, €] = +[p0,.--, pn, ml] according as €,n € R"*t! are on 
the same side, or on different sides, of the n-flat X' spanned by 
a” = (p0,.--,Dn)- 
(b) Ifgo,q1,---,Qn are all in a common hyperplane R" x {t} of R"+} 
2.€., gi = (G,t), and (v,r) € R™*!, 7 At, then 


[g0, ~209Qn, (y, T)] = [. ces || - sgn[7 _ t]. 


PROOF. (a) Let (1—t)€+tn, 0 < t < 1, be the open line segment having £,7 
as endpoints. Then letting ((p:)1,---,(pi)n41) € Rt! be the coordinates 
of p; for i = 0,1,...,n+1, and det[po,..., pn, Pn4i] be the determinant of 
the (n+ 2) x (n+ 2) matrix 


1 1 
(po): (Pati) 
le. ex: Deca, 
(Po)nti ++» (Pn4i)n4i 


we have 


det[po,---,Pn, (1 — t)é + ty] = (1 — t) det[po,...,pn,€] + tdet[po,.-.,pn, 7]; 


so the values form an interval (é, nN) in R. Now, det[po....,pn,a] = 0 if 
and only if po,...,~n,@ are affinely dependent, i.e., if and only if a € Z. 
Thus, if the line segment does not meet 2’, then 0 ¢ (€,7), so the signs at 
the endpoints are the same. If (€,7)N © 4 0, then 0 € (E, 7), so that the 
endpoints have different signs. 


(b) For det[{(G, t),---, (Gn, t), (%47)] we have 


1 Bs 1 1 1 sto 1 1 
(Go)1 (Qn)1 (90)1 (Gn)1 V} 
(Go)n eee (Gn)n Vn (Go) n (Gn)n Vy 

t eae t F 0 mare 0 Tt 


= (7 = t) det Go. er Gn]; 
and the assertion (b) follows. O 


Let o” = (po, ses »Pn) C Ret and let 0) -o” — R” be an affine hom- 
eomorphism. Choosing a € not in the flat determined by o”, we introduce a 
measure that compares the orientation of (po..--,Pn.€) in R"*! to that of 
($(po),---»$(Pn)) in R” by means of 


A(,07;€) = Ipa... .p, .€)-£o(po),---s O(Pn)]} 


256 IV. Leray Schauder Degree and Fixed Point Index 


a quantity independent of the order in which the vertices (po,---, Pn) of o” 
are written ('). 
The main burden of the proof of the homotopy invariance of the degree 
will be carried by the following 
(3.3) LEMMA. Let (po..--,Pn4i) =o"t! C R*!, and let 
db: Cae (oi) = (R", R” — {0}) 
be PL” such that 6-1(0) 4 @. Then ¢—1(0) is a line segment joining 
points in 2 distinct n-faces, say 
Qo € 09 = (Po.---;Pn) to ay, €o1 = (pi,---sPn+i); 
and 


A(¢, 00; a1) = —A(¢, 01; ao). 
PROoF. The points a; and pyj41 are in the same half-space determined by 
(po.---s Pn) because a, € (py,..., Pn+1) can be joined to py4i by a line 
segment in 01; and similarly for ag and po; so by (3.2)(a), 
A(¢, 00:41) = [[Po.---+Pns ai] - [b(po),-- .O(Pn)] 

= [[P0,---+PnsPn+i] [O(Po).---.$(Pr)] 

= (-1)"}[pi,---,Pn41-Pol(—1)"[6(p1),---.O(Pn), O(Po)] 

= —[p1,---,Pnti,40] [¢(p1),---,6(Pn), (Po) ]- 
Now, the (n — 1)-flat ©’ spanned by (@(p1),- ..¢(p~n)) C R” does not con- 


tain 0; but both (¢(p1), ---,6(Pn), $(Po)) and (¢(p1), ---,O(Pn). O(Pn41)) do; 
therefore, ¢(po) and $(pn+1) are in the same half-space determined by », 
which shows that 


A(¢,0:a;) = —[p1,---.Pn4i1-ao] [¢(p1)..--. $(Pn). P(Pn+1)] 
= —A(¢, 01; do). 0 


Let W be a polyhedral domain in R"+! = R" x R with WC R° x I. 
We will assume that es 
Wo=Wn(R" x {0}), 
W, = Wn (R" Xx {1}) 


are both nonempty, and call the closure of OW — (Wo U W}) the vertical 
boundary OW of W. With this notation, the basic result is: 


(3.4) THEOREM. Let @: (W, aw) > (F", R” — {0}) be continuous and 
special PL” on Wo UW,. Then d(®|Wo, Wo) = d(O|W1, W,). 
(') For an interpretation of A(¢,0";&) as the intersection number of the simplex 


and the oriented line [o”]€ (where [o”] is the barycenter of 7”) see the monograph by 
Alexandroff and Hopf [1935]. 
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PROOF. We can assume that @ is PL" with regular value 0. Indeed. define 
€ = dist(0, o(Ow )) > O and observe that (W’, W/UI¥")) is an n-homogeneous 
pair of polyhedra. Consequently, by our approximation theorem (1.3), there 
isa PL” map H: W > R® with ||H — $|| < €/4 and H|Wo = O|Wo = do. 
H\W, = vs gi. Now. by (2.5), there is a neighborhood V(0) such that 

d(d; — y,W;) = d(¢i,W;), i = 0,1, for all y € V(0), and since the regular 
values of H are dense, V(0) contains a regular value 7 of H with ||y|| < ¢/4. 
Then H —% is PL” with regular value 0, d(¢; — ¥, W;) = d(¢;. W,). i = 0,1, 
and because ||H —7— || < ¢/2, the map H — 7 has no zeros on OW Thus, 
we can indeed assume that & is PL” with regular value 0. 

To count zeros, we need to consider only the components of 6—(0) that 
meet Wo U W,: any component that does not meet these sets will not give 
points affecting the calculation of d(¢9, Wo) or d(¢1. Wi). 

Let then L be a component of ~1(0) containing ag € Into? C I. In 
view of (3.1), this component cannot be homeomorphic to a circle since the 
(n + 1)-simplex having of as a face would then contain two distinct line 
segments of L. Thus, L must be homeomorphic to J, having one endpoint 
ag and the other on OW; since @ has no zero on OW’, the latter endpoint 
must therefore be either on Wp or W. 

Suppose L starts at ag € Wo, where ap is in the interior of the n-simplex 
og, and meets successively the n-simplices of... 0k. at points a; € Into}. 
where of',o7,, are faces of some (n + 1)- simplex oft). The quantity 


A(G, oF; 141) = [Pb.---s Pr» Qt] - [F(75),---, O(Ph)I 
is constant along L, since by (3.3), 


A(9, 07; ai41) = —A(4, 0541501) = A(G, 07413 G42) 


because a;, @j+2 are in opposite half-spaces determined by of”, 
At the starting point, we have 


A($, 05341) = [(p0.0)..--, (pn,9), aa] - [40(P0),---. d0(Pn)] 
= [po.---,Pnl] - [¢0(Po), ---: b0(Pn)]] = J(¢0, a0) 


because a1 is above the hyperplane R” x {0} carrying the vertices of oo. We 
examine the other endpoint of L: 


CASE 1: L ends on R” x {1}. Then 
J(¢0, 09) = A(G, 09301) = --- = A(G, of_13 04%) = —A(G. of: ap-1); 
as Gz_1 is below the hyperplane carrying the vertices of o;, (3.2)(b) yields 
—A(G, of3 @k—-1) = —(—J(b1, ak)) = J(G1, ax). 


the same as the index of a at ao. 
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CasE 2: L ends on R” x {0}. Then 
J (0,40) = A(®, of 13 an) = —A(D, of; @x-1); 
this time a,_; is above the hyperplane carrying the vertices of a, so 


J(¢0,@0) = —J (do, ax), 


canceling the contribution to the index of ¢y made by ao. 

The argument is clearly reversible, starting from W,. Thus, only the zeros 
on components L running from Wo to W will contribute to the degrees of 
éo.¢1, and each gives the same amount; therefore, d(¢9, Wo) = d(¢1, Wi), 
and the proof is complete. oO 


4. Degree for Continuous Maps 


We are now ready to define the degree d(f,U) for each f € Co(U, R”) by 
approximating f with elements of @(U,R”). However, before proceeding, 
it is convenient to state explicitly a simple general result that is frequently 
used: 


(4.1) PROPOSITION. Let f : X — R” be a continuous map, and let AC X 
be such that dist(0, f(A)) =a> 0. Ifg: X — R” satisfies |\g — f\| < 
a/2, then: 
(i) g(A) does not contain 0, 
(ii) the maps f,g : (X, A) — (R", R" — {0}) are homotopic. 


PROOF. (i) This follows at once by noting that for a € A, we have ||g(a)|| > 


IF(2)|] — F(a) — g(@)|| 2 @/2. 
(ii) For any a € A, we have g(a) € B(f(a),a/2): putting 


hi(x) = (1 —t) f(z) + tg(z) 
we have h;(a) € B(f(a),a/2) for any a € A, and because 0 ¢ B( f(A), a/2) 


we conclude that hy : (X,A) — (R", R® — {0}) is a homotopy joining f 
and g. O 


(4.2) DEFINITION. Let U be a polyhedral domain in R”, and let the map 
f : (U,0U) — (R”, R” — {0}) be continuous. Choose a generic ¢ € 
of (U, R”) such that || f — || < § dist(0, f(OU)). The degree of f on 
U is d(f,U) = d(¢.U). 


By (2.2) such @ exist. We must show that d(f,U) is independent of the 
particular ¢ selected. Choose another y' € 2/(U, R") satisfying the condi- 
tion, and let A’, A’ be subdivisions of U on which ¢,% are special PL”. It 
is known that there is a simplicial subdivision of the standard polyhedron 
U x I that coincides with K on U x {0} and with A’ on U x {1}: work- 
ing with the simplices of U x I that do not lie in U x {0} or in U x {1}, 


§10. Topological Degree in R” 209 


proceed by induction on dimension, subdividing each such o*+! into the 
simplices (b, yo,---,%%), where b is the barycenter of a*+! and (yo,.... yk) 
runs through all the k-simplices found on the boundary of o*+!. Taking 
U x I with this subdivision, and setting &(x,t) = (1 — t)d(x) + ty(zx), we 
find that is continuous on U x I and special PL” on U x {0} UU x {1}: 
since 


If (x) — G(x, t)|] < (1 — 4) || f(x) — o(z)|| + tl] f(x) — H(z)]] 
< 5 dist(0, f(OU)), 


it follows from (4.1) that @ has no zeros on OU x I, and therefore, by (3.4), 
that d(¢,U) = d(#, U) as required. 

If a = d(0, f(OU)), we note that the same generic ¢ can be used to 
approximate all maps in the ball B(f,a/8); this leads to the main theorem 
on the topological degree: 


(4.3) THEOREM. Let U be a polyhedral domain in R". Then f > d(f,U) 

defines a locally constant (hence continuous) function d: Cy(U, R") 

— Z satisfying: 

(1) (Strict normalization) If T: U — R® is an affine homeomor- 
phism and T(u) = 0 for some u € U, then d(T,U) = (—1)°, 
where X is the number of negative eigenvalues of the linear part 
of T, each counted with its multiplicity. 

(2) (Additivity) For any pair of disjoint polyhedral domains U,, U2 
CU and for any f € Co(U, R®) having all its zeros in U, U U2 
we have 


d(f,U) = d(f,U1) + d(f, U2). 


(3) (Homotopy) If H :(U,0U)xI > (R", R"—{0}) is a homotopy, 
then d(H|U x {0},U) = d(H|U x {1},U). 


Proor. We have already proved (1). 
For (2), let f; = f\U;, i= 1,2, and 


a = dist(0, f(U — (Uy UU2))). 


Let ¢ be a generic map with ||¢ — f|| < a/2. Since the U; are subpolyhedra, 
the maps ¢; = ¢|U; are generic and approximate f,, and since all the zeros 
are contained in U; U U2, we have d(¢.U) = d(¢,, U1) + d(¢2.U2), which 
gives the result. 

(3) is immediate from (3.4): using sufficiently close generic approxima- 
tions ¢, ~ of hg = H|U x {0}, hi = H|U x {1}, respectively, we have ¢ ~ ho, 
w ~ hy, and since ¢ ~ y, our assertion follows. 
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REMARK. In fact, a more gencral version of the homotopy invariance is valid: 
d(f,U) is invariant under simultaneous continuous deformations of both f 
aud U, provided that no zeros appear on the boundaries of the regions 
deformed. 


It is a simple matter to see that the properties in (4.3) characterize the 
degree function: 


(14) THEOREM. Let U be a polyhedral domain in R" If d: Co(U,R") 
— Z is any function with the strict normalization, additivity, and 
homotopy properties, then d(f,U) = d(f,U). 


PROOF. We use the conditions to calculate d( f.U). By (2.2) and (4.1), 
a linear homotopy shows that d( f,U)= d( ¢,U) for some special PL” map 
¢ € of (U, R"). Then ¢—1(0) is a finite set {uj,. . ux} and choosing disjoint 
open simplices with wu, € Into?, i=1,..., hk. gives by additivity that 


k 
d(¢,U) = 5 ~ d(¢, Into”); 


i=] 


strict normalization shows 
d($, Into”) = d(g, Into”). Oo 


It is an immediate consequence that our d(f.U), as defined above. is 
independent of the simplicial subdivision with which U is taken, i.e., it is a 
topological, rather than combinatorial, invariant. 


REMARK. Note that the set of conditions in (4.3) is not an independent 
set of axioms for the degree function: strict normalization can be replaced 
simply by d(id,U) = +1 if 0 € U. A proof that the resulting axioms are 
independent, and imply (4.3)(1), will be given later. 


5. Some Properties of Degree 


In this section we present some further features of the degree. They are 
all immediate consequences of Theorem (4.3). so that they follow once the 
properties given there are established in some way. We will give proofs by 
formal deduction from (4.3), to emphasize this dependence, even when there 
are more direct proofs (even trivial) from the way we have defined d(f,U). 

By taking U = U, = U2 = 9, the additivity property implies formally 
first that d(f,@) = 0 and then the very useful 


(5.1) ‘THEOREM (Excision). If VC U Cc R® are polyhedral domains and 
f €Co(U, R") has all its zeros in V, then d(f,U) = d(f,V). 
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PROOF. The zeros of f all being in the disjoint sets V and 9, additivity gives 
the result. O 


It is an immediate consequence of the excision property that if f(U) C 
R” — {0}, then d(f,U) = d(f,@) = 0; this leads to the important result that 
underlies many applications of degree theory in analysis. 


(5.2) THEOREM (Existence property). Let U C R” be a polyhedral domain 
and f € Co(U, R”). If d(f,U) # 0, then f(U) contains a neighbor- 
hood of 0. 


PROOF. From the preceding remarks, if d(f,U) 4 0, then the equation 
f(u) = 0 has a solution in U. By local constancy, d(g,U) # 0 for all g 
sufficiently close to f, so for some € > 0, all the functions g = f — y with 
\|y|| < € have zeros in U, and this proves the theorem. O 


Another important property of the degree is given in the following 


(5.3) THEOREM (Multiplicativity). Let U, C R” and U2 C R* be poly- 
hedral domains, and let fi € Co(Ui, R"), fo € Co(Us, R*). Then 
fi x fo € Co(th x Uo, Rt) and 


d(fi x fo,U1 x U2) = d(fi, Uy) - d( fe, U2). 


PROOF. By local constancy of the degree function, we can take a sufficiently 
close special PL” (respectively special PL*) approximation ¢; of f; with 
d(f;,U;) = d(@;, U;), i = 1,2, and with $) x ¢2 having the same degree as 
fi x fo. If Z; is the zero set of ¢;, then 2, x Ze is the zero set of ¢, x do; 
we will calculate the local index of ¢; x ¢2 at each zero 2; x y;. 

Because ¢) X ¢2 is affine whenever the ¢; are both affine, if we let L, be 
the linear part of ¢; on the simplex of containing 2; in its interior, and L2 
that of ¢2 on the simplex oF containing y;, then by (2.4) the index is deter- 
mined by the sign of det(Z,; x L2). Choosing a basis (e€1,...,€n,---s€n+k) 
for R™+* such that (e€1,...,€n) is a basis for R", and (en41,---,€n4+k) one 
for R*, we find that L; x Le is expressible in the form (¢ pa) SO 


det(L, x L2) = det L, - det La, 
and therefore 
I(or X $2, 4 X yj) = I(r, 2i) - I(b2,y5)- 
Summing over all x; € Z; gives, for each y;, 


S— I(bi x $2, 2% X yj) = > I(1,24)| J ($2, Yj) 


Z,EZ) r{,EZ, 


= d(¢,,U;) - J(¢2, 95), 
and now summing over all 7, gives the required formula. O 
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6. Extension to Arbitrary Open Sets 


We are now going to remove the requirement that the open set U be polyhe- 
dral; indeed, we will not require U to be bounded, or even that the functions 
considered be defined on OU. 

The starting point is to note that given a polyhedral domain U and 
f € Co(U. R"), the zero set Z(f) = f~'(0) (being closed and bounded by 
continuity of f) is a compact subset of the open set U. This description 
makes no explicit reference to f|QU. Guided by this, we make the following 


(6.1) DEFINITION. Let 1)’ C R” be any open set. A continuous map 
f :W — R’ is called compactly rooted in W if Z(f) is compact. The 
set of all compactly rooted maps on W is denoted by Co(W, R”). 


Even if W is a polyhedral domain, the set Co(W. R”) is somewhat larger 
than Cy(W, R”), since continuity on OW is not required. We are going to 
define a degree function d: Co(W, R”) — Z. 

Since Z(f) C W is compact, there is always a polyhedral domain U with 
Z(f) CU CU C W: the distance between the compact Z(f) and the closed 
R" — W is greater than some positive a, so taking a cubical grating of R” 
with mesh < a/2 and keeping only the n-cubes that meet Z(f) provides 
such a domain. 


(6.2) DEFINITION. Let W Cc R” be any open set. Given an f € Co(IV, R”), 
choose any polyhedral domain U with Z(f) C U CU C W and define 
the degree of f on W by d(f,W) = d(f,U). 


The value d(f, W) is independent of the polyhedral domain selected: if V 
is another such polyhedral domain, then since the intersection of two such 
domains is also a polyhedral domain (the intersections of,Noj{ are all convex. 
so the corresponding complex has a simplicial subdivision), excision gives 
d(f.U)=d(f.UnV)=d(f,V). 

The requirement that each H; be compactly rooted is too weak to give 
homotopy invariance of the degree: for example, with 1 = (0.1) c R! and 
H(w,t) = w—(t+1/2), each H; is compactly rooted in W", but d( Ho. 1) = 1, 
whereas d(H,,W) = 0. The appropriate requirement is that the homotopy 
H be compactly rooted in W x I. This can be stated in various equivalent 
ways: 


(6.3) PROPOSITION. Let H: Wx I — R” be continuous. The following 
statements are equivalent: 
(1) H~!(0) is compact (i.e., H is compactly rooted in W x I). 
(2) Pw ~1(0) as compact, where Py :W x I — W is the projection. 
(3) U{Z(At) | 0 < 0 <1} 6 compact, 
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PROOF. That (1)=-(2) is obvious; since the set in (3) is exactly Pyy H—*(0). 
it is also clear that (2)<(3). It remains to show that (2)=(1). For this, note 
that H—1(0) is closed in the product of compact sets Py-H~!(0) and I. O 


Note that if H : W x I — R® is compactly rooted, then because each 
Z(H;) is closed, it follows from (6.3)(3) that each H; is compactly rooted 
in W. 

We can now establish the general version of Theorem (4.3). Note also 
that if W is bounded and H : W x I — R", then H is compactly rooted in 
W x I if and only if H|OW x I has no zeros. 


(6.4) THEOREM. Let W be any open set in R". Then f +> d(f,W) defines 
a function d: Co(W, R") — Z satisfying: 
(1) Strict normalization 
(2) Additivity 
(3) (Homotopy) If H: WxI — R" is a compactly rooted homotopy, 
then d(H|W x {0},W) =d(H|W x {1}, W). 


PROOF. Properties (1) and (2) are obvious from the definitions. For (3), 
choose a polyhedral domain U with H-'(0) C Ux I and U CU CW; 
apply (4.3). 0 


7. Axiomatics 


We have seen in (4.4) that the strict normalization, additivity, and homo- 
topy properties characterize the degree; and it was pointed out that these 
conditions are not independent. Specifically, we are going to show that using 
the additivity and homotopy properties, one can deduce the strict normal- 
ization condition (4.3)(1) from the following simpler axiom: 


(1’) (Normalization) If 0 € U and id: U — U, then d(id,U) = 1. 


Let RS = A@B be a direct sum decomposition, and let 74, 7g be the 
projections. Let U C R® be an open set containing the origin: we are going 
to calculate d(—7,4 +78, U) using (1') and the remaining properties; (4.3)(1) 
will then follow easily. 


(7.1) PROPOSITION. Jf dim A is even, then 
d(—74 +7g,,U) = +1. 


PROOF. Choose a basis €],..-,€2,, for A and extend it to a basis for R* 
Define J: A — A by J(ea;-1) = e2;, J(e2;) = —e2i-1; then J is a nonsin- 
gular linear transformation with J? = —id,,. We now show that each of the 
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homotopies 


Ho(u,t) = (1 — t)[-ma(x)] + tUma(x) + wp(2), 
Hy(0.t) = (1 —t)Jaa(r) + tara(x) + we(2), 


of —74 +7, to Jn, +7B to 74 +78 is compactly rooted in U x I. Only 
the proof for Ho is given, the argument for H, being similar. 

Assume that Ho(r,t) = 0; then mg(r) = 0, and it is enough to show that 
m4(x) = 0 (so that x = 0). We have (1—t)[—-7,4(x)]4+tJaa,(r) = 0. Ift = 0, 
then —7,(x) = 0; if f= 1, then Jz,4(z) = 0 and since ./ is nonsingular, we 
get ma(r) = 0. Finally. if 0 <t <1, then a(x) = 4J7a(r), so Jaa(z) = 


cg (-7az) = —(~4)?J7a(z), showing once again that m,(x) = 0. The two 
homotopies show that —74 + 7, is homotopic to 74 + 7g = id, and axiom 
(1') above gives our result. 0 


(7.2) PROPOSITION. If dim A is odd, then 
d(—7,4 +7g,U) = -1. 


PROOF. It is enough to consider the case where dim A = 1: for we can write 
A = A; ® Ag, where dim A; = 1 and dim Ag = 27, and by (7.1) we find 
d(—74+7p,U) = d(—74, — 7a, +7B.U) 
= d(—7a, +74, + 7B. U) = d(—7.4, + 7A5+B. U). 
We take A = R, and define fo(z) to be the constant function 1 and 
fi(z) = x(a — 2). We can assuine that U C R contains the open interval 


(—1.3) in its interior; and since the zeros of the functions considered are all 
in (—1,3), excision shows we need operate only on this interval. 


fi 


We now proceed in several steps: 
(a) fo = fi on (—1,3), since the homotopy (1 — t) + tr(.2r — 2) is never 
zero for any t € I when x = —1,3. 
(b) On the first half of the interval: 
fi z~—id on (-1,]1), 


because (1 — t)a(x -~ 2) + H--.r) is not zero when t € I and x = 44. 
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(c) On the second half of the interval: 
fi ~id—2 on (1,3), 
again by using a linear homotopy. 
(d) On the entire interval: 
id—22<id on (—1,3) 
for reasons as above. 
Now, fo(x) 4 0 on (—1,3) and f,(1) 4 0, so from additivity and the homo- 
topies above we get 
0 = d[fo, (—1,3)] = d[fi.(—1,3)] = d[fi. (1, 1)] + d[fi. (1.3)] 
= d{—id,(—1, 1)] + d[id — 2, (-1,3)}: 
because id —2 has no zeros in (—1, 1), it follows that 
0 = d{—id, (~1, 1)] + dfid, (1,3) 
= d{—id, (—1,1)] +1. 
By additivity, we conclude that d(— id, U) = —1, and as we have seen, this 
proves our assertion. O 
We now show 


(7.3) THEOREM. Let U Cc R” be open andT: U — R" a nonsingular 
linear map. If U contains 0, then d(T,U) = (-1)§, where s is the 
number of negative eigenvalues of T, each counted with its multi- 
plicity. 

PRooF. Let A;,. .,Ax be all the distinct negative eigenvalues of T. From 

linear algebra, it is known that there is a direct sum decomposition 


E=N,@::-ON, OAL, 


where MM and all the N; are invariant under T, and 4; is the only eigenvalue 
of T|N; with dim N; = multiplicity of d;. The eigenvalues of T|AJ are all the 
remaining eigenvalues. Let N = N; ®--: ® N;, and define 
T, =T|N, To = T|M, 
H(a, t) =(1- t)(T, ® To) + t(—idy @idar). 
It is easy to see that H|OU x I is never zero (since T; has no positive eigen- 
values and T> has no negative ones). By (7.1), (7.2), and multiplicativity we 
have 
d(T,U) = d(—idy, UN N) = (-1)’. 


For s = 0, the result follows from normalization, d(id. UV) = 1. 
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Thus, in our Theorem (1.3) condition (1) (strict: normalization) follows 
from (2). (3). and the simpler version (normalization). The last three axioms 
are, in fact, independent: 
(a) d(f.U) = 0 satishies axioms (2), (3). 
(b) If d satisfies (1'). (2). (3). define d(f.U) = d(f,U)*; then d satisfies 
(1) and (3), but not. in general, (2). 

(c) Define d(f,U) = 1 if 0 € U and there is some nbd V of 0 with 
f |" = id: otherwise, d(f,U) = 0. Then normalization and (2) are 
satisfied, but (3) is not. 


8. The Main Theorem on the Brouwer Degree in R” 


We uow summarize the preceding discussion by stating the fimdamental 
theorem on existence and uniqueness of the topological degree in R” 


(8.1) THEOREM. Let. denote the class of all maps f € Cy(U. R"). where 
U is open and bounded in some R" Then: 
(A) There exists a function d:.4 — Z assigning a degree d(f) = 
d(f.U) to each f EC wW(U. R") and satisfying: 
(I) (Normalization) If 0 € U and f € Cy(U.R") is the iden- 
tity idj. then d(f,U) = 1. 
(II) (Additivity) [FU DV, Ube with Vi, V2 open and disjoint, 
f €Cy(U.R") and Z(f) CV, UNS. then 


d(f.U) = d(f.Vi) + d(f. Va). 


(III) (Homotopy) If hy: (U.OU) — (R®,R® - {0}) is a homo- 
topy, then d(ho) = d(h,). 

(IV) (Existence) If f € Co(U.R") and d(f) 4 0. then f(U) 
contains a neighborhood of zero. 

(V) (Excision) If  C U are open in R" and f € Cy(U. R") 
has all its zeros in V, then d(f.U) =d(f.V). 

(B) The degree functiond:.4 — Z is uniquely determined by the 
normalization, addatimty, and homotopy properties (I) (III). O 


We remark that properties (IV) and (V) follow from (I) (III) by the 
sae argunicnt as in the proof of (5.1) and (5.2). 

One of the striking consequences of the homotopy property in (8.1) is 
that d(f.U7) depends only on the boundary values f|OU Precisely: 


(8.2) THEOREM (Dependence on boundary values). If U C R” is open 
and bounded, and the maps f.g € Co(U,R") satisfy fJOU = g|dU, 
then d(f.U) = d(g.U'). 
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PROOF. Define H : U x I > R® by H(z,t) = (1 = t)f(x) + tg(x). Since 
H,|OU = f\|OU = g\OU for all t, we conclude that f.g : (U.0U) — 
(#”, R” — {0}) are homotopic, and therefore d(f.U) = d(g.U). 0 


The mechanism of this dependence on boundary values, and the deter- 
mination of d(f,U) from the knowledge of f|OU alone, will be discussed 
later. 


Another frequently used property relating to boundary behavior is 
(8.3) THEOREM (Rouché). If f,g € Co(U, R") satisfy 


IlF(z) — g(x)I] < IIF(z)l] for x € OU, 
then f and g are homotopic in Co(U, R") and 
d(f,U) = d(g,U). 


PROOF. Observe that h;(x) = (1—t)f(x)+tg(x) 4 0 on OU, since otherwise 
we would have t|| f(x) — g(x)|| = || f(<)|| for some x € OU and t € (0,1): thus 
f,g are homotopic, and our conclusion follows from (8.1). oO 


On the basis of (8.3), we show how to calculate the degree of a differen- 
tiable map at its regular zero. 


(8.4) THEOREM. Let f : U — R” be differentiable. and leta € U be a 
regular zero of f, i.e., f(a) is nonsingular. 
(a) For a sufficiently small ball B(a,r) = V C U, the map f\V is 
homotopic to the affine map x +> f'(a)(x — a) by a homotopy 
H,: (V,0V) — (R", R® — {0}). 
(b) d(f,V) = det f’(a)/|det f’(a)| = sgn det f’(a). 
PROOF. Since f’(a) is invertible, we have || f’(a)(x — a)|] > m||z — a|| for all 
x —a and suitable m > 0. Choose B(a.r) = V so small that 


f(x) — f'(a)(«—a)|| <=mljz—al) on V. 


Then f : (V,OV) — (R", R" — {0}) and f'(a)(x — a) £ 0 on OV (since 
lz — al] = r on OV). Moreover, 
Ilf(z) — f'(a)(z— a)|] < f'(a)(z—@)|] on OV. 
So (8.3) gives (a) and 
det f’(a) 
Idet f"(a)| 


and the proof is complete. oO 


d(f.V) =d(f'(a),V) = 


208 IV. Leray Schauder Degree and Fixed Point Index 


We now formulate the main theorem on the topological degree in AR” in 
an equivalent. form which will serve as the basis for the fixed point index 
theory that we shall develop in §12. 


(8.5) THEOREM (Degree for compactly rooted maps). Let .@* be the class 
of all compactly rooted maps f :U — R", where U is open in some 
R" Then: 

(A) There exists a function D:.4" — Z assigning a degree D(f) = 
D(f.U) to each f :U — R" in. @* and satisfying: 
(I) (Normalization) Jf f =iduy and0 €U. then D(f) = 1. 
(II) (Additivity) For every pair Vi, V2 of disjoint open subsets 
of U, if Z(f) C ViUVa, then D(f,U) = D(f,Vi)+D(f. V2). 
(III) (Homotopy) Let H; : W — R” be a compactly rooted ho- 
motopy. Then D( Ho. W) = DUM. 1). 
(IV) (Existence) If D(f,U) 40, then Z(f) #9. 
(V) (Excision) If V CU is open and Z(f) C V, then D(f.U) 
= D(f.V). 
(VI) (Multiplicativity) Let U C R" and V C R™ be open and 
f EQ (U.R"). 9 € Co(V.R™). Then fxg €Co(U x V. 
R"*™) and D(f x g,U x V) = D(f,U)- D(g.V). 
(B) The degree function D:.#* — Z is uniquely determined by the 
normalization, additivity, and homotopy properties (1)-(III). O 


9. Extension of the Antipodal Theorem 


Using the degree we now establish another generalization of the Borsuk 
antipodal theorem. Let U C R® be centrally symmetric (i.e., -U =U). We 
recall that a map f : U — R” is odd if f(r) = —f(—.r) for all r EU. 


(9.1) THEOREM. LetU C R" be a centrally symmetric polyhedral domain, 
and let f : (U,0U) — (R”, R" — {0}) be continuous and odd on U. 
If 0 ZU, then d(f.U) is even. 


ProoF. Let e = dist[f(OU).0] > 0. There exists a triangulation T of U and 
a PL-generic approximation y of f such that: 

(i) cETS>-oeET, 

(ii) yp is odd. 
The first. assertion can be proved by induction: n = 1 is obvious: then, 
given a decomposed {(.t1,....0n) € R" | tn = O} NU. we triangulate 
{(xy...., In) € R" | rn > 0}NU; the antipode of this offers no contradic- 
tion. Then we extend y simplicially over the northern part, and reflect it 
for the antipodal values. Therefore dOf.U) = d(y,U). 
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Now, 
dp,U)= > Jly.z), 
rey— (0) 
where 
yp *(0) = {x1, —2).22,—-12,.... LE —zy} 
and 


J(y, Li) = [Po. see »Pnil : [Y(po), Ras (Pn). 
Since y is odd, 


J(~, —2i) = [-po.---.—Pn]) [e(—po),---.p(—Pn )| 
= (-1)"(-1)"J(y. z:) = J(y.2,). 
Therefore, 
d(p.U)=2 S> Jly.zi) 
p(x, )=0 
is even. oO 


We now state the desired extension of the Borsuk theorem: 


(9.2) THEOREM (Antipodal theorem). Let U be a centrally symmetric poly- 
hedral domain and f : (U,OU) — (R, R" — {0}) a continuous map 
such that: 

(i) f|OU ts an odd function, 
(ii) OE U. 
Then d(f,U) is odd. 


PROOF. Choose x closed ball Up C U around the origin. Define y : Uy U 
OU — R” by y|Uo = id, y|OU = f|OU. Tietze's theorem gives an extension 
@:(U,OU) — (R", R” — {0}) of y over U. Defining 


Y(2) = 5[0(z) - (-2)] 


we find: 
(a) Y|OU = f\OU because f is odd on OU. 
(b) ¥|Uo = id. 


(c) W:U > R® is odd. 
Now, by (a), d(f,U) = d(W,U). because of the boundary value theorem 
(8.2). Next, by additivity, 
d(W,U) = d(¥, Up) + d(¥,U — Up). 
By normalization, d(¥, Uo) = +1. Since Y is odd on U—Up, and 0 ¢ U—Up, 
we conclude by (9.1) that d('¥. 17 —(%p) is even. Thus, d(f.U) isodd. O 
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10. Miscellaneous Results and Examples 


A. Properties of the topological degree in R” 
Given an open bounded UC R” and f € Co(U, RB"), we let Z(f) = {2 € U | f(x) = 0}. 


(A.1) Let VC R” be open and bounded, U C R* an open bounded nbd of 0, and 
feCo(V.R"). Let iV = Vx U, and let F = (f, id) be given by (x.y) > (f(z), y). 
Show: The map F sends (if, JW’) into (R"!*, R"+* — {0}) and d(F.W) = d(f,U). 


(A.2) Let f € Co(U..R") and assume that V(r) is a nbd of ro € Z(f) such that 
Z(fINV (ro) = {ro}. We let io( f.ro) = d(f. V(r0)) be the local indez of xo for f. Show: 
io( f,.2o) depends only on f and wry. 


(A.3) Let f € Co(U, R") with Z(f) = {71,.-..74}. Show: d(f,U) = De, tol fir). 


(A.J) Let U C R” be open and bounded, and f.g € Co(U. R”). Show: 
(a) If wf (xr) = g(x) for all r € OU and p > 0, then d(f.U) = d(g.U). 
(b) If wf (x) = —g(z) for all x € OU and p > 0, then d(f,U) = (—1)"d(g.U). 
(c) d(f.07) = (-1)"d(—-f,U). 


(A.5) Let U Cc R2"t! be an open bounded nbd of 0, and let f : OU — Reeth {0} be 
continuous. Show: There is an (zp. Ao) € OU x (R— {0}) such that ro = Ao f(z0).- 


(A.6) Let U C R" be open and bounded. and f € Co(U’. R"). Show: 
(a) If either (i) 0 € U and d(f.U) # 1. or (ii) 0 Z U and d(f,U) # 0, then there are 
ro € OU and Xo < 0 such that zo = An f (Xo). 
(b) If either (i) 0 € U and d(f.U) # (—1)", or (ii) 0¢ U and d(f,U) 4 0, then there 
are yo € OU and Ag > 0 such that yo = Ao f (yo). 


(A.7) For any bounded open U Cc R” and b € R", let C,(U,R") be the set of all 
continuous f : (U.dU) — (R". R" —{b}). Given an f € C,(U. R"), its degree with respect 
to b is the integer d( f,U,b) = d( f — b,U), where d( f — b,U) is the Brouwer degree of the 
map f —b:(U,0U) — (R", R” — {0}). Establish the following properties of the degree: 
(1) (Normalization) d(id,U.b) = 1 or 0 depending on whether or not b€ U. 
(2) (Additamty) If U > Uy UU2 with U;, U2 open disjoint and b ¢ f(U — (U; UU2)). 
then 


d( f,U,b) = d( f,U,.b) + d(f, Ug, b). 


(3) (Homotopy) If Hy : (U,0U) — (R", R” — {b}) is a homotopy. then d( Hp, U,b) = 
d(A,,U.b). 

(4) (Existence property) If d(f,U,b) # 0, then f(U) is a nbd of bin R” 

(5) (Excision) If Uj) is an open subset of U and f € C,(U, R") satisfies b Z f(U-U;), 
then d(f,U;,0) = d(f,U,0). 

(6) (Dependence on boundary values) For any f,g € C)(U.R") with f|OU = glOU, 
we have d(f.U.b) = d(g.U,b). 

(7) (Component dependence) If f € C,(U,R”), then d(f,U,-) is constant on each 
connected component of R” — f(OU). 


(A.8) Let f € Co(U.R") be C! on U, and let xo be a unique regular zero for f (ie., 
f(xo) = 0 and the Jacobian J f(.r9) is nonzero). Show: d(f,U) = io(f, 20) = £1, according 
to whether the Jacobian J f(xrq) at x9 is positive or negative. 


- 
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(A.9) Let f € Co(U,R”) be a C! map such that Z(f) consists of a finite number of 
points z1,...,2,, all regular. Show: 


k k k 
d(f.U) = >) sen JF (2,) = D> IF (2; )/lIF (2) = So iol f.2y)- 
j=1 j=l j=1 
(A.10)* (Leray composition theorem) Let U C R” be an open bounded subset, and let 
f:U—R".g: R" — R" be two maps. Let Ay. Ke.... denote the bounded components 
of R” — f(OU), and let b€ R” — gf(dU). Show: 


d(9f.U,b) = 5 d(f.U,K,)d(g. K;,6). 
J 
where d(f,U, K;) is the value of the constant function defined by a+ d(f,U.a),a € K, 
(Leray {1935}). 
[Let Kx, denote the unbounded component of R” — f(QU), K =U ; A) L=f “TCK), 
L; = f~}(Kj), and Lo = f—( Koc); note that 


d(gf,U.b) = d(gf, Loc.b) + d(gf. L.b) = d(gf.L,b) = 5 d(gf.L,.b) 
j 


(since d(gf, Lo..6) = 0), and then show that d(gf.L,.b) = d(f.U,A,)d(g. Kj.), using 
the fact that d(f,U, K;) = d(f.U.b;), where b; € Kj; Ng7*(b).] 


(A.11)* (Degree and critical points) Let f R" — R be a C? function with a finite 
number of critical points such that f(r) — co as ||z|| — 20. Show: 
(a) For a sufficiently large ball B; = B(0.r) we have d(grad f, By) = 1. 
(b) If 0 is a nondegencrate critical point of f (i.e.. det |O? f/Or;0r ')(0)| # 0) and f 
attains its minimum at a point r #0, then f has at least three stationary points 
(Castro-Lazer [1979]). 


B. Degree in R" and Brouwer's degree for maps S" — S” 


Let S” be the unit sphere in R"*! and R” = R"U{>x} be the one-point compactification 
of R” We let on : R” — S" denote the inverse of the stereographic projection, given by 


Iz]? -1 22 


r) = (_—,—_.,, -—, : fe R" 
On(x) Cais iqzai) Rx® or re 


We extend on in a natural way to a homeomorphism Gp : R— S" by sending x to the 
“north pole” (1,0,...,0) € S”; using Gn, we identify R” with S” 


(B.1) Let U C R” be open and bounded, let f : (U,0U) — (R". R” — {0}) be a map. 
and fo = f|OU : OU — R” — {0}. 

(a) Show: There exists a map for R°-U SR" - {0} such that folOU = fo. 

[Use the following facts: (i) OU is the common boundary of R” —U and U: (ii) the 
values of fo are in R” — {0} C R” — {0}; (ii) R™ — {0} is an absolute retract.] 

(b) Define f: R” > R” by 


>, J fo(z) ifre R™-U, 
Fla) = { Jol ifxeU, 


and call f an allowable extension of f over R". Show: Any two allowable extensions of f 
over R” are homotopic. 
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(3.2) Let UC R” be open and bounded, and f € Co(U, R"). Let f : R" — R" be 
an allowable extension of f. Set deg(f) = dp(f), where dp( f ) is the Brouwer degree of 


[:S" — S" Show: deg(f) docs not depend on the choice of f. 


(B.3) Let U C R" be open and bounded, and let Ay : (U,OU) — (R", R” — {0}) be a 
homotopy. Show: f -— deg(/i#) is constant. 


(B.4) Let ( C R" be open and bounded, f : (U,0U) — (R",R” — {0}). and Uy, U2 
open subsets of U such that Z(f) C Uy; UU2. Show: deg(f) = deg(f.U1) + deg( f. U2). 


(B.5) Let UC R” be open and bounded, and f € Cy(U, R”). Show: deg(f) = d(f). 
(In connection with the above results, see Bers’s lecture notes [1957] and Geba 
Massabd Vignoli [1986].) 


C". Isolating neighborhoods and complementing functions 


Throughout this section we assume f : R" x R — R” to bea C" function such that: (i) the 
set lp = {(0.A) | det Dr f(0. 4) = 0} of its singular points is discrete. (ii) f(0.) = 0 for 
all XE BR. 


(C.1) Let (0,A0) € ly. An open U C R” x Ris called an (€;1r)-isolating nbd of (0.9) 
provided: 
(i) U = BUdoirve) = {(r.A) € R" x R| |lz|| <r. [Ao — Al < €} is a boxlike nbd of 
(0.9) determined by ¢ > 0 and r > 0, 
(ii) (0,9) is the unique singular point of f in U. 
(iii) f(x.) #0 for [Ao — Al = € and all r with 0 < |[z|| < r. 
Prove: If € > 0 and r > 0 are sufficiently small, then (0. Ap) admits an (é: r)-isolating nbd. 


(C.2) If U is an (€;7)-isolating nbd of (0,49) € .ly, then a continuous @ : U— Risa 
complementing function for f, written 6 € %),,(U/), provided: 

(i) 0(0, Ao + ¢) > 0, O(0.A9 — ¢) > 0. 

(ii) O(r.A) <0 for |lx]| = r. 
Prove: 

(a) The function 6: U — R given by 


A(x,d) = [Ao — Al(r = [lzI1)/r = [ell 


is a complementing function for f. 
(b) For any 7 with 0 < 7 < «, the function 6: U — R given by 


A(x, d) = [(A— Ao)? = 97](r? = loll?) = ell? 


is a complementing function for f. 

(c) For any 7 with 0 <7 < r consider the “tube” J, = S(0,7) x [Ao — €.A0 + €] and 
U = B(roir.€). Let 6: U — R be a continuous function such that (i) @|Jy = 0, 
(ii) @ is negative outside Jn, (iii) @ is positive inside Jy. Then 0 € ©), (U). 

(d) If 6,.62 € @,(U), then (1 — t)0; + t02 € ©),(U) for any t € [0, 1). 

(ec) If 6@€ 6),(U) and 6(.r,A) = 0 for some (.r.A) € U with \ 4 ke then (.7,A) € U. 


(C.3) IfU is an (¢:r)-isolating nbd of (0, Ao) and 6 € ©), (U). let F = (f.6):0 > Rt 
he given by (r.A) (f(x. A). 0(.2,A)) for (2. A) € U. Prove: 
(a) FE Co(T, R"*). 
(b) If Fj = (f.6:), Fo = (f,62), where 61,02 € 6 (VU), then F\, Fo € Co(U, Rt!) 
are homotopic and d(F:.1) — d(Fs.1). 
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(C.4) Let 0 < €; < €2,0 < 7m) < rq and U; = U(e},71) C Uz = Uleo,r2) be two 
isolating nbds of (0,Ao). For i = 1,2 let F; € Co(U;, R"*") be given by F; = (f.4;), 
where 6, € @), (Uz). Show: d(F,,U;) = d(F2, U2). 


(C.5) If U is an (e;7)-isolating nbd of (0, Ao) € Af, we let 
F(Ao) = sgn det Dz f (0, Ap + €) — sendet Dz f(0.Ap — €). 


Prove: 

(a) (Ap) does not depend on the choice of U. 

(b) For any F = (f,0) € Co(U, R"*"), where 6 € y,(U), we have (Ao) = d(F,U). 

(c) If F(Ao) # 0, then f(z, A) = 0 for some (z, A) € U with z ¥ 0. 
[For (b): consider G = (9,6) € Co(U, R™*), where g(z,A) = Dzf(0.A)(xz) and 6 € 
@),(U) is as in (C.2)(b); observe that (0,9 +7), (0,A9 — 7) are the only solutions in U 
of G(z,) = 0. To conclude, calculate DzG(0, Ayo + 7), DrG(0, Ao — 7), and then using 
(B.2) show that I'(Ao) = d(G,U) = d(F,U). For (c) use an appropriate complementing 
function.] 


D. Bifurcation results in R” 


Consider the equation 
(*) f(z,A) = 0. 
We let @r = 77/7, where J; = {0} x R is the set of trivial solutions of (*) and SY; 


is the closure in R” x R of the set of nontrivial solutions of (*). Any (0,A) € By is called 
a bifurcation point of (*). 


(D.1) Show: The set @y of bifurcation points is contained in Arf. 


(D.2) (Krasnosel’skit theorem) Let J C R be an open interval with As NM ({0} x J) = 
{(0,Ao)}. Given any A+,A-— € J with A~ < Ap < Ax, let 


¥(Ao) = sgndet Dz f (0, A+) — sgndet Dz f(0,A-~). 
Show: If +(Ao) # 0, then (0, Ao) € &y (cf. Krasnosel'skil’s book {1964)]). 


(D.3) Assume that 4 ++ Dzf(0,A) is of the form I — AT for some T € “(R”). Prove: If 
1/Apo is an eigenvalue of T of odd multiplicity, then (0, Ao) is a bifurcation point for (+). 


(D.4) For Ap < Ay < +--+ < Ag, Set [Ao, A1,--- AK) = {(0, Ao), (0,1), ---, (0, Ax) }. Assume 
[Ao Ar,--- An] C Bz. Call {Up,Ui,...,Ux} an (€;7)-tsolating system of [Ao, Ars. -- AK] 
if: 

(i) each Uj = B(Az;7,€) is an (€;7)-isolating nbd of (0,23), 

(ii) U; NU; =O fori=0,...,k-1. 
Prove: Any [Ao, A1,---.Ax] C @y admits an isolating system. 
(D.5) Let C be a bounded component of - such that CN By = (Ao, A1,--- Ax]. Show: 
There exists an open bounded set W C R”+! such that: (i) C C W; (ii) OWN SY, = 0; 
(iii) Wn Ay = [Ao, AL: aa »Ax]- 

(Take a sufficiently large gso that C C B(0,@), and let X = %,UA pu(R"t!— BO, e)). 
K = Ay — [AoA Ax]; observe that X C R™*! is closed and K is a closed subset of 
X—C. Prove that there exists an open bounded W C Rt! such that C C W.dWnX =0 
and Wn K =] 
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(D.6) (Rabmowitz theorem) Let (0,A) € -#¢, and let C be a bounded component of SH 
containing (0, A). Prove: 

(a) There exists [Ag,A1,---. Ax] C “4p such that CN -4, = [Ao, A1.--- Ak]. 

(b) uae [(A,) = 0. where [°(A;) is defined in (C.5) (Rabinowitz [1971)). 
[For (b), take an (€;r)-isolating system {U,} of [Ao.A1.-- + Ax] and W as in (D.5), so that 
U= UU; = Wn ({r € R” | |x|] < 7} x RB). Define 6: W > R by @(z,d) = r? — 2lla||? 
and prove that F = (f,@) € Co(W,R"*!) is homotopic in Co(W, R"*!) to a constant 
map, and thus d(F, W) = 0.] 

(The proofs of (D.2) and (D.4), based on the technique of complementing functions 
introduced by Ize [1976], are due to K. Geba). 


11. Notes and Comments 


Topological degree in R" 


Let U be a bounded open subset of R” and b € R” Let C,(U,R") de- 
note the set of all continuous f : (U,OU) — (R",R" — {b}). Given any 
f € O(U,R"), its degree with respect to b is defined to be the integer 
deg(f,U,b) = d(f — b,U). The properties of the degree function given in 
Theorem (8.1) imply at once the corresponding properties of deg(f,U. 6). 
The degree deg(f,U,b) can be regarded as the “localization” of Brouwer’s 
original theory for maps between n-dimensional manifolds. This localiza- 
tion was, in fact, first formulated and carried out explicitly by Leray and 
Schauder in their classical memoir of [1934] (as the first step towards con- 
structing a degree for compact fields in Banach spaces). For some further 
comments concerning this matter, the reader is referred to Dieudonné's book 
[1989]; see also Leray’s survey [1936]. 

There are essentially three general methods to handle the theory: (i) ge- 
ometric; (ii) analytic; and (iii) algebraic. 

The first one, presented in this paragraph, uses only some elementary 
facts from linear algebra and simplicial topology and is based on PL-approx- 
imations of continuous maps. This type of approach was used, in fact, for 
the first time by Leray in his unpublished 1948 1949 lectures at the Collége 
de France (for a brief outline see Leray [1950]), but the details and the form 
of the presentation given here are dne to Dugundji [1985]; the reader may 
consult also Peitgen--Siegberg [1981], where the PL-approach is studied from 
the viewpoint of finding algorithms for computing fixed points. 

The second method, based on using various tools of analysis, has its roots 
in the work of Kronecker [1878], who already developed, in the setting of 
C' maps, what could be called a degree theory. Various analytic approaches 
for continuous maps were given (cf. for example Nagumo [1951] and Heinz 
[1959]), and are described in several books and lecture notes. 

We recoinuiend the following references for the analytic approach: 
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(a) lecture notes: Schwartz [1965], Nirenberg [1974], Rabinowitz [1975] 
(in French), Dold [1986] (in Spanish), 

(b) monographs: Krasnosel’skii-Zabreiko [1975], Berger [1977], Eise- 
nack-Fenske [1978] (in German), Lloyd [1978], Deimling [1985], 
Zeidler [1985], Rothe [1986], and also Milnor [1965]. 

The third method, based on tools of algebraic topology, is briefly de- 
scribed in §15; for a complete presentation, the interested reader is referred 
to Dold’s monograph [1972]. In Section 7 it is shown that the normaliza- 
tion, additivity, and homotopy properties characterize the degree. This fact 
(which was first proved by Fiihrer [1971] and later but independently by 
Zeidler [1972] and Amann-Weiss [1973]) implies that each of the above ap- 
proaches yields the same notion of degree. 

Theorem (9.1) extending Borsuk’s antipodal theorem was proved, using 
the analytic approach, in Schwartz’s lecture notes [1969]; the proof in the 
text is close to that given by Geba—Granas [1983]. 


Historical comments 


The general degree theory for maps between manifolds was created by 
Brouwer in 1910-1912. Using the newly introduced technique of simplicial 
approximation, Brouwer was able to establish in a rigorous way a number 
of remarkable results: 
1° the “invariance of dimension” theorem (already conjectured by Dede- 
kind) stating that R” is not homeomorphic to R™ when n #4 m; 
2° the “invariance of domain” theorem asserting that if U C R” is open 
and f : U — R® is continuous and injective, then f(U) is open in 
Ua bee 
3° the proof that the suitably modified definition of “dimension” of com- 
pact subsets of R” given by Poincaré and the definition given by 
Lebesgue are equivalent; 
4° the “Jordan theorem” in R", stating that if 2°-! C R” is homeo- 
morphic to S”—!, then R” — 5"—! has exactly two components; 
5° “fixed points theorems” : 
(a) If f : S" — S” has d(f) # (-1)"*', then f has a fixed point. 
[For if not, the consideration of the great circle on S” joining —2x 
and f(x) provides a homotopy of f to the antipodal map that has 
degree (—1)"*?; cf. Dieudonné’s book [1989], pp. 454-472] 
(b) If f maps a closed ball in R” into itself, then f has a fixed point. 
[We may assume that f : K — K, where K = S7, the upper hemisphere 
of S”; let'g : S" — K be given by 


_ f f(z), coh Sigh ta 
(2) = { Fate) ne SM, 
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where s is the symmetry with respect to the equator S"—! Cc S"; clearly, 
g|S" = f, and since g is not surjective, deg(g) must be zero; by (a), g(xo) = 
ro for some rp € S%, and therefore zp = f(2Zp).| 


L.E.J. Brouwer, 1943 


Brouwer’s approach to degree was based on his fundamental idea that 
given a map f : M — N between n-dimensional manifolds, much informa- 
tion about the map can be obtained from the study of the inverse images of a 
single point in N. He defined the degree of f (by first taking a simplicial ap- 
proximation y of f) as “number of inverse images of a point” (counted with 
appropriate multiplicities) and then proved that the degree is a homotopy 
invariant of f. 

We also remark that while the intuitive notion of deformation was used 
(without definition) by many mathematicians in the 19th century, it was 
Brouwer who gave first the modern definition of homotopy (cf. Dieudonné’s 
book [1989], p. 462). 

In the special case where MM = N = S?, Brouwer succeeded in showing 
that two maps f,g : S* — S? are homotopic if and only if d(f) = d(g). The 
proof of the extension of this result to arbitrary n, due to Hopf [1929], in- 
volved restating Brouwer’s degree theory in terms of homology. This theorem 
of Hopf (i.e., Theorem (9.8.3)), together with the Lefschetz—Hopf theorem 
and the Alexander duality, were the earliest and most complete successes of 
homology theory. 


§10. Topological Degree in R” 277 


Very soon after proving Theorem (9.8.3), Hopf found an example of a 
nontrivial map f : S? — S?, showing that the induced homomorphism in 
homology cannot detect whether the homotopy class of f is nontrivial; the 
method used in the construction of the above example was again Brouwer's 
method of inverse images; the invariant that can distinguish two nonhomo- 
topic maps from S® to S? is the linking coefficient of the inverse images of 
two points. 

We insert some comments about Brouwer’s work due to Freudenthal: 


Seen in historical perspective, Brouwer's performance at that time, in particular 
his first great paper, on the invariance of dimension, looks like witchcraft. As his 
magic wand he used the seemingly simple theorem: If a continuous map f of the 
n-dimensional cube K” = [-1,1]" into R” displaces every point less than 1/2, 
then the image f(K) contains an interior point. He proved this theorem by sim- 
plicial approximation of the given mapping, a method which due to Brouwer now 
seems rather obvious but which was revolutionary in 1911. It is the first example 
of mixing up combinatorial and set theory methods, which later would lead to the 
most profound results in topology. Because of this discovery we may rightly claim 
that, notwithstanding all precursors, modern topology started with Brouwer. 

It is no exaggeration to refer to Brouwer’s new tools as a magic wand; the 
results indeed look like witchcraft, the invariance of dimension, the mapping de- 
gree, the singularities of spherical vector fields, which factually were his starting 
point, fixed point theorems, the invariance of domain, with applications to auto- 
morphic functions, the Jordan theorem for arbitrary dimension, the invariance of 
the closed curve and its connectivity, which in germ contains the homology theory 
of compacta. This indeed is a staggering series of old conjectures come true, and 
of new theorems and concepts which in due course were to be fundamental in 
topology, all produced in less than two years. 


In the process of preparing the publication of Brouwer’s Collected Works, 
Freudenthal unexpectedly discovered “The exercise book” of Brouwer that 
sheds a new light on the origin and development of Brouwer’s discoveries 
(cf. Freudenthal [1975] and also his article in Brouwer’s Collected Works). 
This document (written in Dutch) contains a draft or copy of Brouwer’s 
letter to Hadamard dated January 4, 1910. We insert a fragment of this 
letter showing that Brouwer, already in January 1910, had a proof of his 
fixed point theorem in R”, before the publication of Hadamard [1910}: 


Je puis 4 présent vous communiquer quelques extensions du théoreme du point 
invariant dans les transformations biunivoques et continues de la sphere. Elles se 
rapportent aux transformations univoques et continues de la sphére. A une telle 
transformation on peut attribuer un nombre fini n comme son degré. 

(...) Revenons & une transformation univoque et continue générale. Elle peut 
étre approximée par une série de transformations polynomiales; on démontre que 
ces derniéres ont toutes le méme degré: c’est encore le degré de la transformation- 
limite. Le degré est toujours un nombre entier fini, positif ou négatif. Le degré 
d'une transformation biunivoque est de +1, si l’indicatrice reste la méme, et de 
—1, si elle est renversée. 
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Maintenant le théor¢mie du point invariant généralisé devient le suivant: Toute 
transformation univoque et continue de la sphére en elle-méme, dont le degré n'est 
pas —1, possede au moins un point invariant. 

J'ai encore étendu ce théoréme aux sphéres & m dimensions. I] s’énonce alors 
de la maniere suivante: Toute transformation univoque et continue de la sphere m- 
dimensionale en elle-méine posséde au moins un point invariant, excepté a) quand 
m est impair et si le degré mn est +1, b) quand m est pair et si le degré n est —1. 

(...) Pour le volume d’une sphére m-dimensionale dans l'espace a m+1 dimen- 
sions (si nous y comprenons la sphére elle-rnéme) j'ai réussi derniérement a établir 
un résultat plus général encore, 4 savoir: Toute transformation univoque (pas 
nécessairement biunivoque) et continue du volume d'une sphere m-dimensionale 
en lui-méme posséde au moins un point invariant. 


Analytical approach 


Theorem (8.4) is the basis for the approach to degree theory using only 
analytical methods. This starts with the observation that given an open 
bounded U Cc R®, the set C°(U.R*) is dense in C(U,R*); here f € 
C™(U, R*) if for some open V C R” with U C V, there is a C™ map 
g:V — R* such that g/U = f. Next, recall that yo € R* is called a critical 
value of f if there is some zo € f~1(yo) for which f’(z9) € “(R", R*) is not 
surjective; otherwise, yo is called a regular value. A necessary condition for 
having regular values in f(U) is n > k. We now take n = k. The Sard the- 
orem asserts that if f € C°(U, R*), then the set of critical values of f has 
Lebesgue measure zero. If C°° = C%°(U, R™) is the set of all f € C*(U, R") 
for which 0 is a regular value, then C® is dense in C(U. R"): given a con- 
tinuous f, approximate it first by a C’° map and then translate the latter 
slightly if 0 is not a regular value. 

For f € Cf? the inverse mapping theorem assures that each x € f—(0) 
has a nbd mapped diffeomorphically onto a nbd of 0, so if U is bounded and 
0 ¢ f(OU), then the set f—!(0) is finite. One then defines 


_ det f’(x;) o 
for f € CP* and proves local constancy (essentially by following the sign of 
det Dzh(x(s),A(s)) along the curve s + (x(s),A(s)) of the zeros in U x I) 
and then extends to all Co(U, R”) exactly as we have done. This satisfies all 
the axioms, so by uniqueness, it coincides with the degree we have obtained. 
Observe that this approach and the PL-approach both proceed by “lineariz- 
ing” maps and both are based on Brouwer’s method of inverse images. 
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§11. Absolute Neighborhood Retracts 


A natural topological framework for the concept of the fixed point index, 
which we shall develop in this chapter, is provided by the theory of ANRs. 
This paragraph contains a concise presentation of the basic notions and facts 
of the theory. The last section is concerned with some general fixed point 
results for compact maps in ANRs. 


1. General Properties 


(1.1) DEFINITION. A space Y is an absolute neighborhood retract if (i) Y 
is metrizable and (ii) for each metrizable X and every closed A C X, 
each continuous f : A — Y is extendable over some nbd U of A. The 
class of all absolute neighborhood retracts is denoted by ANR. 


It is evident that if Y is an ANR, then every space homeomorphic to Y is 
also an ANR. We now consider subsets. 


(1.2) PROPOSITION. Let Y be an ANR. Then: 
(i) any open subset of Y is an ANR, 
(ii) any nbd retract of Y is an ANR. 


Proor. (i) Let W Cc Y be open, and let f : A — W be defined on a 
closed subset of a metrizable space X. Then f extends over a nbd UD A 
to an F : U — Y; since A C F-1(W) and F7~!(W) is open, the map 
F|F—!(W) : F~!(W) — W is the desired extension of f. 

(ii) Let B be a nbd retract of Y, and let f : A — B be defined on a 
closed subset of a metrizable space X. Let r: W — B be a retraction of some 
nbd W of B in Y. Since W is open, it is an ANR, and hence f has an exten- 
sion F : U — W for some nbd U 3 A; then ro F is the required extension 
for f. O 


For cartesian products, we have 


(1.3) Proposition. A finite cartesian product [[j-1 Yi is an ANR if and 
only if each Y; is an ANR. 


Proor. If [] ¥; is an ANR, then because each factor Y; is homeomorphic 
to a cross-section in [| ¥;, and each cross-section is evidently a retract of 
IL i, it follows that each Y; is an ANR. Conversely, if each Y; is an ANR, 
and if f : A— J] Y; is given, where A C X is closed in a metrizable X, we 
can extend each coordinate function f; to an F; : U; — Y; defined on some 
nbd U; D A; then (| U; is a nbd of A on which all the F; are defined, and 
zr (F,(2),---;Fn(z)) is the required extension over that nbd. O 
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REMARK. (1.3) is not true for infinite cartesian products: although Y = 
[];=, ¥i being an ANR implies that each Y; is an ANR, the converse is not 
true. 


The term ANR arises because the ANRs are characterized by a very 
strong retraction property. It is clear that ifz, 7 : A + X are two embeddings 
of a space A into X, one of them may send A onto a retract of X, whereas 
the other inay not. To ask that the image of every embedding of a given 
space into another space be a retract is a strong requirement, nevertheless 
we have 


(1.4) THEOREM. A metrizable space is an ANR if and only if it is a nbd 
retract of every metrizable space in which it is embedded as a closed 
set. 


PROOF. Suppose Y is an ANR, and that Y C Z is a closed subset. Consider 
now the identity ly : Y — Y; since Y C Z is closed and Y is an ANR, the 
map 1} extends over a nbd U of Y in Z toanr: U — Y, andr is clearly a 
retraction. Conversely, suppose Y has the property of the theorem. Embed 
Y as a closed subset of a normed linear space E. It is a nbd retract of E, 
which is an AR; therefore, by (1.2), Y is an ANR. 0 


We say that a space X is r-dominated by a space Y if there exists a 
pair of maps X — Y -> X such that rs = 1x; for example, if X C Y and 
r:Y — X is a retraction, then X is r-dominated by Y 


With this terminology we give another convenient characterization of 
ANRs. 


(1.5) THEOREM. A metrizable space X is an ANR if and only if one of 
the following equivalent conditions holds: 
(a) X is a nbd retract of some normed linear space. 
(b) X is r-dominated by an open subset of some normed linear space. 


PROOF. This is a consequence of (1.4) and the Arens-Eells embedding the- 
orem (see Appendix). 0 


2. ARs and ANRs 


Recall that a metrizable Y is an absolute retract whenever for any metrizable 
X and closed A C X each f : A — Y is extendable over X; the class of 
absolute retracts is denoted by AR. 

We clearly have AR C ANR; the question of determining which of the 
ANR are AR has a particularly simple resolution. 


(2.1) THEOREM. Y is an AR if and only if it is a contractible ANR. 
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PROOF. Let Y be an AR. Then it is in particular an ANR. Moreover, it must 
be contractible: for consider the closed subspace S = Y x {O}UY x {1} c 
Y x I and the map f : S - Y given by f(y,0) = y, f(y,1) = yw € Y; 
because Y is an AR, the map is extendable to an F: Y x IY, and F is 
precisely a homotopy id ~ yp. 

Conversely, suppose Y is an ANR and contractible; let H: Y x I- Y 
be a homotopy with H(y,0) = y, H(y,1) = yo. Let X be metrizable, A C X 
closed, and f : A— Y. Since Y is an ANR, there is an extension a :U + Y, 
where U 3D A is open in X. Choose a nbd V with ACV CV CU anda 
continuous A: X — I with A|A = 0, A|(X — V) =1 and define F: X — Y 
by 

F(z) = { HUF) Ala), DEV, 
Yo; rExX—V 


This function is continuous, for if € VN (X —V), then X(x) = 1 and both 
definitions agree. Since F(a) = H(f(a),0) = f(a) = f(a) for a € A, we find 
that F is the required extension of f. 0 


3. Local Properties 


We first state a simple result that it will be convenient to have at our 
disposal. 


(3.1) LEMMA (Tube lemma). Let X be a metric space, AC X closed, and 
V an open subset of X x I with Ax I C V. Then there exists an 
open setU > Ain X such thatUxI cv. 


PROOF. For each (a,t) € Ax J take an open set of the form Ua x Jaz CV, 
where U,¢ is a nbd of a in X and Ig is a nbd of t in I. By compactness, 
a finite number of such nbds Ugt; x Iot;, i € [k], cover {a} x I. Now let 


Us = (VR, Vat; and finally U = Uge 4 Ua- O 


We are now going to show that the ANRs have a number of nice internal 
properties. One of these asserts that sufficiently close points can be con- 
nected by arcs that vary continuously with the endpoints; i.e., each point 
has a nbd U and a family of maps yz, : J — Y (one for each pair z, y € U) 
that vary continuously with x, y and get small when z, y get closer together. 
We give an exact formulation of this intuitive statement in 


(3.2) THEOREM. Let Y be an ANR. Then there is a nbd U of the diagonal 
A inY xY, and a continuous \:U x I— Y such that X(a,b,0) = a, 
A(a, b, 1) = b, and X(a,a,t) =a for every (a,b) EU, te I. 


ProorF. On the closed L = (YxY x {0})U(AxNU(Y xYx{1}) CYxYxIJ, 
define p : L > Y by (z,y.0) — 4 (x. r,t) — 2, (z,y,1) + y- Since Y is 
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an ANR, this map extends over an open W D> L in Y x Y x J; by the tube 
lemma, there is an open U D A with U x IC W, and the restriction of to 
UT x I is the required A. O 


The pair (A.U) is called equiconnecting data for Y; for a pair a,b € Y 
with (a,b) € U, A(a,b, t) is a path in Y running from a to b. 


(3.3) COROLLARY. Let (A,U) be equiconnecting data foran ANRY Then 
for cacha € Y and each nbd W of a, there is anbd V withae V CW 
such that (V,V.I) C W (i.e., the paths that vary continuously with 
the endpoints and that join points in V all ie in W). 


Proor. Given (A,U), we have A~!(W) open in the open U x I, hence open 
in Y x ¥ x J; moreover, {a} x {a} x IC AT 1(W). By the tube lemma, there 
is an open V 3 (a,a) with V x IC \~!(W); and we can always choose V 
of the form V x V, where V is a nbd of a. 0 


The existence of such families of paths leads to the expectation that the 
ANR and AR have geometrical behavior analogous in some respects to that 
of locally convex sets in linear spaces. We give two such properties, which 
are important for our later purposes. 


(3.4) THEOREM. Every ANR is locally contractible (for eacha € Y anda 
nbd W of a there exists a nbd V of a that is contractible in W). 


ProoF. Let (A. U) be equiconnecting data for Y € ANR, and given W, find 
a nbd V of a such that A(V,V,I) C W. Then H: V x I — W given by 


(y.t) > Aly, a,t) 
is the required homotopy. O 


Note, in particular, the strong kind of contractibility: one can, in fact, con- 
tract V to a point of W without ever moving any preassigied point of V 
For the second application, we recall some terminology. 


(3.5) DEFINITION. Let f,g : X — Y be two maps of a space X into a 
space Y, and let a = {U) | \ € A} be an open cover of Y. We say 
that f,g are a-close if for each x € X there is a Uy) containing 
both f(z) and g(x). We say that f,g are a-homotopic if there is a 
homotopy h: f = g such that h(x, J) is contained in some Uy(,) for 
each x € X. The maps f,g are stationarily homotopic if there is a 
homotopy never changing the image of any ro € {x | f(x) = g(z)}. 


We now have 


(3.6) THEOREM. Let Y be an ANR. Then each open cover a = {U} has 
an open refinement 3 = {V} with the property: for every space X, 
any two B-close maps f.q: X — Y are stationarily a-homotopic. 
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PROOF. Take some equiconnecting data for Y. Then (3.3) says that each 
a € Y has a nbd V4 contained in some U such that A(Ve, Va, J) is also 
contained in that U. The open cover 8 = {V, | a € Y} refines a = {U}. If 
X is any space and f,g: X — Y are {-close, then (f(x), 9(z)) belongs to a 
Va x Va for each x, and 


h(z,t) = Alf (x), g(z), 4], tel, 


is a stationary a-homotopy of f to g. O 


4. Pasting ANRs Together 
The main burden of the development will be carried by the following general 


(4.1) LEMMA (Kuratowski). Let Y be a metrizable space such that Y = 
Yi, UY, where Y;, Yo, and Y;NY2 are ANRs. Let X be metrizable, A C 
X closed, and let f: A— Y. If X can be represented as the union 
B,U Bo of two closed sets such that f(ANB,) C Yi, f(AN Be) C Yo, 
then f is extendable over a nbd of A inX. 


PROOF. We have f : AN Bi N Be — ¥1, N Yo. Since Y; N Yo is an ANR 
and AM B, NM Be is closed in X, f extends over a nbd in X, hence over 
the closure of a smaller nbd. We therefore have an H open in B, NM Bo with 
ANB, Bz C H C B,M By and an extension h: H > ¥, NY2 of fIH NA. 
I. Let F = B, N Bo — H; then F is closed in B, M Bo, hence in X, and 


(1) FnA=9@. 
The two maps | 
_ Jf m ANB, = 


are consistently defined on AN B; MH = AM B, AN Ba, so are continuous. 
II. Each of the f; sends the closed (AN B;) UH into Yj. Since Y; is an 
ANR, there is an extension of f; over a nbd U; in X to g; : U; — Yj. Let 
C; = B; — U;,i= 1,2. 
The C; are closed in X and 
(2) ANC; = 9, HNC; =9. 


III. We now remove the possible inconsistencies. Define U = X — (FU 
C, UC2). Then U is open in X; moreover, A C U by (1), (2). Set 
ft= g, on BNU,7 
~ | ge on Bonu. 
This is defined on the open U. Since each g; is continuous on U and UNF = 9, 


we have 
BNR AV HBO B.-F=HA, 
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SO 91. g2 are consistently defined on the intersection of two closed subsets of 
U, and therefore f* is continuous on U. Thus, f extends over a nbd of A, 
and the proof is complete. O 


In (4.1), ¥1. ¥2 are arbitrary ANRs. If they are assumed to be either both 
closed or both open, the required decomposition of X is always possible, and 
we thus obtain the following two important results: 


(4.2) THEOREM (Aronszajn—Borsuk). Let Y be a metrizable space and 
Y = Y, UYs, where Yi, Yo are closed. 
(a) If Yi, Yo, and Y, NY2 are ANRs, then Y is an ANR. 
(b) If Yi, ¥Y2, and Yi NY2 are ARs, then Y is an AR. 


Proor. (a) Let X be metrizable, A C X closed, and let f: A Y bea 
given map. The theorem will follow from (4.1) if we can show X = B, U Ba, 
where B; are closed and f(ANM B;) C Y;. The sets f—'(¥i), f~+(Y2), being 
closed in A, are closed in X. 

Define 


B, = {x | dist(x, f—1(¥)) < dist(z, f~*(Y2))}, 
Bo = {x | dist(z, f~!(Yo)) < dist(z, f-1(%4))}, 


so that X = B,U Be and each B; is closed in X. We show f(ANB;) C Y; for 
i = 1,2; by symmetry only f-!(Y,) = AN B, needs a proof: if a € f~!(Y;), 
then a € By, since dist(a, f-!(Y1)) =0,s0ae€ ANB: ifa ¢ f7*(Y1), then 
a € f—}(¥2) and dist(a, f—!(Y)) > 0, so a ¢ By, ie., a ¢ AN By. Thus, 
f—'(Y,) = ANB, and the proof of (a) is complete. 

The proof of (b) is similar and is left to the reader. O 


(4.3) COROLLARY. Let Y be an ANR and B CY a closed ANR. Then 
Y x {0} UBx I is an ANR. 


ProorF. By (1.3), the product B x I is an ANR, and (4.2) applies. O 


(4.4) COROLLARY. Any finite union of closed metrizable convex sets in a 
locally convex space is an ANR. 


Proor. We show by induction on n that U;_, C; € ANR for any closed 
convex metrizable C; (¢ = 1,...,n). For n = 1, our statement is true be- 
cause, by the Dugundji extension theorem (7.7.4), any convex metrizable 
set in a locally convex space is an AR. Assuming that it is true for all inte- 
gers smaller than n, we have Y = Wie C; € ANR, C;,, € ANR, and hence 
YNCy = UE (CiN Cn) € ANR, because C; NC, € ANR. Thus Y UC, is 
the union of two closed ANRs whose intersection is an ANR, and because 
YUC,, is metrizable (in view of Theorem (4.4.19) in Engelking’s book [1989], 
p. 286), our assertion follows from (4.2). Oo 
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(4.5) COROLLARY. Any finite polyhedron is a compact ANR. O 


(4.6) COROLLARY. Let Y be a space, U C Y open, and X CU compact. 
Assume furthermore that one of the following conditions is satisfied: 
(i) Y ts a Banach space. 
(ii) Y ts a metrizable compact convex subset of a locally convex linear 
topological space. 
Then there exists a compact set C € ANR such that X CC CU. 


PROOF. In case (i), cover X by a finite number of closed balls Kj,....K; 
C U, and let C; = Conv(K;M X) for i € [s]. Since Y is a Banach space, 
by Mazur’s theorem (see Appendix), each C; C U is convex compact, and 
we infer that X is contained in the compact set C = JC; C U. Now our 
assertion clearly follows from (4.4). 

The proof of (ii) is analogous and is left to the reader. O 


A consequence of (4.1) whenever Y = Y, U ¥2 with Y; open is 


(4.7) THEOREM. Let Y be a metrizable space, and let Y = U, UU2, where 
U;, U2 are open. If U,, U2 are ANRs, then so also is Y. 


PROOF. Note that we do not have to assume U; M U2 € ANR, because it is 
open in U; € ANR and (1.2) applies. 

Let X be metrizable, A C X closed, and let f : A — Y be given. 
By (4.1) we need only show that X = B, U Bo, where B; are closed and 
f(AN B;) C U;. To this end consider first 


A,=A-f"(Ui), A2=A- f7*(U2); 


these are disjoint closed sets in X, so there is a continuous A: X — I with 
A(x) = 1 for x € A; and A(z) = 0 for x € Ap. 


Let 
={x|Az) <5}, Be={x| A(x) 2 5}, 
so that B,, Bz are closed and X = B, U Bo. We have f(ANB,) C Hs for if 
a € ANB, then X(a) < $,s0a ¢ Aj, i.e., a € A—(A—f-1(U)) = f-1(Vi). 
Similarly f(AM Be) C U2, and the proof is complete. O 


(4.8) COROLLARY. Let Y be a metrizable space that admits a finite open 
covering by ANRs. Then Y is an ANR. oO 


(4.9) COROLLARY. Any compact locally Euclidean spaceisan ANR. OU 


5. Theorem of Hanner 


The fact that (4.7) is valid with no additional assumption on U; U2 leads 
one to suspect that the ANR property may be local. In this section we shall 
establish the fundamental localization *hearem. 
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(5.1) Tneorem. Let Y be a metrizable space and {U) | \ € A} a family 
of pairwise disjoint open ANR subspaces. Then their union (J, U) is 
also an ANR. 


Proor. Let X be metrizable, A C X be closed, and let f : A— U, Uy be 
continuous. Because of pairwise disjointness, the union of any family of the 
U) is closed in UJ, Uy, so the A, = f~*(Uy) are pairwise disjoint and the 
union of any family of the A) is closed in A, hence in X. 

Putting V, = {x € X | dist(x, Ay) < dist(z, A—A))}, we obtain a family 
{V) | \ € A} of open sets in X with A, C Vy for each 4; moreover, the V) 
are pairwise disjoint because dist(.r, A — A,) < dist(x, Ay) if A 4 A’. Since 
each U) is an ANR, we can extend each f|A, over a nbd Wy) D A) in X to 
an F) : Wy — Uy; the map F: U,(ViN W)) — Us Ua defined to be Fy on 
V) MW) is then consistently defined and represents a continuous extension 
of f over a nbd of A in X. 0 


(5.2) THEOREM. Let Y be a metrizable space that is the union of a count- 
able family {V,, |n=1,2,...} of open ANRs. Then Y is an ANR. 


PROOF. We may assume without loss of generality that V; C Vii; for each 
i= 1,2,... (otherwise, we would consider the family {V7 = Ur_, Vk | n= 
1,2,...}), and that Y 4 V; for all i = 1,2,.... We now shrink {V,,} to an 
open covering {W,,} by putting 


W; = {y € Y | dist(y,Y —Vi) >1/2*} (§=1,2....). 


Clearly, W; is open in V; and hence an ANR, W; C W341, and Oa W;=Y. 
We now form the “rings” 


R,=W, Re=We, R3=W3-Wi, ..., Rn = Wa—Wh-2. 


Because each W,, is an ANR, sois each R,,; moreover, Y = Wee R, because 
ifn = min{i | z € W;}, then z € W, — W,-1 C Rp. 

Now Y = UP, RenUUP., Ren-i; since {Rep | n = 1,2....} is a disjoint 
family of open ANRs, it follows from (5.1) that UP”, Ren € ANR; similarly, 
Ur, Ren-1 € ANR. Thus Y is the union of two open ANRs, so by (4.7) we 
conclude that Y € ANR. O 


(5.3) THEOREM (Hanner). Let Y be a metrizable space such that each 
y€ Y admits a nbd U that is an ANR. Then Y € ANR. 


PROOF. By assumption, Y has an open cover {U, | A € A} with each 
U) € ANR. According to (B.10) in the Appendix, this cover has a o-discrete 
open refinement {U),, | (A,n) € Ax Zt}, where for each fixed integer n, the 
family {U),n} is pairwise disjoint and each U),,, is contained in U). It follows 
that each Uy, is an ANR. amd therefore. from (5.1), that V, = U, Ur,n is 
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an ANR for each n; consequently, Y = U7", Vn with each V, € ANR. Now 
our assertion follows from (5.2). O 


(5.4) COROLLARY. Any metrizable Banach manifold is an ANR. 0 


6. Homotopy Properties 
We begin with the following useful 


(6.1) LEMMA (Dowker). Let X be a metric space, A C X closed, and 
assume that V C X x I is an open nbd of the partial cylinder 


M=X x {O}UAx I. 


Then there exists a map p: X x I V such that y(2, t) = (2, t) for 
all (z,t)E M. 


PROOF. By the tube lemma there exists an open U > A in X such that 
Ux ICV. Because the closed sets A and X — U are disjoint, there exists 
a continuous A: X — I with A|A = 1, A|X —U =0. Now letting 


p(x, t) = (x, A(z)t) for (x,t) Ee X x T, 


we observe that if x € U, then (x,A(z)t) € V, and if c € X — U, then 
(x,t) = (x,0) € M CV. Because clearly y|M = idy, we conclude that y 
is the desired map. O 


Let Y be an ANR, X metrizable, and A C X closed. We know that every 
f:A-Y is extendable over an open U > A. We now address the problem 
of whether or not f is, in fact, extendable over the entire space X. The 
following theorem of Borsuk asserts that this problem reduces to one in the 
homotopy category: if any single g : A — Y homotopic to f is extendable, 
then so also will be f. In more pictorial terms: if we map X into an ANR 
and pull the image of A around, the image of X will always follow. 


(6.2) THEOREM (Borsuk). Let Y be an ANR, X a metrizable space, and 
AC X closed. Let f,g: A— Y be homotopic. If f ts extendable to 
an F:X —Y, then g is also extendable to aG : X — Y; moreover, 
G can be so chosen that the given homotopy of f to g extends to a 
homotopy of F to G. 


ProoF. Form the partial cylinder M = X x {0}UAxJ, andleth: AxI + Y 
be a homotopy joining f and g. Define % :M—Y by 

Wo(x, 0) = F(x) for x € X, 

Wo(a,t)=h(a,t) for (a,t)€ Ax J. 


Since M is closed in X x I and Y is an ANR, W% extends over an open 
Vo Mtov:V-—Y. Using the Dowker lemma (6.1), we choose for this V 
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ainap y: \ x I> V such that y|Af = idy,, and define H : X x I> Z as 
the composite 
XxI4vy. 
Then, because for each (..¢) € Al, 
H(z,t) = Ulp(zr, t)] = V(z,t) = Yo(z,t), 

we infer that r +> G(r) = H(:r,1) is an extension of g over X, and H is the 
desired homotopy of F to G extending h over X x I. O 
(6.3) COROLLARY. Let Y be an ANR, X metrizable. and A C X closed. If 

f:A-—Y is nullhomotopic, then f is extendable to an F: X + Y 

that is also nullhomotopic. 
PROOF. The constant map of A into Y is evidently extendable over X, and 
Borsuk’s theorem applies. O 

The fact that an extension problem can be reduced to a homotopy ques- 

tion is very important. In fact, any space X (not necessarily metric) and any 
closed A C X for which it is true that for every space Z (not necessarily an 


ANR) the extendability of maps of A into Z always reduces to a homotopy 
question, are called cofibered pairs. More precisely: 


(6.4) DEFINITION. Let X beaspace and A C X closed. We say that (X, A) 
is a cofibered pair if for every space Z and two homotopic maps of 
A into Z, if one is extendable over X, so also is the other, and the 
extensions can be chosen homotopic by a homotopy extending the 
given one. 


(6.5) THEOREM. Let X be a metric space and AC X closed. If the partial 
cylinder M = X x {0O}UAx I is a nbd retract in X x I, then (X, A) 
is a cofibered pair. 


PROOF. Let Z be any space and f,g: A— Z. Assume that F : X — Z is 
an extension of f and that h: A x I — Z is a homotopy joining f and g. 
Define Y : AL — Z by 


W(x, 0) = F(x) for x € X, 
Wo(a,t)=h(a,t) for (athe Ax I. 


By assumption there is an open U in X x I and a retraction r: U — M. 
Using the Dowker lemma, we choose for this U a map y: X x I + U such 
that y|M = idaj;, and define H : X x I > Y as the composite 


XxI SU SM Z. 
Then, because for each (x,t) € M, 
A(z, t) =Wlrole.t))] = Morr. t) = Yo(z, t), 
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the map y+ H(y,1) is the desired extension G of g, and H is a homotopy 
of F to G extending h. O 


(6.6) COROLLARY. Let A be a closed ANR subspace of an ANR space X. 
Then (X, A) is a cofibered pair. 


PROOF. By (4.2) the partial cylinder Af = X x {0} U Ax I is an ANR, and 
hence, as a closed subset of X x J, it is a nbd retract in X x J. O 


For the last property, we recall some terminology. 


(6.7) DEFINITION. Let X be a space and BC X. 

(a) By a deformation of B in X is meant a homotopy D: Bx I 
— X with D(b,0) = 6 for all b € B; if moreover D(B x {1}) is 
contained in a subspace A C X, then D is said to be a deforma- 
tion of B into A in X. 

(b) A closed set A C B is called a strong deformation retract of B in 
X if there exists a deformation D: Bx I > X of B into Ain X 
such that D(a.t) =a for all (a,t)€ Ax I. 

(c) The set A is a deformation retract of B in X if the last condition 
is valid only for t = 1. 


(6.8) THEOREM. Let A be a closed ANR subset of an ANR X. Then for 
some open U > A the set A is a strong deformation retract of U 
in X. 


ProoF. Let r: V — A be a retraction of a closed nbd V of A in X. On the 
= N=Vx {0}UAxIUV x {1} 
define a continuous Sp : N — X by 

Go(z,0)=2x for r € V, 

Go(a,t) =a for (a,the Ax TI, 

@®o(x,l)=r(xz) forzeV. 
Since N is closed in X x I and X is an ANR, this 9 extends over an open 
W2>Ntoamap @: W — X. The tube lemma gives an open U 3 A, 


Uc V with Ux IC W, and the restriction of & to U x I gives the desired 
strong deformation retraction of U onto A in X. O 


7. Generalized Leray—Schauder Principle in ANRs 


In this section we extend to arbitrary ANRs some basic fixed point theorems 
for compact operators. The method is elementary and is based on some 
properties of compact maps into ANRs which use the notion of extendability 
in their formulation. 
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(7.1) DEFINITION. Let X, Y be two spaces, and let #(X,Y) be the set 

of all compact maps from X to Y. 

(a) If A Cc X, then a map f € #(A,Y) is said to be compactly 
extendable over X if there isa map F €.# (X.Y) with F|A = f. 

(b) Two maps f,g € -#(X,Y) are called compactly homotopic if 
there exists a compact map h: X x I > Y with h(z,0) = f(z), 
h(x, 1) = g(x) for each x € X. The map h is a compact homotopy 
joining f and g, and we write h: f ~ g in (X,Y); the one- 
parameter family of maps {h; : X — Y}, which is determined by 
h in a familiar manner, is also called a compact homotopy. 

(c) Amap f € #(X,Y) is compactly nullhomotopic if it is compactly 
homotopic to a constant map from X to Y 


An important property of ANRs is given in 


(7.2) THEOREM. Let Y be an ANR, X a metric space, and A C X closed. 
Then any f € X(A,Y) is compactly extendable over an open nbd U 
of Ain X. 


Proor. Let K = f(X); since K is compact, there is an embedding h~ : 
K — I onto a closed subset A C I. The map f:A-—Y can therefore 
be factored 

AS KAY 


as in the following diagram: 


By the Tietze theorem, we extend y toa map 6: X — I Because Y 
is an ANR, g has an extension G : W — Y over some nbd W of K in I. 
Choose an open V with A CV CVC W, and let U = $—!(V). Then the 
map F' = GO|U : U — ¥ is an extension of f over the nbd U > A. Because 
V is compact, so also is G(V) and from F(U) = G&[—!(V)] c G(V) Cc 
G(V) = G(V) we conclude that the map F is compact. DO 


We now extend Borsuk’s theorem to arbitrary compact maps. 


(7.3) THEOREM. Let Y be an ANR, X a metric space, AC X closed, and 
let f.g € K(A,Y) be two compactly homotopic maps. Assume that f 
ts compactly extendable, to.an F € A(CN.Y). Then g is also compactly 
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extendable toaG € # (X,Y); moreover, G can be so chosen that the 


given compact homotopy of f to g extends to a compact homotopy of 
F toG. 


PROOF. Form the partial cylinder M = X x {O}UAxT andleth: AxI 3 Y 
be a compact homotopy joining f and g. Define a compact map % : Af —~ Y 
by 

Wo(x,0) = F(z) for z € X, 

Wo(a,t)=h(a,t) for (a,t)E Ax TI. 


Since M is closed in X x I and Y is an ANR, this % extends, in view 
of (7.2), over an open V > M to a compact YW: V — Y. Using Dowker’s 
lemma, choose for this V a map py: X x I — V with y|M = idag,, and define 
a compact homotopy H : X x I — Y as the composite 


NePSVSY 
Then, because for each (x,t) € M, 
H(z, t) = U[y(z, t)] = P(x, t) = Yo(z, t), 


we infer that x ++ G(x) = H(z,1) is a compact extension of g over X, and 
H is the desired compact homotopy of F' to G extending h over X x I. O 


As an immediate consequence we obtain 


(7.4) THEOREM (Generalized Schauder theorem in ANRs). Let Y be an 
ANR, and let f € #(Y,Y) be a compactly nullhomotopic map. Then 
f has a fized point. 


PROOF. Using the Arens—Eells theorem, embed Y as a closed subset in a 
normed linear space E. By assumption, f € #(Y,Y) is compactly homo- 
topic to a constant map g : Y — Y. Because g is extendable over E, it 
follows from (7.3) that f extends over E to a compact F € #(E,Y). For 
this F, by the Schauder fixed point theorem, 79 = F(2%o) for some 2 € E; 
but since the values of F lie in Y and F|Y = f, we get tp = F(2xo) = f (Zo), 
completing the proof. O 


To formulate the next result we introduce some terminology. 


(7.5) DEFINITION. Let Y be a space, U C Y open, and OU the bound- 
ary of U in Y. The set of all compact maps f : U — Y such that 
the restriction fJOU : OU — Y is fixed point free is denoted by 
KHau(U,Y). A compact homotopy h: : U — Y is said to be admis- 
sible if hy € Xau(U,Y) for each ¢ € I. Two maps f,g € Xu (UY) 
are called admissibly homotopic, written f ~ g in Kau (U,Y), if there 
is an admissible compact hametupv Jy : U - Y with ho = fihi=gQ. 
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A compact map f € %gu(U,Y) is said to be compactly nullhomo- 
topic (notation f ~ 0 in #gu(U,Y)) if it is admissibly homotopic to 
a constant map g sending U into a single point ug € U 


With this terminology we now establish a general fixed point result formu- 
lated in purely topological terms. 


(7.6) THEOREM. Let Y be an ANR, U CY open, and let f € Xau(U,Y) 
be a compactly nullhomotopic map. Then f has a fized point. 


Proor. Let h: U x I — Y be an admissible compact homotopy joining the 
constant map g with g(U) = uo € U and the map f € “%u(U.Y). Because 
g extends to a constant map G : Y — Y, it follows from (7.3) that the 
homotopy h extends to a compact homotopy H:Y x F— Y 

Let B= {x €e Y—U | H(z,t) = x for some t € I}. We may assume 
B £ O (otherwise, f would have a fixed point in U by (7.4)). Noting that 
B and A = U are closed and disjoint subsets of Y. choose 1: Y — I with 
A|A = 1, A|B = 0. Define a compact map F': Y — Y by 


F(y)=H(y,A(y)) foryeY 
We claim that F is fixed point free on Y — U: for if 
Xo = F(zo) = A(zo,X(xo)) for rm € Y —U, 


then x9 € B and ro = H(x0,0) = G(xo) = uo, which contradicts the 
assumption that ug € U. By (7.4), this implies that F must have a fixed 
point yo in U, and thus, because F|U = f, we have yo = F(yo) = f(yo). O 
Theorem (7.6) can be rephrased as 
(7.7) THEOREM (Generalized Leray-Schauder principle in ANRs). Let Y 
be an ANR, U CY open, and let g be a constant map sending U to 
a point ug € U. Then any compact homotopy hk : U — Y joining 
ho = g and h, = f has one of the following two properties: 
(a) f has a fixed point in U, 
(b) there are yo € OU and d € (0, 1] with yo = hy(yo). O 


We remark that (7.4) and the classical Leray-Schauder principle (6.5.1) are 
special cases of (7.7). 


8. Miscellaneous Results and Examples 


A. Identifications 


Let X be a topological space, Y an arbitrary set, and p X — Y a surjection. The 
identification topology T(p) induced by p on Y’ is 


T(ip)= {0 - Vo pp TM) i. onen in X}. 
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If X and Y are two spaces, a continuous surjection p : X — Y is an identification map 
(or briefly an identification) if the topology in Y is exactly T(p). 


(A.1) Show: (a) A continuous surjection p : X — Y is an identification if and only if 
for any g: Y — Z, the continuity of gp implies that of g; (b) if a continuous surjection 
p: X —Y is an open (or closed) map, then p is an identification. 


(A.2) Let p: X — Y be an identification, and h : X — Z be continuous such that hp~! 
is single-valued [i.e., h is constant on each p~ !(y)]. Show: 
(a) hp~' : Y — Z is continuous and h = (hp—')p. 
(b) hp! : Y 4 Z is an open (respectively closed) map if and only if h(U) is open 
(respectively closed) whenever U is a p-saturated open (respectively closed) set. 
(A C X is p-saturated whenever A = p™![p(A)].) 


(A.3) Let p: X — Y be an identification, Z a set, and g - Y — Z a surjection. Show: 
(a) T(gp) = T(g); (b) if Z is a space, then gp is an identification if and only if g is. 


(A.4) Let p: X — Y be an identification and K a locally compact space. Show: The map 
pxid: X x K -Y x K is an identification map. 


B. Quotient spaces 


Let R be an equivalence relation in a space X. The quotient set X/R with the identification 
topology determined by the projection p : X — X/R is called the quotient space of X 
by R. If A Cc X, then X/A is the quotient space obtained using the equivalence relation 
whose equivalence classes are A and the single points of X — A. 


(B.1) Let X, Y be spaces with equivalence relations R, S, respectively, and let f : X + Y 
be a relation-preserving, continuous map. Show: (a) The induced map f : X/R— Y/S is 
continuous; (b) if f is an identification, then so is f. 


(B.2) Let f : X — Y be continuous. Define the equivalence relation K(f) in X by x ~ x! 
if fa = fx’, and denote by p: X — X/K(f) the identification map; X/K(f) is called the 
decomposition space of f. Show: 
(a) f can always be factored as X ?, X/K(f) % Y with p surjective and g injective. 
(b) If the diagram 


x+y 
eo) |v 
h 
Z—>W 

commutes, then there is a continuous A : X/K(f) — Z/K(h) such that the 
diagram 

X > X/K(f)=>Y 

| of Wp 

Z—> Z/K(h) > Ww 
is commutative. 


(B.3) Let X be a space and J = [—1,+1]. The suspension SX of X is the quotient space 
of X x J obtained by identifying X x {+1} and X x {—1} to points. The cone CX over 
X is the quotient space CX = X x [0,1]/X x {1}: the elements of SX and also of CX 
are denoted by (z, t). Show: 
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(a) SY &CX/NX x {0}. 

(b) (’N is homcomorphic to the subspace {(xz, t) € SX | t > 0}. 

(c) A continuous f X — Y induces a continuous map Sf : SX — SY and also 
Cf iCX > CY by (z,t) > (f(x), ¢). 

(d) The assignments XY - SX, f > Sf and X — CX, f — Cf define functors 
S.C : Top — Top. 


(B.4) Let XV, }° be two disjoint spaces, A C X closed, and f : A— Y continuous. In the 
disjoint union X + Y, we generate an equivalence relation R by a ~ f(a) for each a € A. 
The quotient space \ UY/R is the space obtained by attaching X to Y by f, and is written 
Y Uy NX; let p: X + ¥ — ¥ Uy X be the projection. Show: 

(a) pl : ¥ — ¥ Uy X is an embedding onto a closed subspace. 

(b) pl. X —A:X —A— YU, X is an embedding onto an open subspace. 

(c) CX is obtained by attaching X x [0,1] to a point go by f(X x {1}) = {go}. 

(d) SX is obtained by attaching X x J to a two-point set {g+,q~} by f(X x {1}) = 

{q*}, f(X x {-1}) = {7}- 
(e) If XY. Y, and A are compact, then so is the space Y Uy X. 


(B.5) The join X*Y of spaces X and Y is defined by attaching X x [0,1] xY to the disjoint 
union Y + ¥° by (7.0,y) + a, (z,1.y) + y. Show: CN & X #qo and SX = X x {q*,q7}. 


(B.6) (Relative bijections) A map f : (X,A) — (Y,B) is called a relative bijection if 
f|X—A is a bijective map of X—A onto Y—B; clearly, f~!(B) = A, and f(A) C B (though 
possibly not equal to B). Let f : X — Y be an identification, and let f : (X,A) — (Y,B) 
be a relative bijection. Show: 

(a) X/A = Y/B (and this is natural, induced by f). 

(b) If A is open or closed (or if f is an open or closed mapping), then f : X-A ~ Y—B. 
[Consider the diagram 


X—>N/A 


s| \r 


y —>Y/B 
and show that f’ = (qf)p~! : X/A > Y/B is continuous and bijective.] 


C. Deformation retracts 


(C.1) Let AC X be closed. Show: A is a deformation retract of VX if and only if it has 
the following two properties: 


(a) For every space Z, each continuous f : A — Z is extendable over X. 
(b) For every space Z and any f,g: X — Z, f ~ g whenever f|A ~ 9A. 


(C.2) Let AC X be closed. We say that X is deformable into A if there exists a defor- 
mation D: X x I — X such that D(x,.1) € A for z € X. Show: If X is deformable into 
A and A is a retract of X, then A is a deformation retract of X. 

(fr: X — A isa retraction aud d: X x I > X a deformation of X into A, define 


d(:xr, 2t) forO<t< 5 


D(x, t) = eee — 2t)} for 5 sisl, 


and prove that D: X x I X is the desired deformation retraction of X onto A] 
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(C.3) Show: If A is a deformation retract of X, then the inclusion mapi A— NX isa 
homotopy equivalence. 


(C.4) Show: If A CX is a deformation retract of X with the retraction r : X — A. then 
any map f : Y — X is homotopic to the map irf:Y — X. 


(C.5) Let D: X x I + X be a deformation of X into A C X such that the points of A 
remain in A during the entire deformation. Show: .X/A is contractible to [A], keeping [A] 
fixed. 

[Consider the diagram 


X/AxTP2 xxt Bx ZBxya 
in which p x 1 is an identification by (A.4). Show that (po D)(p x 1)7! given by 
(po D)(p x 1)""(E,t) = po Dip*(€).€] 


is single-valued and that it provides the required continuous deformation of \/A into [A].] 


(C.6) Let (X,A) be a compact pair and A be a strong deformation retract of X. Assume 
that f (X,A) — (Y,B) is surjective and maps X — A homeomorphically onto Y — B. 
Show: B is a strong deformation retract of Y (Spanier [1949]). 


(C.7) Let po € S" Show: If p # po, then the set (S” x {p}) U ({p} x S”) is a strong 
deformation retract of S” x S” — {(po,.po)} (Borsuk [1937]). 

[Let f : (K",S"~1) — (S",p) be a map sending K” — S"~! homeomorphically onto 
S” — {p}, and let zp = f~1(po) be the center of K"; define 


g:(K" x K” — {(x0,20)},(K” x 8°") U(S""? x K")) 
— (S" x S" — {(po.p0)}.(S” x {p}) U ({p} x S”)) 
by 9(z, 2x’) = (f(z), f(z’)) and apply (C.6) to the map g.] 


D. Deformation retracts and ANRs 


(D.1) Let Y be an AR and ACY closed. Show: A is an AR if and only if A is a strong 
deformation retract of Y 


(D.2) Let Y be an ANR and A C Y closed. Show: If A is a deformation retract of }’. 
then it is also a strong deformation retract of Y (Samelson [1944]). 

[Let d: Y x I - Y be a deformation and y — r(y) = d(y,1) a retraction of Y onto 
ean ee eee 


for y€ X and s = 
he(y,s) = ity. (1 —t)) fory€Aandse : 
d(r(y),1-—t) foryé€X ands=1. 
Then observe that ho extends to a map Hp: x IY by taking Ho(y, s) = d(y.s) for 


(y,s) € ¥’ x I, and apply the Borsuk theorem to get an extension H of h; over Y x I. 
Prove that H, : Y x I + Y is the desired strong deformation retraction of Y’ onto A.] 


(D.3) Let Y be an ANR, ACY closed, and AS =Y x {O}UAxICY x I. Prove: The 
following statements are equivalent: (i) Af is a retract of Y x J; (ii) A is an ANR; (iii) AJ 
is an ANR. 
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(D.4) Let. XY be compact inctric and (¥,d) a metric space. Denote by ( Y™ |g) the metric 
space of all continuous maps f : .X — ¥ with o(f.g) = sup{d( f(x), g(x)) | z € X}- Show: 
The space y°* isan ANR if and only if Y’ is an ANR. 


(D.5) (Borsuk fibration theorem) A surjective map p : E — B is called a fibration provided 
for any space Z, any g: Z + EF, and any homotopy ht: Z — B such that pg = ho, there 
exists a homotopy ty: Z — Y such that phe = hy for each f. Assume now that (XY. A) is 
a pair of compact ANRs and ¥ is an arbitrary metric space. Let E = y*, B=¥7 and 
p:E—B be the restriction map f > f|A. Prove: p is a fibration (Borsuk [1937]). 

[Givenu.ZxIxA>Y,0: 2x X —Y with u(z,0,a) = v(z,a) for a € A find 
w:ZxIxX >Y such that w(z,!,a) = u(z,a) for a € A, w(z.0,r) = v(z,.r) for x € X. 
Use the fact that AJ = I x AU {0} x N is a retract of I x X and that Z x AJ is a retract 
of Zx Ix X\] 


E. The Lusternik Schnirelmann category and ANRs 


Let X be a space. A closed subsct A C N is said to have category Catx(A) <n in X if 
A = A, U...UAn and each A, is closed and deformable to a point in \Y; when A = X we 
write Cat \ for Cat, (X). 


(E.1) Let A, B be closed in X. Show: 
(a) If AC B, then Caty(-A) < Cat, (B). 
(b) Caty (AU B) < Caty(A) + Catx(B). 
(c) Ifd: Ax I — X is a deformation and B = d(A,1), then Cat y(-1) < Cat ,(B). 


(E.2) Let X be an ANR and AC X be closed. Show: There exists a closed nbd W' of A 
in X such that Cat, (A) = Catx (W). 


(E.3) Let X be an ANR, A C ¥ closed, and let d: A x I — X be a deformation. Show: 
There exists a deformation D: X x I — X such that D|(.A x I) =d. 
[Use Borsuk’s theorem (6.2)]. 


(E.4) (Essential ANRs) A space AI is called essentsal if there is no deformation h : 
Af x I — AI such that AJ # h(AI,1). Let AJ be an essential compact ANR such that 
M = M, x... X Mn, where each M, consists of more than one point. Show: Cat Al > n 
(Eilenberg [1936]). 

[Suppose to the contrary that Cat AI < n, i.e., there exists a decomposition AJ = A,U 
---UAn such that for each 7 € [n], A; is closed and there is a deformation d, : A, x I — Al 
with d,|A, x {1} = q; € Al. Use (E.3) to extend each d, over AI x I to a deformation 
Di ALxI— M. Letting r = (7r),....2n) € Al with x, € Al,. define a deformation 
D:MxI-—- WM by 


D(z, t) = (PD, (2, t), PeDo(z,t),.-..PanDn(z,t)), 


where P; : MI — Af; is the projection for each i € [n]. To get a contradiction, choose 
a point y = (y,---.yn) in AJ such that y; # P,(qi) for each i € [n], and show that 
y # D(x,1) for each x € MM. 


(E.5) (Schnarelmann theorem) Let Al,..., AL, be compact manifolds with each Af, con- 
sisting of more than one point and A/ = Ad, x... x Aly. Show: Cat AI > n. 
[Observe that a compact manifold is essential and use (E.4).] 


(E.6) Let T" be the n-dimensional torus (i.e., the product of n copies of S'). Show: 
CatT” > n. 
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F. Special ANRs 


Throughout this subsection, E is a normed linear space. m is a fixed integer. and 6 = 
{C;}/=, stands for a family of m subsets of E; we denote by A/(%) the smallest lattice of 
sets containing &, and by N(%’) the nerve of the family @. 

Given a multiindex J = (j1,..-. jx) with j) < --- < jp and |J| = k < m, we let 
Cy =(\{Ci |i e€ J}. 

By an m-special ANR in E is meant a closed subset C = Ure C, of E that is equipped 
with a covering {C,;}'~, by m closed convex subsets of C. 

We denote by K,, the category defined as follows: 

(i) the objects of Km are m-special ANRs, 

(ii) the morphisms from C to D are continuous maps f :C — Dsuch that f(C,) C D, 

for i € [m]. 

By a pair in Km is meant a pair (C, D) of m-special ANRs such that i: D> C' is in K;n 
and N({Ci}) = N({D3}). 


(F.1) Let (C, D) be a pair in Km and set C* = ()j2, C,. Show: If C* # @, then there 

exists a retraction s: DUC” = Z — D such that s sends ZNC; into C; for each i € [m]. 
{Using (4.2)(b), prove by induction that C* N D is an ANR, and therefore there is a 

retraction r: C* + C*N D; then s =iUr is the desired retraction of Z onto D.| 


(F.2) (Regular coverings) Let (C.D) be a pair in Km. Given any J C [m] with Cy # 0, 
we let Uy denote a closed nbd of CN D in C,. For each p € [m]. consider the covering 


ap = {Us UD|J C [m], |J| =p, (Cy = 0) = (Uy = 0)} 
of the set D, and let 
Zp =| J{Us UD | |J| =p, (Cy = 0) > (Uy = 0)}. 


We say that ap is a regular covering of D if there is a retraction sp : Zp — D such that 
Sp(ZpNC;) C C; for each 7 € [m]. Show: For each p € [m] there exists a regular covering 
Qp of D. 

{Proceed by induction on |J|, starting with |J| = m and noting that in this case the 
assertion is true by (F.1). Suppose the existence of a regular ap has been established for 
some 1 < p < m; thus, for each L with |L| = p, there is a closed nbd Uy of C, ND in 
Cy and a retraction sp : Zp — D with sp(ZpNC;,) C C, for each 7 € [m]. To construct 

a regular covering ap; of D, proceed as follows: For each J with |J| = p— 1, extend 
Sp: ZpNCy — DNCy over an open nbd Us of ZpNCy inCy toa map sy: U5, — DNC'y 
and then show successively: 

(i) The set Wy = [Cy —U{Cz | |Z] = p}}UU{UL NC, | |Z] = p} is a nbd of C}ND 
in Cy. 

If Uy is a closed nbd of CyND in Cy with Uy C Wy NU}, and ap-1 = {UyUD | 
|J| =p — 1}, then the map sp—1 : Zp-1 — D given by 


sp~1 = spU| f{sylUs | JI =p- 0 


is well defined. (If |J| = |J’] =p—1. J # J’ andz €UyNUy C Cys, then sy(x) = 
s(x); use the fact that |J U J’| > p implies that x € Ux for some A with [A] = p and 
also that sy|UK = sy: |UK.-) 

(iii) If € Uy NC, |J| = p— 1, then sp_y(zx) € C;.] 


(F.3) Let (C,D) be a pair in Km. Show: There exists an open nbd V of D in C’ and a 
retraction s: V — D such that «Vr CV 7 C, far each ¢ € [m]. 
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(Ful) Let Co € Kan. and let {O; | J Cc {l...., m}, Cy # O} be an open covering 
of Co sneh that each Oy is an open nbd of Cy. Show: There exists an open covering 
{Uy ] JC {1,....m}, Cy #0} of C such that: 

(i) Oy C On, 

(ii) if JA] > |J] and J Z AK, then (7 NU, = 9, 

(iii) UR ANC, =O for each i ¢Z NK. 
‘Proceed inductively starting from |/’] = mi: then consider [A] = m — 1 and so on. For 
[AY] = m define Ug = Oj: and note that {Uj |i] > m} satisfies (i) (iii). Suppose the 
existence of open sets Uy in C has been established for all Z with [Z| > r, for some r 
with 1 <r <m, such that {Uz | |L] > r} satisfies (i) (iii) and U{Cz | |Z] = r} Cc U{Uz | 
|Z, > r}. 

To construct {Uy | |A| > r— 1}. proceed as follows: 

(i) Fix A with [A] = 7-1 and let Ay = Cre — U{Uz | |L] = 7}; then observing 
that 4,C', = whenever j ¢ A’. choose an open nbd Vy D Ag with Vx C Ox and 
VNC, =O forj gh. 

(ii) Consider any LC {1....,«1} with |L] > LA] =r —1 and L DZ A, and choose 
) € K — L. By the inductive hypothesis applied to (Z.j). we have Up, NC, = @. so 
UF, AW 75) = 0 for some open nbd Wi7_,, of Cy: observe that Wiz. ,) is. in fact. an open 
nbd of Ay. since C') D Cr D Ay. Next define Wr = AW 5 | “ILI > |A|. |Z] DK. 
JENK-L}. 

(iii) For any A’ with |A} = r—1 fmd an open nbd Z of Ay: such that if A and k' 
are any two distinct subsets of [m] with |A’| = |A’| =r —1, then Zy NZ = 0. 

(iv) Lastly, let Up = Vag NW NZ). and show that {Up | |A| > r— 1} satisfies the 
inductive hypothesis.] 


(F.5) Let (C.D) be a pair in K,,,. Show: 
(i) There exists a retraction r:C — D such that r(C',) C C,N D for each 7 € [m]. 

(ii) D is a deformation retract of C. 

(iii) Given ¢ > 0, there exist open nbds On in E of Dy for WC {l..... m} with 
Dr #0 such that if Cy C Or for all AY, then the retraction r as in (i) can be 
so chosen that ||r(.r) — r|| < e for all rec. 

[For each AW with Dp #4 O let rx E — Dy be a retraction and On = {re E | 
lr (2) — 2|| < 2}. Define an open covering {O,:} of C by 


On = ee nc if CRC Or. 


any open nbd of Cx; in C otherwise. 


Apply (F.4) to get an open cover {Ux} of C’ satisfying (i)-(iii) of (F.4): then for each 
| canes meres m}, choose an open nbd IW", of Uz, such that Wp NC *, =0 for j ¢ L. Using 
(F.3), take a retraction s: ¥’ — D (where V is an open nbd of D) with s(V.NC,) CC, 
for all i € [m]. Define an open ubd W of D by the condition .r € W <9 ||s(.c) — 2] < € and 
s(x) € Wy if. € Uy, for some L. Choose a closed nbd W* CW of D. and take a partition 
of unity {A, Ax} subordinate to the open covering {I.(C — IW*)AUg Ji of C. Define 
R:C — Dhby Ror) = ACr)s(0) + Ve Auer) (x) (the sum is over A with Dy 4 0) and 
show that F is the desired retraction of C' onto D.] 


(F.6) Let C be an m-special ANR with (' = Uj2,C,. Show: There exists in Km a 
compact finite-dimensional nap R : C' > C! (i.e., RC, ) CC; for each i € [m)}). 
[For each JC {1,...,m} with Cy # 0, select xy € Cy and then proceed as in (F.5).] 
(The above results are due to Nusshanm 19711.) 
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G. Leray-Schauder spaces 


In this subsection, unless stated otherwise, Y stands for a completely regular space. If 
U CY is open, we let as usual #(U,Y) be the set of compact maps from U to Y, and 
Hau (U,Y) = {f € X(U,Y) | Fix(f|OU) = 0}. The relations of compact (respectively 
admissible) homotopy in %(U,Y) (respectively in #ay(U,Y)) (see (7.1), (7.5)) divide 
the above sets into disjoint homotopy classes; the homotopy class of a map f is denoted 


by [f]- 


(G.1) (Homotopically nontrivial maps) A map f in. (U,Y) (respectively in %u(U.Y)) 
is called homotopically nontrivial (written [f] # 0) provided all maps g in the homotopy 
class [f] in 2 (U0, ¥) (respectively in %y(U,Y)) have Fix(g) # 0. Show: 
(a) If f € Hau(U.Y) is essential (see (0.3.1)), then [f] #0 in %au(U.Y). 
(b) If Y is a convex set in a linear topological space, then f € Hau (U,Y) is essential 
= [f] #0 in Hay (U,Y). 
[For (a), see (0.3.3).] 


(G.2) Given X C Y and a compact homotopy h: X x I + Y, we let 
FIX(h) = {(x,t) € X x | h(z,t) = 2}. 


Let U C Y be open, g: Y — Y the constant map sending Y to up € U, andh: Ux IY 
an admissible compact homotopy with h(z,0) = g(z) for all x € U. Show: There exists a 
compact homotopy h:¥ xI—-Y such that: 

(i) FIX(h) = FIX(h), 

(ii) h(y, 0) = = upg for ally € Y 
[Observe that C = {x € U | h(z,t) = = for some t € J} is nonempty and compact; then 
using complete regularity of Y and CN QU = Q, choose A . U — I such that AJC = 1, 
NOU = 0, and verify that h: Y x IY given by 


i _ Jh(y,A(y)t) for (yt) EU x I, 
ae) es for ye Y—U, tel, 


is the required compact homotopy.| 


(G.3) Let g: Y — Y be the constant map sending Y to ug € Y Show: The following 
conditions are equivalent: 
(i) g is homotopically nontrivial, 
(ii) for each open U C ¥ containing up, the restriction g|U is homotopically nontrivial 
in au (U, Y) 


(G.4) (The fized point class 79) A space Y is called a fized point space for compactly 
nullhomotopic maps (written ¥ € #o) if every f € #(Y,Y) such that f~Oin (Y/Y) 
has a fixed point. Show: 
(a) Y € Ho = [every constant map g € #(Y,Y) is homotopically nontrivial in 
HY, Y)I. 
(b) If Y is in #o, then so also is every open subset of Y 
(c) If Y is in po, then so also is every retract of Y 


(G.5) (Leray-Schauder spaces) A space Y is called a Leray-Schauder space if for every 
open U C Y and any compact homotopy h; : U — Y such that ho is the constant map 
sending U to uo € U, one of the following properties holds: either Fix(hi|U) 4 @. or 
yo = hy(yo) for some yo € OU and 4 € (0,1'. 
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(a) Prove: For a space Y, the following assertions are equivalent: 
(i) ¥° is a Leray Schauder space. 
(ii) If ( CY is open and f € 47(U,Y) is compactly nullhomotopic, then 
Fix( f) £0. = 
(iii) If @ C Y is open, then any constant map sending U to up € U is homotopi- 
cally nontrivial in AZyu(U,Y). 
(b) Show: Y is a Leray Schauder space & Y € Fo. 
(The results (G.2) -(G.5) are due to Horvath--Lassonde [2001].) 


H. Homotopy extension property for compact maps 


In this subsection only metrizable spaces are considered, and by a pair of spaces we 
understand a pair (.Y.A) with A C X closed. A space Y is said to have the homotopy 
ertension property for compact maps if given any pair (.\,A) and a compact map f € 
# (X.Y), every partial compact homotopy hy. A — Y of f admits a compact extension 
he: X —Y such that ho = f. 
(H.1) Assume that Y’ has the homotopy extension property for compact maps. Show: 
(a) If f € .4 (YY) is millhomotopic, then Fix(f) ¥ @. 
(b) If U C ¥ is open and g € aur (U.¥’) is nullhomotopic, then Fix(g) # 9. 


(H.2) (Leray-Schauder principle) Let Y be a space having the homotopy extension prop- 
erty for compact maps, U C Y open, and let g be a constant map sending U to a point 
ug € U. Show: Any compact homotopy h; : U — Y joining ho = g and h; = f has one of 
the following two properties: 

(i) f has a fixed point in U; 

(ii) there are yo € OU and d € (0,1] such that yp = hy(yo). 


(H.3) Prove: Given a space }’, the following two conditions are equivalent: 
(a) ¥ is NES(compact metric). 
(b) For any pair (.X, A), each f € %(A,Y’) admits an extension F € #(U.Y) overa 
nbd U D> Ain X. 


(H.4) Show: Every Y that is NES(compact metric) has the homotopy extension property 
for compact maps. 


9. Notes and Comments 


Absolute neighborhood results 


Theorem (3.6) asserting that any two sufficiently close maps into an ANR are 
homotopic was proved by Dugundji [1965]. Aronszajn-Borsuk [1932] proved 
Theorem (4.2) for compact ARs, and Borsuk [1932] extended the result 
to the case of compact ANRs. The fundamental localization theorem (5.3) 
was proved by Hanner [1951]. The homotopy extension theorem (6.2) was 
established by Borsuk [1937]; this result in more special cases (for example, 
in the case of maps with compact domain into S”) was, in fact, known and 
used in the early thirties (cf. Borsuk [1931] and Eilenberg [1936]). The proof 
of the homotopy extension theorem given in the text, which uses Lemma 
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(6.1), is essentially due to Dowker. The homotopy extension theorem for 
compact maps (7.3) and its applications to fixed point results for compact 
maps in ANRs (Theorems (7.4) and (7.7)) are due to Granas and appear 
here for the first time; another direct proof (without using the fixed point 
index theory) of (7.4), (7.7) was given earlier by Horvath—-Lassonde [2001]. 

The following more special results are of importance in fixed point the- 
ory: 

(i) (Hanner-Dugundji domination theorem) Let Y be an ANR and a 
an open cover of Y. Then there exists a polytope P with the weak 
topology and maps f : Y — P and g: P — Y such that go f and 
ly are a-homotopic. 

(ii) (Bothe embedding theorem) For each n = 1,2,... there is a compact 
(n + 1)-dimensional absolute retract B') such that any separable 
metric space of dimension < n is homeomorphic to a subset of B™. 


LC” spaces 


This class was introduced in the context of compact metric spaces in Lef- 
schetz’s book [1930]. A metric space X is n-locally connected if for every 
point z € X and every nbd U of x there is a nbd V of z such that any 
f :S* —V,k <n, is homotopic to a constant map into U 

The class of n-locally connected spaces is denoted by LC”, and we let 
LC® = ()?2_, LC"; clearly, the class LC of locally contractible spaces is 
contained in LC®. 

The following result (proved by Kuratowski [1935] for separable metric 
spaces, and by Dugundji [1958] for the general case) provides a useful char- 
acterization of the LC” spaces: For a metric space Y the following conditions 
are equivalent: 

(i) Y € LC” for some n > 0, 

(ii) if A is closed in a metric space X and dim(X — A) < n+], then for 
each fo: A— Y there is an f: U — Y that extends fo over a nbd 
U of AinX. 


ENRs and finite-dimensional ANRs 


A space Y is a Euclidean neighborhood retract if it is homeomorphic to a nbd 
retract X C R”. The class of all such spaces (denoted by ENR) is smaller 
than the class of finite-dimensional ANRs, and is characterized as follows: 
A separable metric space X is an ENR if and only if it is a locally compact 
ANR with dim X < oo. For details concerning ENRs, the reader is referred 
to Dold’s book [1980]. 

Borsuk [1932] gave the following characterization of compact ENRs: If 
X C R® is compact, then Y € PNR = NX € LC. Borsuk [1935] introduced 
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the operation of attaching spaces by continuous maps and (using the above 
characterization of compact ENRs) proved the following theorem: [f f : 
A—Y° is continuous and A C X, X and Y are compact ENRs, then so 
also is the adjunction space X Us Y. J.H.C. Whitehead [1948] generalized 
Borsuk’s theorem to arbitrary compact ANRs and used the extended result 
as an effective tool in his theory of CW-complexes. 

For many years, the infinite-dimensional case remained an open problem 
until Borsuk [1948] showed that the solution is negative. He constructed a 
closed subset of the Hilbert cube that is locally contractible and that admits 
retractions onto subsets homeomorphic to S” for any n > 0. Taking the join 
of this set with a single point yields an example of a compact contractible 
and locally contractible space that is not an absolute retract. 

Borsuk’s example is constructed as follows: Regard the Hilbert cube I~ 
as the cartesian product []>~, J; of a countable family of unit intervals J;, 
and for each k = 1,2,... let Cy be the k-cube 


Cy = {xz € I? | 1/(K +1) < [z]1 < 1/k, 0 < [xz]; < l for2<i<k 


and [x]; = 0 for i > k}, 


where we write (z]; for the ith coordinate of z. Let B, ~ S*—} be the bound- 
ary of Cy, and let Bo = {x € I™ | [z]1 = 0}. Borsuk’s locally contractible 
non-ANR, is the compact subspace B = U2, B; C I*. For each integer 
N > 0 there is a retraction oy : B — By given by 


If(N+1) if fel $1/(N +1), 


[on(2)]1 = [z]1 if 1/(N + 1) < [x], < 1/N, 
1/N if 1/N < [z]1, 
wien = {fh asic 


We remark that if a metrizable and locally contractible space Y has the 
homotopy extension property with respect to the class of metric spaces, then 
Y is an ANR (Hanner [1951)). 

Generalizing Borsuk’s result of 1932, Kuratowski [1935] proved the fol- 
lowing theorem: If Y is separable metric and the covering dimension dim Y 
is finite, then the following properties are equivalent: (i) Y is LC” for some 
n> dimY; (ii) Y is locally contractible; (iii) Y is an ANR. Dugundji [1958] 
extended this theorem to arbitrary metric spaces. 


Equiconnected and locally equiconnected spaces 


A metric space Y is called locally equiconnected if there is a map A : 
U x IY, where U is anbd of the diagonal in Y x Y, such that X(a,b,0)= a, 
A(a, 6,1) = b, and X(a, a,t) — aiff?’ — VW» ¥. then Y is called equiconnected. 
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From (3.2) it follows that every ANR is locally equiconnected (and every 
AR is equiconnected). Dugundji [1965] found conditions implying that a lo- 
cally equiconnected space is an ANR. The longstanding problem of whether 
an arbitrary locally equiconnected space is an ANR was resolved in the 
negative by Cauty [1994], who constructed a metric linear space (and thus 
an equiconnected space) that is not an absolute retract: Cauty’s example 
also shows that in the statement of the Dugundji extension theorem the 
assumption of local convexity of the target space cannot be weakened. 

Cauty [2002] established recently that any compact equiconnected space 
has the fixed point property (and more generally that any compact locally 
equiconnected space is a Lefschetz space (cf. §15)). 


Neighborhood extensor spaces 


Let Q be any of the following classes of spaces: . #’ = normal. .7 = para- 
compact, # = compact, ./ = metric, %.@ = compact metric. 

A space Y is called a nezghborhood extensor space for Q if for each X € Q. 
every closed A C X, and fo: A — Y, there exists a map f : U — Y that 
extends f over some nbd U of A in X; if in the above definition fg extends 
over X, we call Y an extensor space for Q. 

The corresponding classes of spaces are denoted by NES(Q) and ES(Q), 
respectively, and their elementary and frequently used properties are: 

(i) ES(Q) c NES(Q). 
(ii) A retract of a NES(Q) (respectively ES(Q)) is a NES(Q) (respec- 
tively ES(Q)). 

(iii) An open subset of a NES(Q) is a NES(Q). 

(iv) If Q’ c Q then NES(Q) Cc NES(Q’). 


Thus various classes of NES(Q) spaces satisfy the inclusions 
NES(.%) c NES(#) c {NES(.%), NES(. 7)} C NES(.#. 7). 


We list some examples of ES(Q) spaces: 

e ES(%) spaces: (i) arbitrary products of lines; (ii) Tychonoff cubes: 
(iii) separable Banach spaces. 

e ES(#) spaces: Banach spaces (Arens theorem). 

e ES(.) spaces: (i) convex sets in locally convex linear topological 
spaces (Dugundji extension theorem (7.7.4)): (ii) polytopes with the 
weak topology. 

e ES(%) spaces: (i) ARs, (ii) normed linear spaces: (iii) complete metric 
linear spaces that are admissible in the sense of Klee [1960]. 

Using this list and the above elementary properties (i)—(iii), we obtain nu- 
merous further examples of NES(@) spaces. 
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Hanner [1951] established a number of important properties of NES(Q) 

spaces, which are analogous to the properties of ANRs given in the text: 
(i) The product of any collection of ES(Q)’s is an ES(Q). 

(ii) The product of any finite collection of NES(Q)’s is a NES(Q). 

(iit) Any local NES(-7) is a NES(-7). 

A space ¥ is called an absolute neighborhood retract (respectively an 
absolute retract) for the class Q provided Y is in Q and whenever it is 
embedded in another space of @ as a closed subset, it is a nbd retract 
(respectively a retract) of the ambient space; the corresponding classes of 
spaces are denoted by ANR(Q) and AR(Q). 

We note that AR(Q) C ANR(Q), and ANR(.@) coincides with the class 
of ANRs; it can be shown that any ANR is a NES(compact). As for re- 
lations between NES(Q) and ANR(Q) spaces, Hanner [1951] proved that 
ANR(Q) = QN NES(Q). 


Historical note 


The basic notions of the theory (retracts, deformation retracts, ARs and 
ANRs. local contractibility, adjunction of ANRs) were introduced and stud- 
ied by Borsuk [1931]; the term “retraction” was suggested by Mazurkiewicz 
and that of an “absolute retract” by Aronszajn. In the thirties the theory 
was systematically developed by Borsuk (in the context of compact met- 
ric spaces), by Kuratowski (for separable metric spaces), and by Lefschetz 
(theory of LC” spaces, fixed points for maps of compact ANRs). 

After Stone's fundamental discovery that every metric space is paracom- 
pact, the general theory of ANRs was extended to arbitrary metric spaces 
by Dowker [1948] and Dugundji [1951]; at the same time generalizations of 
the theory to more general classes of spaces (NES(Q) spaces and ANR(Q) 
spaces) were made by Hanner [1951], [1952]. Michael [1953]. and others. For 
further details, the reader may consult Hu’s book [1965], concerned for the 
most part with the general theory of NES spaces. 

The related notions of approximate ANRs were introduced by Noguchi 
[1953]. Clapp [1971], and Gauthier [1983]. The concepts of approximate 
NES(compact) spaces and of related classes of spaces appear in the lecture 
notes of Granas [1980]. 

For more details and further study of the theory of retracts the reader is 
referred to the monographs of Borsuk, Lefschetz, and van Mill. The reader 
interested in more recent. research on ANRs and related topics may consult 
the survey article by Mardesié [1999]. 
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§12. Fixed Point Index in ANRs 


This paragraph is devoted to the concept of the Leray-Schauder fixed point 
index. With the aid of the topological degree in R” and some of the geo- 
metric methods developed in Chapter II, our objective is to establish the 
theory in the setting of arbitrary ANRs. The homological part of the theory 
will be treated separately in §16, in which the Hopf-Lefschetz normalization 
property of the index will be established, and thus the entire theory will be 
rounded out. 

Throughout this paragraph, the following terminology and notation are 
used. Let X be a space, U C X open, and f : U — X continuous. We say 
that f is compactly fixed if the fixed point set Fix(f) is compact. The set of 
all compactly fixed maps f : U — X is denoted by ¥(U,X). A homotopy 
ht: U — X is said to be compactly fized if U,<, Fix(hz) is compact. 


1. Fixed Point Index in R"” 


Let U C R” be open and f : U — R” be a continuous map. Recall that 
Z(f) denotes the zero set of f. Observing that 


Fix(f) = Z(id—f) 


we will use Theorem (10.8.5) to develop an index that indicates the minimal 
number of fixed points that f must have. 


(1.1) DEFINITION. Let U C R® be open, and let #(U, R”) be the set of 
all compactly fixed maps f : U — R”. The fized point index function 
I: ¥(U, R") — Z is defined for f € #(U, R”) by 


and the integer I(f,U) is called the fixed point index of f. 


For compactly fixed maps on an open U C R” the properties of the de- 
gree for compactly rooted maps given in (10.8.5) immediately translate to 
properties of the index: 


(1) (Normalization) If f : U — R” is the constant map u +> uo with 
ug € U, then I(f,U) = 1. 


(II) (Additivity) For every pair of disjoint open Vi, V2 C U, if Fix(f) C 
V, UVa, then I(f,U) = I(f,Vi) + (Ff, V2). 


(III) (Homotopy) Let H;: U — R® be a compactly fixed homotopy. Then 
I(Ao, U) a I(f, U). 


(IV) (Existence) Jf I(f,U) #9, then f has a fized point in U. 
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Proor. D(id—f,U) 4 0, so id—f has a zero on U. O 
(V) (Excision) If V Cc U is open and Fix(f) C V, then I(f,V) = 1(f,U). 
PROOF. This is simply the excision property of degree. O 


(VI) (Multiplicativity) Let U Cc R", V C R™, and let f :U — R” and 
g:V — R™ be compactly fixed maps. Then 
I(f xg,UxV)=I1(f,U) -1(9,V). 


ProorF. It is easily seen that Fix(f x g) = Fix(f) x Fix(g), so that the 
product map f xg: U x V — R" x R™ is compactly fixed. Consider the 
map 
(x,y) + (x,y) — (f(z), 9(y)) = (iduxv -(F x 9))(z, 9) 
= [x — f(x)] x fy g(y))- 
By multiplicativity of degree for compactly rooted maps, we get 
D{[x — f(z)] x [y— 9(y)],U x V} = Diz — f(z). U] - Dly—g(y).V]. O 


The crucial property of the index, which is important in extending the 
concept to more general spaces, is that of commutativity: 


(VII) (Commutativity) Let UCR",WCR™ be open, and let f: V- R”, 
g:W — R”. Consider the maps 


gf :V=f"(W)—>R" and fg:V'=g"'(U) > R™. 
If gf is compactly fized, then so is fg, and 
I(9f,V) = 1(f9,V’). 
PROOF. Consider the fixed point sets 
Fix(gf) = {x € f-"(W) |x = gf(x)}, Fix(fg) = {y € 97*(U) | y = fo(y)} 


and observe that f : Fix(gf) — Fix(fg) and g : Fix(fg) — Fix(gf) are 
inverse to each other, and hence the sets Fix(gf) and Fix(fg) are homeo- 
morphic. Thus, if one of them is compact, then so is the other. 

Assuming that both of them are compact, we now start the proof: 


(a) I(gf,V) = I((gfz,0),V x R™). 


For (x,y) + (gfz,0) is the product of the two maps gf : V — R” and 
0: R™ — R”, and so by multiplicativity, and because I(0,R™) = 1, we 
get 


I((gfz,0),V x R™) = I(gf,V) -1(0,R™) = I(gf,V). 
(b) I((gfz,0),V x R™) = Klafr, fr) Vo. RY”), 
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For (gfx, fx) and (gfxz,0) can be joined by the compactly fixed homo- 
topy a¢ : V x R™ — R” x R™ given by 
ax(x,y) = (gfx,(1—t) fz). t € (0,1). 


Note: U,¢; Fix(at) C V x R™ is compact because it coincides with the 
image of the compact set Fix(gf) x I under the map (z,t) # (z,(1—t)fz). 


(c) I(gfa, fx), V x R™] = I[(gfz, fx),V x V']. 


For if gfx = x and y = fz with x € V = f—!(W), then gy = x shows 
y € g\(U) = V'; thus all the fixed points of (2, y) + (gfx, fx) in V x R™ 
are in a smaller set V x V’, so we can cut down the domain of consideration 
(by excision). 


(d) I[(gfz, fr),V x V'] = I[(9y, fx), V x V'). 


For (z,y) > (gfx, fx) and (x,y) + (gy, fx) can be joined by the com- 
pactly fixed homotopy H; : V x V' — R” x R™ given by 


Ai (2, y) = [((1 — to fa + toy, fz]. 


Note: Fix(H:) = {(z,y) | (1—-t)gfz+tgy= 2, y = fr} = {(z,y) | gfx =z, 
y = fx} is compact. 


Now we go down the line in the opposite direction: 
(e) I[(9y, fz), V x V'] = I[(9y, Foy), V x V'). 
We use a compactly fixed homotopy a; : V x V’ — R" x R”™, 
ax(x, y) = (gy, (1—t)fa +t fy). 
(f) I[(9y, fay), V x V’) = Il(oy, foy), R” x V’). 
(g) II(oy, foy), R” x V’] = I[(0, foy), R® x V'] = I(fg,V’). 
Thus the proof is complete. O 
We can now formulate a basic theorem: 


(1.2) THEOREM (Fixed point index in R"). Let U be any open set in R” 
and ¥(U, R”) the set of all compactly fixed maps f : U — R”. Then: 
(A) There exists a fixed point index function f — I(f) = I(f,U) for 
f € A(U,R") with properties (1)-(VI). 
(B) The function I: #(U,R") — Z is uniquely determined by the 
normalization, additivity, and homotopy properties (1)-(III). 


PROOF. The existence of the function 7 has already been established. Its 
uniqueness reduces to that of the degree, since each fixed point index func- 
tion I (i.e., a function satisfving (1) (Wij) determines a degree D; by the 
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formula D;(f,U) = I (id —f,U); specifically, it follows from (10.8.5) that 
the normalization, additivity, and homotopy properties uniquely determine 
the fixed point index function in R”. O 


2. Axioms for the Index 


(2.1) DEFINITION. Let C be a category of topological spaces and continuous 
maps, and let 


F=F(C)c{f € A(U,X)| X EC, U open in X} 


be a distinguished class of compactly fixed maps. A fized point index 
on ¥ is an integer-valued function f + I(f,U) for f: U — X in 
F which satisfies the following conditions (for V C U open, we write 
simply I(f,V) for I(f|V,V)): 
(I) (Normalization) If f : U — X in ¥ is the constant map 
Ut Ug with ug € U, then I(f,U) = 1. 
(II) (Additivity) For f € F and every pair of disjoint open Vj, V2 
CU, if Fix(f) Cc Vi UVa, then I(f,U) = I(f,Vi) + I(f, V2). 
(III) (Homotopy) If h: : U — X is a compactly fixed homotopy and 
h, € ¥ for allt EI, then I(hg,U) = I(hi, UV). 
(IV) (Existence) If f € F and I(f,U) £0, then f has a fixed point 
in U. 
(V) (Excision) If f € ¥ and Fix(f) C V for some open V Cc U, 
then f|V € F and I(f,U) = I(f,V). 
(VI) (Multiplicativity) If fi : Uy — X 1 and fe : U2 — X2 are in 
F, then so is their product fi x fo :U, x Ug — X, x X2q and 
I(fi x fe,Ui x U2) = I( fi, Ui) 1 (fe, U2). 
(VII) (Commutativity) Let UC X, U'CX' be open and f : UX", 
g : U' —+ X be maps in the category C. Consider the maps 


gf:V=fU) 4X, fg:V'=g (UV) X’. 
If both gf and fg are in F, then I(gf,V) = I(fg,V’). 


REMARK. Note that the set of properties in (2.1) is not an independent set of 
axioms for the index. For example, excision follows from additivity: indeed, if 
we take U = U; = U2 = 9, then additivity implies formally that I( f,0) = 0; 
then for f € F(U,X), if Fix(f) Cc V C U, then because the fixed points of 
f all lie in the disjoint sets V and Q, additivity gives I(f,V) = I(f,U). 

On the other hand, the excision axiom implies (IV): for if f € ¥(U,X) 
and Fix(f) = 0, then I(f,U) = I(f,@) =0. 

The interdependencies uf the uxioums will be discussed in §16. 


§12. Fixed Point Index in ANRs 309 


We now extend the index to any n-dimensional normed linear space E”. 
If U C E” is open and f : U — E” is compactly fixed, choose any linear 
isomorphism h: R" — E” and define 


(*) I(f,U) = I(h~* fh, h-*(U)). 


The commutativity of the index in R” implies that I(f,U) is independent 
of the particular isomorphism used in its definition. Properties (I)-(VI) for 
this index follow from those of the index in R”. 

Thus we may state the results of Section 1 in the following slightly more 
general form. 


(2.2) ‘THEOREM (Fixed point index in E"). LetC be the category of finite- 
dimensional normed linear spaces, and ¥ = ¥(C) the corresponding 
class of all compactly fixed maps. Then the integer-valued function 
fr I(f,U) defined for f :U — E” in (*) has properties (1)--(VI). 


We note that commutativity implies the following property of the index: 


(VIII) (Contraction) Let U C E” be open and f : U — E” a compactly 
fized map such that f(U) C L, where L is some linear subspace of 
E”. Denote by fuar: UN L— L the contraction of f. Then 


I(f,U) = I(funt,U0 L). 
ProoF. Let i: L — E” be the inclusion; then commutativity gives 


I(f,U) = I(if,U) = I(fi,e-*(U)) = I(fuon,U OL). U 


3. The Leray—Schauder Index in Normed Linear Spaces 


This section develops the Leray-Schauder fixed point index for compact and 
compactly fixed maps in normed linear spaces. In the subsequent discussion, 
given a compact map f and e > 0, any finite-dimensional €-approximation 
of f will be simply referred to as an €-approximation of f. 

We begin with a strengthened version of the Schauder approximation 
theorem (6.2.3) which, though more general than now required, is stated 
explicitly for future use: 


(3.1) THEOREM. Let X be a space, U an open subset of a normed linear 
space E,, and f : X — U a compact map. Then for each sufficiently 
small e > 0 there exists a polytope Ke C U and a finite-dimensional 
map f-: X —U such that: 

(i) Ilf(z) — fe(x)|| < € for allze x, 
(ii) fe(X) C Ke, 
(iii) fe x f. 
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PROOF. Let 0 < € < dist(f(X),0U), and let fe : X — E be an & 
approximation to f with f,(X) C E” for some n-dimensional linear sub- 
space E" C E (see (6.2.3)); by the choice of e, it is clear that fe(X) C U 
and that (i) and (iii) are satisfied. Observe now that that if W C R” is 
open and Wy Cc W is compact, then there always exists a polytope P. with 
Kk C P- C W: taking a cubical grating of R” with mesh < a/2, where 
a < dist(X, OW), and keeping only the n-cubes that meet K provides such 
a polytope. Using this observation, and the fact that E” is linearly homeo- 
morphic to R", we find a polytope A, such that f.(X) C Ke CUNE” CU; 
thus, property (ii) is also established. O 


We also state a simple general result that will be frequently used: 


(3.2) LEMMA. Let V be open in a normed linear space E and assume that 
f:V —- E is a compact map with no fized points on OV Then: 
(a) the number 
n= inf{\|x — f(2)|| | 2 € OV} 


is positive, 

(b) if 0<é< 7, then any e-approzimation f. of f is fixed point free 
on OV, 

(c) ife < 7/2, then given any two €-approximations f!, f! of f, the 
formula hy(x) = (1—t) fi(z) +t f(x) defines a finite-dimensional 
n-homotopy joining f. and fi’ without fized points on OV 


PROOF. The proof, analogous to that of (10.4.1), is left to the reader. O 


Let U be an open subset of a normed linear space E, and let f € #(U, E) 
be a compact map. Given € > 0, we let f, : U — E be an €-approximation 
of f. Take an open set V CV C U such that Fix(f) C V and note that by 
(3.2) the number 7 = inf{||z — f(z)|| | z € OV} is positive. From (3.2) and 
the definition of 7 it follows that: 

(i) if0 <e <7, then the map f.|V = g.: V — E is an €-approximation 

of g = f|V and g, is compactly fixed, 

(ii) if 0 < € < n/2 and fi, fi’ : U — E are any two e-approximations 

of f, and g. = fz|V. gf = fe \V, then hi(r) = (1—t)gi (x) + tg!(z), 
(z,t) € V xT, defines a compactly fixed finite-dimensional homotopy 
ht: V — E joining gf and g! such that each h; is 7-close to f. 
Let f € #(U, E) be a compact map and g, : V — E be an e-approximation 
of g = f|V as above. Denote by E” a finite-dimensional subspace of E that 
contains g.(V) and by 9: E" NV — E” the evident contraction of ge. 

Set I(f,V) = I(g,, BE" NV). It follows from (i) and (ii) and the homotopy 
and contraction properties of the index in E” that I(f,V) is independent 
of the choice of EB” and also of the Snite-dimensional approximation chosen. 
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Moreover, given Vi, V2 with the same properties as V, we have 
(*) I(f,Vi) = I(f, V2). 


Indeed, if Vi C Va, our assertion follows from the excision property of the 
index in &”, and the general case reduces evidently to this one. 


(3.3) DEFINITION. Let U C E be open and f € ¥(U,E) compact. We 
define the Leray Schauder fixed point index I(f) = I(f,U) of f by 


I(f) =I(f,V) = 1(gt, EX OV). 


It follows from (*) that this definition is independent of the choice of V, and 
thus I(f) is well defined. 
We may now state the first main result of this paragraph. 


(3.4) THEOREM. LetC be the category of normed linear spaces, and let F 
be the class of all compact maps f € F(U,E) for all E €C and all 
U CE open. Then the Leray--Schauder index I: ¥ — Z has all the 
properties (1)-(VII) of (2.1) provided that in (III) all homotopies are 
assumed to be compact, and in (VII) it is required that either f and 
gf be compact, or g and fg be compact. 


ProoF. With the aid of the Schauder approximation theorem (3.1) and 
Lemma (3.2), the properties of the index in E” yield in a straightforward 
manner the corresponding properties (I)—-(VI) of the Leray-Schauder index. 

As an example, we give the proof of property (III). Leth: Ux I“ E 
be a compact and compactly fixed homotopy, and let hy : U — E be the 
corresponding family of compactly fixed compact maps; we want to show 
that I(ho,U) = I(hi,U). Take an open set V C V C U such that K = 
User Fix(hi) C V, and let € > 0 be smaller than 7 = dist(K, OV). Consider 
the restriction H = h|V x I and choose an €-approximation H) :VxI = E 
of the compact map H : V x I — E with H)(V x I) C E”, where E” 
is a finite-dimensional subspace of &. We now define g : VN EB" — E” by 
gt = H!)|V mn E® and observe that because {H}*} has no fixed points on 
OV, the homotopy {9:} is compactly fixed. Hence, by property (III) of the 
index in E”, we have I(g9, VON E”) = I(g1, VN E”). On the other hand, by 
the definition (3.3) of the Leray-Schauder index, 


I(ho,U) =I(g0.,VNE"), I(m,U)=M(n.Vne£"), 


and thus the proof of the homotopy property of the Leray-Schauder index 
is complete. 

The proof of properties (I), (II) and (IV)-(VI) is similar and is left to 
the reader. 

The proof of property (VII), which is somewhat more sophisticated and 
requires some attention to Jetail. is given separately in the next section. 0 
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4, Commutativity of the Index 


In this proof we shall use the fact that the Leray-Schauder index has prop- 
erties (I), (III), (V), and (VI). 

Let E and E’ be normed linear spaces, U C E and U' C E’ be open, 
and let f : U’ — E and g: U — E’ be continuous. Consider the composites 


gf :Vi=fl(U) EF, fg:V=g*(U)E, 
and their fixed point sets 
Fix(gf) = {x € f-1(U) | x = gf (x)}, Fix(f9) = {y € 97'(U') | y = Fo(y)}- 


We note that the maps f : Fix(gf) — Fix(fg) and g : Fix(fg) — Fix(gf) are 
inverse to each other, and hence the fixed point sets Fix(gf) and Fix(fg) 
are homeomorphic; thus, if one of them is compact, then so is the other. 
Assuming that gf (and hence also fg) is compactly fixed, we are going to 
show that 


I(gf.f—*(U)) = (fg.g7*(U’')). 
We proceed in two steps. 


STEP 1 (Special case: both f and g are compact). The proof in this case 
is essentially a repetition of that in R” (Section 1); we shall therefore only 
indicate the main points, leaving the details to the reader. 

We define compact homotopies 


hit: V’xVOE'XE, 
HM:V'xE-E'xE, 
H,: E'xV-E'xE, 
by setting 
he(z,y) = (tg f(z) + (1—-t)o(y), f(z), (2.y,.theV'xV xT, 
he(a.y) = (9(y),tfg(y) + (1—t)f(x)),  (a.y,t) EV’ x Vx Z, 
)= 


OY Giga (ase) Dey). (2,y,t) €V' x Bx I, 
Fi(z,y) = ((1— t)9(y), fo(y)), (r,y,t)€ EB’ xV x1. 


Observe that Fix(ho) and Fix(gf) are homeomorphic under (z,y) > 2, 
x t+ (zx, f(x)); a simple calculation gives Fix(ho) = Fix(h;) = Fix(he), thus 
showing that the homotopies h; and he are compactly fixed. In a similar 
way, one verifies that H,; and H; are also compactly fixed. 

Further, since in view of (*) we have 


~~ 


ho=ho, My = Tull’ x hy = Aplv'x V, 
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the homotopy and excision properties imply that 
I(H,,V' x E) =I(Ho,V' x V) = I(h1) = I(ho) = I(ho) = I(h1) 
= I(Ho,V’ x V) =1(f, E' x V), 


and hence I(H,) = I(H1). 
Finally, since H, = (gf) x 0 and H; =0 x (fg), where 0 is the constant 


map y+ 0 for H; and x +> 0 for Hj, in view of the multiplicativity property 
we have I(gf) - J(0) = I(0) - I(fg), and because [(0) = 1 by normalization, 
the assertion is proved. 


STEP 2 (General case: f and gf are compact). In this case, because f is 
compact, so also is fg. Assuming as before that fg and gf are compactly 
fixed, we must show that 


I(gf, f-"(U)) = U(fg.97"(U')), 


and we begin by reducing the problem. 

First, by excision, we may assume (by taking smaller open sets if nec- 
essary) that f and g are in fact defined on U’ and U, respectively. Take 
a smaller open set O C O C U with Fix(fg) C O and set O' = f-1(O). 
Clearly Fix(gf) C O’, so by excision, our assertion will be established if we 
show that 


I(gf, f-*(O)) =1(f9,97*(0')). 
We now start the proof. Set 
m = inf {||z — gf(zx)|| | z € Of~*(O)}, 
ne = inf {lly — fo(y)il ly € 897*(0')}, 
7 = min(7, 72). 
We note that 7 > 0 by (3.2) (because (gf)|f—!(O) and (fg)|g—1(O’) are 
fixed point free on Of—!(O) and 0g—!(O’), respectively). 
Let K* be a compact set satisfying f(U’) C K* and observe that on 
f-1(O) c f-1(O) the map f has values in the compact set K = K*NO Cc U. 
We claim that 


(x*) there exists a positive 6 < 6* = dist(K,0U) such that for all y,y’ 
in U, 
[y' € Bly, 6) and y € K] = [9(y’) € B(g(y).7)]- 


Indeed, supposing the contrary, we find sequences {yn}, {y,,} with y, € K, 
y,, € U such that for everyn € N, 


(i) [lyn — rll <A Jr. (8) (rn) — Cyndi 2 0. 
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Since A’ is compact, we may assume y, — yo € K, and hence y;, — Yo 
by (i). From this and the continuity of g, we obtain ||g(yn) — g(y,) || — 9, 
which contradicts (ii); thus our assertion (#*) is proved. 

We set V5 = Uvex Bly. 6) and € = min{6/2,n/2}. Let fe : U' — E be 
an €-approximation of f and 

hi(x) =tf(r7)+(1—-Ofe(x) for (2, t) E U' x I. 

We make the following observations: 

1° Since e < 6/2, we sce that for any x € f—!(O) the values of h,(z), 
t € I, are in the convex open ball B(f(xr).6/2) C Vss2, and io hy: 
f-(O) — Vs is a compact 6-homotopy joining f, f. : f-!(O) - 

2° From 1° and (**), it follows that ghy(z), ghin (x) € B(g Hee ) for 
all xr € f-!(O) and t'.t” € I; this implies that the composition 


FAO) vs 
is a compact 27-homotopy with no fixed points on Of~'(O). by (3.2) and 
the choice of 7. 
3° In view of 2° and (3.2). we see that on f~!(O) the homotopy {ghz} 


joining gf,gf- : f~1(O) — E’ is compactly fixed, and therefore, by the 
homotopy invariance of the index, 


I(gf. f~'(O)) = 19 fe. f~'(O)). 


We now reduce the problem further. Since f.(U’) C E” ie some E” C E, 
we have f.(f~'(O)) C E" NV5, and we note that on f~!(O), gf. can be 
expressed as the composition 


f'O)S ESE, 
where f; is defined by fe and g = g|E" N Vs; therefore, 
I(9 fe, f-(O)) = 1G fe. f-"(O)). 


Moreover, since E”NVs is bounded, the map g is compact, and thus (because 


P and g now satisfy the requirements of the special case of commutativity 
established in Step 1) we get 


1G fe. f-(O)) = (f-9.9-(f7(O))). 


Comparing this with the preceding formulas and since O' = f-1(O), we 
obtain 


(x4) I(gf, f—\(O)) = I(f-9.97(0')). 


Next, on g~}(O’) C g~!(O’) consider the composition 


gO” 2. T-TMOY 2 V5. 
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Clearly, because ¢ < 7, {hig} is a compact 7-homotopy, and therefore. by 
(3.2), it is fixed point free on Og~!(O’). This implies that hig : g~!(O') — E 
is compactly fixed, and thus, by homotopy invariance, 


I(fg,9~*(O')) = I(feg.g~(O')). 


To conclude, we observe that since the values of f-g are in E" N V5, by the 
definition of the Leray-Schauder index applied to f.g we obtain 


I(feg,9~\(O')) = I(feg, 97 (O') NVs NE") = I(f2G,971(O')). 


Comparing this with the preceding formula and then with (***«) we get 
I(gf,f—'(O)) = I(fg,g7'(O')), and thus the proof of commutativity is 
complete. 0 


5. Fixed Point Index for Compact Maps in ANRs 


In this section the Leray -Schauder fixed point index is extended to compact 
maps f € ¥(U,X), where X is an ANR. The basic idea of the extension 
is to use commutativity in conjunction with the fact that every ANR is 
r-dominated by an open subset of some normed linear space. 


(5.1) DEFINITION. Let X be an ANR, U C X open, and f € A(U,X) 
a compact map. Take an open set V in a normed linear space E 
that r-dominates X. Let s: X — V andr: V — X be such that 
rs = 1x. Since the composite r—(U) = U 4 X + V is compact 
and compactly fixed (because Fix(f) + Fix(sfr)), its Leray-Schauder 
index is defined and we let 


(*) I(f,U) = I(f) = I(sfr,r~'(U)). 


This is independent of the choice of V, r, and s. Indeed, let V’ C E’ be 
another open set in a normed linear space E’ that r-dominates X, with 
s:X 3 V',r': V' — X, rs’ = 1x. Then, because the second of the 
maps sr’: V' > V, s'fr:r—!(U) — V’ is compact, and so is the composite 
(sr')(s' fr), the commutativity property of the Leray-Schauder index gives 
I((s‘ fr) 0 (sr’), (sr’)"(r7(U))) = I((sr’) 0 (s' fr), r—"(U)). 
Since (s' fr) o (sr’) = s'fr', (sr') 0 (s'fr) = sfr and (sr’)~\(r7(U)) = 
r'—(U), we get I(s’fr',r’—!(U)) = I(sfr,r—\(U)), which proves that our 
definition is independent of the choices involved. 
We are now ready to state the main result of this chapter. 


(5.2) THEOREM. LetC be the category of ANRs, and let F be the class of 
all compact maps f € F(U,X) for all X €C andU C X open. Then 
the fixed point inder I: .¥ — Z vefined by formula (*) has all the 
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properties (I)- (VII) of (2.1) provided that in (III) it is assumed that 
all homotopies are compact, and in (VII) it is required that either f 
and gf be compact, or g and fg be compact. 


PROOF. The proof consists of evident reductions to the corresponding prop- 
erties of the Leray -Schauder index. As an example, we prove property (VII). 

Let X and X’ be ANRs, let f : U'’ — X,g:U — X' be two maps, 
and assume that f and gf are compact. Let V (respectively V’) be an open 


set in a normed linear space E (respectively E’) that r-dominates X (re- 
S 


spectively X’); let X + V — X and X' ay! aed satisfy rs = lx and 
rs’ = 1x. 

Consider the maps 

sfr:r(U') Vv. s'gr: rt sr (U) 3 V' 

and note that the first of them is compact, and so is the composition 
(s'gr)(sfr’) = s'gfr'. By commutativity of the Leray-Schauder index, 

I((sfr’)(s'gr), (s'gr)~*r'-*(U")) = I((s'gr)(sfr'), (sfr’)-*r-*(U)), 
and hence, because 

(s'gr)7'r'}(U’) gas r—4gh(U’), (sfr')—4r—"(U) = poe tg), 
we have I(sfgr,r—4g—4(U")) = I(s'gfr’,r'— f-(U)). In view of Definition 
(5.1), this gives 
I(f9,g-*(U')) = I(9f, f-*(U)). 

The proofs of other properties are similar and are left to the reader. O 

We remark that commutativity implies the following property of the 
index: 


(VIII) (Contraction) Let (X,A) be a pair of ANRs with A closed in X. 
Assume thatU C X is open and f € F(U, X) is compact with f(U) C 
A, and denote by funa : UN A = A the contraction of f. Then 
I(f,U) =I(funa,U NA). 


PROOF. Note that if i: A — X is the inclusion, then both if and f are 
compact; hence commutativity gives 
I(f,U) = I(if,V) = 1(fi,i7*(U)) = T(funa, U NA). Oo 
As a special case of Theorem (5.2) we obtain 
(5.3) THEOREM. Let C be the category of compact ANRs, and let F be 
the class of all continuous maps f € F(U,X) for all X EC and all 


U open in X. Then there exists on ¥ a fixed point index function 
I: ¥ — Z with propertics (1) (VM). 0 
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6. The Leray—Schauder Continuation Principle in ANRs 


In this section, using the notation and terminology of (11.7.4), we first state 
the properties of the Leray-Schauder index in a slightly different but equiva- 
lent setting for maps in %y(U,X), where X is an ANR. Next, we establish 
a general version of homotopy invariance of the index, and with its aid we 
prove the Leray—Schauder continuation principle in ANRs. 

Let X be an ANR and U open in X. Recall that by #~(U,X) we denote 
the set of all compact maps from U to X, and by *%ay(U, X) the set of all 
maps f € (U,X) that have no fixed points on OU. Observing that for 
f € Hau(U,X) the map f|U is in F(U,X), we can use Theorem (5.2) to 
develop an index for maps in %ay(U,X). 


(6.1) DEFINITION. Let X be an ANR, U openin X, and f € %y(U, X). 
The fited point index i(f,U) of f is given by 


i(f,U) = 1(f|U, UV). 


The properties of the index for compact maps in #(U,X) immediately 
translate to properties of the index for maps in %gy(U,X), and we obtain 
the following basic theorem: 


(6.2) THEOREM. Let X be an ANR,U C X an arbitrary open subset, and 
Hay (U, X) the set of all compact admissible maps from U to X. Then 
there exists an integer-valued fized point index function f -— i(f) for 
f € Hu (U,X) with the following properties: 

(I) (Normalization) If f € #gy(U,X) is a constant map ur up, 
then i(f,U) =1 or 0 depending on whether or not ug € U. 

(II) (Additivity) If f € 4u(U,X) and Fix(f) C Uj; UU2 C U 
with U;, Uz open and disjoint, then 


(III) (Homotopy) If hy: U — X is an admissible compact homotopy 
in Hay(U,X), then i(ho, VU) = i(hi,U). 

(IV) (Existence) If i(f,U) 40, then Fix(f) 4 9. _ 

(V) (Excision) Jf V is an open subset of U and if f € Hau(U,X) 
has no fized points in U —V, theni(f,U)=i(f,.V). 

(VI) (Multiplicativity) If fi € au, (U1, X1) and fo € Hay. (U2, Xo), 
then fi x f2€ HU, xU2) (Ui x Up, X1 x X2) and 


i(fi x fo,U1 x U2) = i( fi, U1) - i( fe, U2). 


(VII) (Commutativity) Let X, X' be ANRs, let U CX, U'C X" be 
open, and let f: U + X',g: U' +X be continuous maps, at 
least one of them being compact. Define V = UN f-1(U") and 
Vl =U' Ng TU). Then: 
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(i) the maps 
gf: VX, fg: Vinx 


are compact, 


(ii) if Fix(gf) C V and Fix(fg) CV’, then 
i(of,V) =i(fg,V’). 
We list further frequently used properties of the index: 


(VIII) (Contraction) Let (X,A) be a pair of ANRs with A closed in X, 
U Cc X open, and f € Xau(U,X) with f(U) C A. Let f = forz: 
UnA — A be the contraction of f. Then f E KHauna (UN A, A) 
and i(f,U) =i(f, UNA). 


(IX) (Localization) Let f € #ou(U.X) and Fix(f) C U; UU2 C U with 
U,, Uz open and disjoint. Suppose i(f,U) 4 0 and i(f,U,) =0. Then 
Fix(f|U2) 4 0. 


(X) (Multiplicity) Let f € #u(U,X) and Fix(f) C U,; UU2 C U with 
U,, U2 open and disjoint. Suppose i(f.U) = 0 and i(f,U;) #40. Then 
Fix(f|Ui) 4 @ and Fix(f|U2) 4 9. 


We remark that the contraction property follows from the commuta- 
tivity of the index; the localization and multiplicity properties are obvious 
consequences of additivity and normalization. 

We now establish, for the index in ANRs, the general homotopy invari- 
ance property, which has numerous applications in nonlinear analysis. 

Let X be an ANR and J = [a,b] C R; if M is a subset of X x J, then 
for each t € J, the t-slice of M. written Af;, is given by 


AM, = {az € X | (x,t) € AL}. 


Let U C X x J be open and assume that U, and U, are both nonempty. We 
call OU — [(UN(X x {a})) U(UN (X x {b}))] the vertical boundary of U. 
and denote it by aU If ie 7 — X is a map, we let 


S = {(z,t)€U | f(z,t) = x}. 


For t € J, fp :U; — X is given by fy(r) = f(z, t); as usual we use the fact 
that f determines the parametrized family {f: : Us; ~ X}iey and vice versa. 
With this notation, the basic property of the fixed point index is: 


(6.3) THEOREM (General homotopy invariance). Let X be an ANR, J = 
[a,b] C R, and U open in X x J. Let f :U — X be a compact map 
such that SNOU =. Then s i(fs,Us) is a constant function on J; 
in particular, i(fa,U.,) = i(fi,.U,). 
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PROOF. We first show that s +> i(f;, Us) is a locally constant function on J. 
Fix to € J. Select an open nbd J; C J of tp and an open set Vo with 
Fix( fig) C Vo C Vo C Uj, such that Vo x J; C U. We now claim that there 
exists an open nbd Jy C Jj of tg such that: 

(a) Vo x Jo CU, 

(b) Fix(f,) C Vo for each s € Jp. 
Indeed, supposing our assertion to be false, we find a sequence (r,,tn) € 
(X — Vo) x [to — 1/n, to + 1/n] such that f(zp,tn) = tn for any n € N. 
Because f is compact. we may suppose that r, — tp € X — WV, and since 
tn — to, we obtain f(zn,tn) > f(z9,t9) = Xo € X —V; but this contradicts 
Fix(ft,) C Vo, and thus our assertion is proved. 

We remark that (a) and (b) imply Fix(f,|OVo) = @ for each s € Jo. 

Now define a compact homotopy h: Vo x Jo — X by 


h(x,t) = f(x,t) for (x,t) € Vo x Jo. 


By the homotopy property, i(hs, Vo) is locally constant in a nbd J* C Jo 
of to; 1.€., 
i( fe: Vo) = i(fip,Vo) for all s € J. 


From this, and because by (b) and excision, 


a fs, Vo) = i(fs,Us), i( ftps Vo) = 1 fio, Ur,); 


we obtain 7(f;,Us) = i(ft,,U:,) for all s € J*. Since to € J was fixed 
arbitrarily, we see that s > i(f;,U;) is locally constant on J, and thus 
because J is connected, it is constant on the entire interval. O 


To prepare for applications of (6.3), we first establish a result from gen- 
eral topology. 

Let X be a space, and let A and B be two subsets of X. We say that X 
is disconnected between A and B if there is a closed-open set K, such that 
Ac Ky, and K,NB = 9; otherwise, X is said to be connected between A 
and B. We remark that X is connected between two points a,b € X if a 
and b belong to the same quasi-component of X (the quasi-component of a 
is the intersection of all closed-open subsets of X containing a). 


(6.4) THEOREM (Kuratowski-Mazurkiewicz separation theorem). Let A 
and B be two disjoint closed subsets of a compact space X. Then one 
of the following properties holds: 

(i) there exist two closed-open subsets Ka and Ng of X such that 
X=K,UXp, AC Ka, BC Kp, and KankKg = Q, 
(ii) there is a continuum C Cc X such that CNA#OACNB. 


Proor. Assume first that X is disconnected between A and B; in this case 
if K, is closed-open in X with AC Ky, and K\nNB=49@, then Kg = X-—Ka 
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is closed-open in X with B C Ng and K4M Kg = Q, and thus property (i) 
is true, 

Assume next that X is connected between A and B; in this case we are 
going to show that property (ii) holds. For the proof we first establish that 
X is in fact connected between a certain pair of points a € A and be B. 
Supposing the contrary, given any (a,b) € A x B, we find a closed-open Nap 
such that a € Nay and b ¢ Nap. For any b € B, the open sets {Nop | a € A} 
form a cover for A, and hence compactness of A shows A C U{Nas | a € A’} 
with a finite A’ Cc A. Letting N, = U{Nap | a € A’} for b € B, we see that 
N, is a closed-open subset of X with A C Np and b ¢ Np. This implies 
that the open sets {X — N, | b € B} form a cover for B, and therefore, by 
compactness, B c [J{X — N, | b € B’} where B’ C B is finite. It follows 
readily that AK = (){N, | b € B’} is a closed-open subset of X such that 
AC K and Kh NB = 9, which contradicts our assumption. 

Thus for a certain pair (a,b) € A x B, our assertion is established, i-e., 
the points a and b belong to the same quasi-component of X. Now because 
X is compact, and in a compact space components coincide with quasi- 
components (see Engelking’s book [1989]), it follows that the component C 
of a € A must also contain b € B. Thu CN A404 CNB. and the proof 
is complete. O 


We are now ready to prove a basic theorem: 


(6.5) THEOREM (Leray-Schauder continuation principle). Let X be an 
ANR, U an open subset of X x [a,b], and let f : U — X be a compact 
map such that: 

(i) the sets BU and S = {(x.t) EU | f(z.t) = x} are disjoint, 
(ii) (fa, Ua) #0. 


Then there exists a continuum CC S joining the sets 
A=SN(X x {a}) and B=SN(X x {b}). 


PROOF. We first observe that because of (ii), (6.3) implies that A and B 
are nonempty. Suppose to the contrary that there is no continuum C C S$ 
such that ANC #4 0 # BNC. Then, since S, A, and B are compact and 
nonempty, by the Kuratowski-Mazurkiewicz theorem (6.4) we can find dis- 
joint compact sets S4,5p C S such that S = S,USp.AC S,4,and BC Sp. 
Let € < 5 dist(S A, 5B) and denote by W an e-nbd of Sg in U. Letting now 
V =U —W, we see that V is open in U and has the following properties: 
(a) S and the vertical boundary AV of V are disjoint, 
(b) Fix(fa) C Va, Fix(f,) Vs = 0. 
By excision, i(fa,Va) = i(fa,Ue) # 0, and because SN AV = @, the general 
homotopy invariance (6.3) gives i(f,.Va)-— i fn, V4) 4 0. On the other hand, 
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Fix( fo) M Vy = @ shows that i( fy, V4) = 0. This contradiction completes the 
proof. O 


We conclude this section by deriving, in the framework of index theory. 
a strengthened version of Borsuk’s theorem. 


(6.6) ‘THEOREM (Antipodal theorem). Let E be a normed linear space and 
U a bounded centrally symmetric neighborhood of the origin in E. Let 
f € Hav(U, E) be such that f(x) = —f(—x) for each x € OU. Then 
i(f,U) is odd. 


PrOooF. Let 0 < € < inf{||z— f(zx)|] | c € OU}. Using the notation of (6.2.2), 

choose a finite subset N C E symmetric with respect to the origin, such 
that f(U) C (N,e). It follows that the finite-dimensional approximation 
fe = pe f is still antipode-preserving on OU. Let E* be a finite-dimensional 
subspace of E with f.(U) C E*, and set f-= f-\UNE* Now Uk =UNE* 
is an open, bounded, centrally symmetric neighborhood of 0 in E*, and 
fe € Kay (U*, E*) is antipode-preserving on OU“, so by Theorem (10.9.2), 

because i( f,U) = 2( f.,U*) = d(I — f-,U*). the conclusion follows. 0 


7. Simple Consequences and Index Calculations 


In many problems arising naturally in analysis, ANR spaces appear as con- 
vex sets in normed linear spaces. Because of their richer structure, the prop- 
erties of the index lead to a number of further useful results. 

Let E be a normed linear space. C' a convex (not necessarily closed) sub- 
set of E, and U C C open with 0 € U. As before, we denote by %y(U.C) 
the set of compact maps f : U > C that are fixed point free on OU. 

We begin with two simple consequences of the homotopy property of the 
index: 


(7.1) Proposition. Let f,g € #au(U,C) and assume that one of the 
following conditions holds: 
(i) flOU = glaU, 
(ii) (1—t)f(z) + tg(x) # x for each (x,t) € OU x I, 
(iti) supzeau Ilf(z) — 9(2)I| < infreau |lt — f(x)I]- 
Then i(f,U) = i(g,U). 


PRooF. By (6.4.2), any of (i)-(iii) implies f ~ g in %y(U,C), so the 
conclusion follows from the homotopy property of the index. O 


We now show that i(f,U) does not change under small modifications of 
f on OU. 
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(7.2) Proposition. Let f € Hyu(U,C) and 0 <e < infregu |lzx — f(2)II- 
Assume also that g:U — C is a compact map with ||f (x) —g(z)Il < € 
for all x € OU. Then: 

(a) g € Hou(U,C'). 
(b) i(f.0) = t(g.U). 


PROOF. (a) is obvious by definition of €; (b) follows from (7.1). 0 


We now show that for some simple maps the index can be easily calcu- 
lated. 


(7.3) THEOREM. Let f € #gy(U.C) be such that 
xrZX#Af(x) forall (z,r) € OU x (0,1). 
Then i(f,U) = 1. 


Proor. Let g : U — C be the constant map r + 0 and consider the 
compact homotopy hk : U — C given by h;(z) = (1 — t)f (x) joining f 
to g. By assumption, the homotopy {h;} is fixed point free on OU, so by the 
homotopy and normalization properties, the conclusion follows. O 


(7.4) CoroLiary. Let | | be any norm in E, let f € Xau(U,C), and 
assume that one of the following conditions holds for all x € OU: 
(i) [f(z < fel, 
(ii) [F(z)L < Iz — f(z)I. 
(iii) If(2)P < Ie +12 — f(2)P, 
(iv) (x. f(x)) < (x, x), where ( . ) is a scalar product in E. 
Then i(f,U) = 1. O 


Invariant directions for compact maps 


(7.5) DEFINITION. We say that a map f € %gu(U.C) has an invariant 
direction if there are r € OU and p > O such that xr = yf(x): the 
element r is called an eigenvector of f, and the number p is a char- 
acteristic value of f. 


The following immediate consequence of (7.3) provides useful informa- 
tion about the existence of invariant directions: 


(7.6) THEOREM. Let U C C be open with 0 € U, and let f € Xu (U,C) 
satisfy i(f,U) #41. Then f has at least one eigenvector on OU with 
characteristic value pw € (0,1). 0 


Before giving examples of compact maps that have invariant directions, 
we recall some terminology. 


(7.7) DEFINITION. A convex subset W of a normed linear space (£, || ||) 
is said to be a wedge if AW < WV for all A > 0; a wedge W is proper 
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if it is not a linear subspace of E. A wedge W is called a cone if 
Wn (-—W) = {0}. 


If W C E is a wedge and o > 0, we let 
Bo={zEWw | |lzl<o}, Sp={zeEeWw||lzl=o}. Ko =S,UBy. 


(7.8) THEOREM. Let E be a normed linear space, W C E a proper wedge, 
and let f € #5,(Ko,W) be such that inf{||f(xz)|| | x € Sp} > 0 and 
Af(x) # x for all (x,r) € Sp x (1,00). Then: 
(a) a(f, Bp) = 0, 
(b) f has an eigenvector on Sp with characteristic value p € (0,1). 


PROOF. Clearly, (a)=>(b) by (7.6). To show that i(f,B,) = 0, we proceed 
in a few steps. 

Since 6 = inf {|| f(z)|| | « € Sp} > 0, we can choose a ball Bg C B, such 
that BaN f(Sp) = @. Let 


a(x) =(1+td-‘o)f(z), (2,t)€K,x J, 
and observe that {a;} is a compact homotopy from f = ao to qa, in 
H5,(Ko, W), where oy (x) = (1+ d710) f(z). 
Next select v € W with ||v|| = 1 such that —v ¢ W (v exists because W 
is not a linear subspace) and define 


(l—t)oi(z)+iv , 
A(z) = | lex (Tae (2) + te] if a(x) £0, 
if o (x) = 0. 


From the estimate 


llaa(z)I|=(L+ dT o)llf(z)l 28 on So, 


we see that {(,} is acompact homotopy joining 8p =a, to f; in #5, (Ko. W). 
Lastly, define 


v(x) = fi(xz)+2tev for (z,t)€ Ky x I 


and note that because (,(S,) C {Au | A > 0}, {2} is a compact homotopy 
joining (, to in #5,(K,,W); moreover, from 7, (K o) CW-K,g, it follows 
that Fix(7,) = 0, and hence, since f = ap ~ 71 in #5,(Ko, W), we conclude, 
by the homotopy and existence axioms, that i(f, Bp) =i(,B,)=0. O 


(7.9) CoroLLaRy. Let f € #5,(Ko,W) satisfy ||f(z)ll = Ilzll for all 
x € Sp. Then: 
(a) af, Bo) a 0, 
(b) f has an eigenvector on S, with characteristic value p € (0,1). 
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PROOF. (a) Suppose i(f, By) # 0; then, by (7.8), x = Af(z) for some z € Sp 
and A > 1, and hence |] f(x)|] > Al]f()]], giving A < 1, a contradiction; 
(a) implies (b) by (7.6). 0 


(7.10) CoroLLarRy. Let f € #5,(Ko,W) satisfy one of the following con- 
ditions: 
(i) |]f(x)|| > @ for some a > 0 and all x € Sp, 
(ii) F(z) = lle — F(x)|] for all x € Sp. 


Then f has an eigenvector on S, with characteristic value up > 0. O 
As our last example, we have 


(7.11) THEOREM. Let E be an infinite-dimensional normed linear space, 
and U an open bounded subset of E withO €U. Let f € Hau(U,E) 
satisfy one of the following conditions: 

(i) f(@U) NconvU = 9. 

(ii) there is a point ro € E — {0} such that xr # f(x) + Azo for all 
x € OU andi> 0, 

(iii) inf{||f(z)|| | z € OU} > 0 and f(x) # Ax for all x € OU and 
A € (0,1). 

Then: 

(a) uf, U) = 0, 

(b) f has at least one eigenvector on OU with characteristic value 
p € (0,1). 


PROOF. Clearly, by (7.6) it suffices to show that i(f,U) = 0. As an illustra- 
tion, we prove the assertion under hypotheses (i) and (ii). 

(i) Choose a small ball B(0.m) = B C BC U and (using the fact 
that S = OB is an AR) take a retraction r: E — E — B. Observe that 
g(x) = rf(z), x € U, defines a compact map g: U > E with g|OU = f|OU 
and g(x) #0 for z € U. Let 


o=sup{|lyll|y¢OU} and h(x) = (20/m)g(r) 


for x € U. An easy verification shows that h € #au(U, E), h(U)nU = 
and h ~ g in %ay(U. E). Thus, 0 = i(h,U) = i(g,U) = i(f.U). 

(ii) Arguing indirectly, assume that i(f,U) 4 0. For each n € N, de- 
fine fn € Xoy(U,E) by fn(z) = f(x) + nxo for x € U: observe that by 
assumption, the formula /;(x) = f(2) + tnx for (x,t) € U x I defines a 
compact homotopy joining f to f, in #gu(U, E), aud thus, by homotopy, 
i( fn, U) 4 0. Hence there exists a sequence {y,} C U with yn = f(yn)+nZ0 
for all n, implying that n[zoll = |lyn — f(yn)\| —- 00, which is impossible, 
because the sequence {yn - ffy,,)} is bounded. oO 


§12. Fixed Point Index in ANRs 325 


Localization and multiplicity results 


We conclude this section with a few simple applications of the index to 
problems of localization and existence of multiple fixed points. 


(7.12) THEOREM (Krasnosel’skii). Let E be a normed linear space, W C E 
a proper wedge, and assume that f : W — W is a completely contin- 
uous map such that for some numbers r and R withO <r < R, one 
of the following conditions is satisfied: 

(a) f(x)ll < llzll for x € S,, and || f(z)|| = Ilzll for z € Sp. 
(b) [lf(x)ll 2 Ilzl] for x € S,, and || f(z)Il < [lzll for x € Sr. 
Then f has a fized point x with r < ||zx|| < R. 


PROOF. We may assume that f has no fixed points on S, and Sp. We make 
the following observations: 
(i) if (a) holds, then i(f, Br) = 0 by (7.9) and i(f, B,) = 1 by (7.4), 
(ii) if (b) holds, then i(f, Bg) =1 by (7.4) and i(f, B,) =0 by (7.9). 
In each case, the conclusion follows from the multiplicity or localization 
property of the index. oO 


(7.13) THEOREM (Nussbaum). Let C be a convex subset of a normed linear 
space, U C C open, and f € Hay(U,C). Assume that: 
(a) there is an open set V CV CU and a conver set Co C V such 
that f(OV) C Co, 
(b) there is a point x9 € C—U such that (1 —t) f(x) + tao # x for 
all (x,t) € OU x I. 
Then f has at least two fixed points, z; € V and z2 CU —V. 


PRooF. We first calculate i(f,U) and i(f,V). Let g € Hou(U.C) be the 
constant map z + 2% € C —U. Clearly, f ~ g in %u(U,C) by (b), 
and hence, by normalization and homotopy, 7(f,U) = 0. Similarly, ifge 
Hav (V,C) is the constant map x ++ yo € Co C V, then because f = f|V € 
Kav (V, C) and (1 - t) f(z) + tyo # x for (x,t) € OV x I, by (a) we see 
that fr ~ G7 in %v(V,C); consequently, by normalization and homotopy, 
i(f,V) = i(g, V) = 1. Now, since Fix(f) C VU(U—V), our assertion follows 
from the multiplicity property of the index. oO 


(7.14) THEOREM. Let E be an infinite-dimensional normed linear space, 
V an open bounded subset of E withO € V, and U C UcV 
a bounded centrally symmetric neighborhood of the origin in E. Let 
fe KHavuau(V,E) be such that: 
(i) f(x) =—f(-2) for x € aU, 
(ii) f satisfies on OV one of the conditions (i)-(iii) of (7.11). 
Then f has at least two fixed points. r, €U and x2 € V — U 
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PROOF. By (6.6) and (7.11), the assertion follows from the multiplicity prop- 
erty of the index. O 


8. Local Index of an Jsolated Fixed Point 


In this section we define the concept of the local index, which gives informa- 
tion about the behavior of isolated fixed points. Our aim is to establish the 
basic index formula for calculating the local index for compact differentiable 
maps in a Banach space. 


(8.1) DEFINITION. Let X be an ANR, U C X open, and 2 € U an isolated 
fixed point of f € “au(U,X). The local index of xo for f is defined 
by 

J(f, 20) = i(f. Bs), 
where Bs = B(xo,6) C U is an open ball such that Fix(f|Bs) = {zo}. 


By the excision property, J(f,29) does not depend on the choice of 6. 
As an immediate consequence of additivity we obtain 


(8.2) THEOREM. If f € %gy(U,X) has only finitely many fixed points 
Z1,...,r, € U, then 


k 
i(f.U) =) | I( ft). o 


i=] 


We now calculate the local index for some simple maps. 


EXAMPLE 1. If X = R, f : R— Ris continuous and U = (a.b) C R. then 


i(F.(a48)) = 5 sen{d — F(6)] - 5 senfa — f(a)). 


provided that f(a) #4 a and f(b) # b. In particular, if f is differentiable at 
yo = f(yo) and f’(yo) #1, then 


I(f.y0) = sen St — (0) 


t=Yo 
EXAMPLE 2. IfT: R" — R” isa linear map such that 1 is not an eigenvalue 
of T, then 
J(T,0) = sgn det(I — T) = (-1)*, 


where 6 = card{z | 4; > 1} and {;}7_, are the eigenvalues of T. Indeed, 
since I — T is invertible, this follows at once by applying (10.7.3) to I — T. 


EXAMPLE 3. Let f : R" — R” be differentiable at 0 with f(0) = 0 and 
assuine that 1 is not an eigeuvalue of T = f'(0) € Y(R", R”). We show 
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that 0 is an isolated fixed point for f and 

J(f,0) = J(T,0). 
Indeed, since I — T is invertible, we have ||xz — Tz|| > 2a|.r|| for all x € R” 
and a suitable a > 0. Choose B(0,€) = Be so small that || f(x)—Tz|] < allz|l 


on B-. Then on B we have ||x — f(zx)|| > lz — Tz|] — | f(x) — Tz|] > alla]. 
showing that 0 is an isolated fixed point for f Moreover, 
f(z) - Tz|| < |lc-Tzl]| on OB. 
so Rouché’s theorem (10.8.3) gives 
J(f,0) = if, Be) = aT, Be) = J(T, 0). 

In the remaining part of this section our aim is to extend the index 
formula of Example 3 to infinite-dimensional Banach spaces and calculate 
the local index for compact differentiable maps. 

Let E be a Banach space, T € #(E, E) a completely continuous linear 
operator, and 7r(T) = {v € R| Ker(I —vT) £ 0} the set of characteristic 
values of T By the Riesz—-Schauder theory (cf. Appendix), the following 
facts are known: 

(i) Every closed interval [a,b] C R contains only a finite number of 
characteristic values of T. 
(ii) For any v € r(T) with v # 1, there exists an s € N such that 


CO 
NY” = Ker (I —vT)* = U Ker (I — vT)* 
k=1 
(called the generalized kernel of [ — vT) is of finite dimension; the 
integer m, = dimN’” is called the algebraic multiplicity of v. 
(iii) We have the splitting 
E=N’ OR’, 
where R” = Im (I —vT)§ = (\p_, Im(I —vT)* is a closed subspace 
of E. 
(iv) We have the inclusions 
T(NY) CNY with r(T|N”) = {v}, 
T(R’) CR’ with v¢r(T|R’). 
(v) Ifu,v Er(T) and p# v, then N”’ C R# 
(8.3) THEOREM. Let E be a Banach space, and T € #(E,E) a linear 
completely continuous map such that 1 ¢r(T). Then 
J(T,0) = (-1)%, 


where B is the sum of the algebraic multiplicities of the characteristic 
values of T lying in (0.1). 
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PROOF. We proceed in a few steps. 
(a) For the characteristic values 41,...,¥, € 7() (0,1), take the cor- 
responding finite-dimensional spaces V”:, and let 


N =N G---N% 


with dim = x m, = B, where m; = dim” is the algebraic multi- 
plicity of v,. 

Now, because for each 7 € [k], T(N”) C NY’ and r(TIW”) = {v;}, 
it follows that TW) C N and r(T|V) = {1,...,u%}- Since {1/v;}F-y are 
the eigenvalues of T|N with 1/v, > 1, the finite-dimensional formula of 
Example 2 applied to the nonsingular linear map (J — T)|/V gives 


(x) J(TIN.0) = d((I—T)|M. BN) = sgndet((I — T)|V) = (-1)*. 


where 2 = 4 m ; and B is the open unit ball in E. 
J= 
(b) For any j € [k], take the linear projection Q; :N” @R” — N” of 
E onto N” and the linear projection Q: E — N defined by Q = 4 Qj: 
because each @; comnuites with T, it follows that so also does Q. Now from 
(v) it follows that the linear map P = I—Q maps EF onto the closed subspace 
R= is R”s of E, which is invariant under T and satisfies 


E=N@R and (0,1)Nr(TI|R) =9. 


(c) Consider the compact homotopy H;: BNR — FR given by A;(zr) = 
(1—t)Tz for cz € BNR and joining T = T|BNR to the constant map 
xz ++ 0; because 1 ¢ r(H;|R), {H:} is fixed point free on 0(B MF), and 
therefore, by homotopy and normalization, 


(**) i(T,. BNR) =1. 


Now, by multiplicativity, 
i(T, B) = i(TIN, BONN) -i(TIR, BNR), 
and thus in view of (*) and (**) the desired conclusion follows. O 


(8.4) COROLLARY. Let T € .#(E,E) be a linear completely continuous 


map, and v a characteristic value of T with algebraic multiplicity m,. 
Then 


J((v — 6)T,0) = (—1)"" J((v + 6)T, 0) 
for all sufficiently small 6 > 0. O 
We now establish the main result of this section. 


(8.5) THEOREM (Leray-Schauder formula). Let E be a Banach space, 
U CE open, and F:U — E a compact map with F(x9) = 29 € U. 
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Assume that F is differentiable at x9 and that 1 is not an eigenvalue 

of F'(xo) € #(E, E). Then: 

(a) Zo is an isolated fixed point for F and J(F,x9) = J(F'(xg).0). 

(b) J(F, 20) = (—1)®, where B is the sum of the algebraic multiplici- 
ties of the characteristic values of F'(xo) lying in (0.1). 


PROOF. The proof of (a) is strictly analogous to that of the index formula 
in Example 3 and is left to the reader; (b) follows from (a) and (8.2). O 


9. Miscellaneous Results and Examples 


A. Essential fized points 


Let (X,d) be a metric space and f : ¥ — X a compact map. A fixed point ro of f is 
called essential (or stable) if for each ball B(x, 6) in X there exists an € > O such that any 
compact map g: X — X with d(f(z),9(z)) < e for x € X has a fixed point in B(x. 6). 


(A.1) Let (X,d) be an ANR and f : X — X acompact map. Prove: If rg is an isolated 
fixed point for f and J(f,29) # 0, then xg is an essential fixed point. 


(A.2) Let (X,d) be an AR, and (#7 (X,X),0 ey he space of compact maps f Y — NX 
with the sup metric. Let F #(X,.X) — 2° be given by I'(f) = Fix(f), where 2 
is the space of nonempty compacta in X with the Hausdorff metric. Prove: I is upper 
semicontinuous. 

[Given U C X open and fo € -# (.X, X) with (fo) C U, observe that d(x. fo(r)) > 
a > 0 for x ¢ U. Then, given any g with o(9. fo) < a/2. we have I'(g) Cc U: for if 
d(x, 9(x)) = 0 for some z ¢ U, then d(x, fo(x)) < d(x. g(r)) + d(g(z), fo(r)) < a/2, which 
is a contradiction.] 


(A.3) Let (X,d), (#(X,X), 0) and IP be as in (A.2), and let f € .#’(.X..X). Prove: 

(a) If every fixed point of f is essential, then I" is lower semicontinuous at f. 

(b) If I’ is lower semicontinuous at f, then every fixed point of f is essential: 

(c) Every fixed point of f is essential if and only if F: #(X,X) — 2* is continuous 

at f. 

(For (a), to show that I is l.s.c at f, let U C X be open with '(f)NU # @; choose 
x €I(f)NU and find an open nbd V(f) of f such that g € V(f) > Fix(g) NU # O. For 
(c), show that given € > 0, there is a nbd V(f) of f such that Fix(g)N B(x. 22) # @ for 
all g € V(f) and x € Fix(f): cover '(f) by finitely many e-balls B(z;,¢): then for each 
xi € Fix(f) find V;(f) from Ls.c., and take V(f) =) V,(f). Use (a), (b), and (A.2).] 


(A.4) Let (X,d) and (X,X) be as in (A.2). and let Ex = {f € #(X.X) | every r € 
Fix(f) is essential}. Prove: If the space X is complete, then Ex is dense in (#7 (X..X), 0). 

(Show that (”(X.X), @) is complete and then se the following theorem of Kurato- 
wski-Fort: If X is complete and I: #(X.X) - 2* is semicontinuous, then the points 
of discontinuity of I form a set of the first category (cf. Fort (1951), where a reference to 
an earlier result of Kuratowski (for separable spaces) is given).] 


(A.5) Let X be an ANR and f : X — X a compact map with Fix(f) 4 8. A component 
C of Fix(f) is called essential if for each nbd U of C' there exists a nbd \(f) of f (in 
(7 (X,X). o)) such that if g € Vif). then g hana fixed point in U’. Prove: If the fixed 
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point set of a compact map f 2X — NX has finitely many components and i(f,.X) # 0, 
then f las at least one essential fixed point component. 

{Letting {C')} be the components of Fix(f), find finitely many nonintersecting open 
sets U, with (1, CU, for each j: using additivity. find a j with i(f,U',) 4 0 and show that 
the component C, is essential] 


B. Fired points im wedges and concs 


Throughout this subsection, & is a normed linear space and W is a wedge in E: for g > 0, 
we let Ba = {7 EW | [la]] < oe}. Sp = OBy and Ng = Sp U By. 


(B.1) Let f € -45,(KeAV), and let p: B+ R¢* be any (not. necessarily continuous) 
function such that p~!(0) = {0} and p(Ar) = Ap(.r) for all \ > 0 and « € E. Assume that 
one of the following conditions holds: 

(i) p(f(r)) < max{p(r), p( f(r) — .r)} for r € Sy. 

(ii) pUF(r)) < {(nl))* + (oUF (2) — 2) E/* for ac € Sp, where k > 1. 
Show: i(f. By) = 1. 


(B.2) (Krasnosel’sku theorem) Let C be a cone in E, and let f C' — C be completely 
continuous. Assume that for some numbers r and R with 0 < r < R, one of the following 
conditions is satisfied: 

(a) r— f(r) ZC for r € S, and f(r) -—r ZC for r € Sp. 

(b) f(r) —. ¢ C for x € S; and x — f(r) €C for r € Sp. 
Prove: f has a fixed point 2 with r < ||r|| < R (Krasnosel'skii) [1960]. 


(B.3) Let WC E be a proper wedge, and let f Wo — IV be completely continuous. 
Assuine that for some nuinbers r and R with 0 < r < R, one of the following conditions 
is satisfied: 

(a) FIL < f(2) — al] for 2 € St and |[f(x)I] 2 [fall for 2 € Sp. 

(b) [[F(x)l] > [lel] for x ES, and | f(r) < (lel? + le — F(2)IP)!? for x € Sp. 
Prove: f has a fixed point x with r < |[r|] < R. 


(B.1) Let \ C E be a closed ANR, U CX x [a. 6] open with vertical boundary OU, and 
f:U — NX acompact map. Let S = {(7.d) € U | f(r.) = a}. Prove: If SaN(WU)a = 0 
and i( fa, Ua) # 0, then there exists a continuum C C S joining Sa x {a} and OU'US, x {5}. 


(B.5) Let WoC E he a closed wedge, U CW x [a.b] open, and f - UC — W completely 
continuous. Let S = {(2,A) € U | f(x.A) = xr} and assume that Sq is bounded and 
Su (OU )q = O. Prove: If i(fa,Ua) # 0, then there exists a component C C S with 
Ca #@ such that either C' is unbounded or CN (OU US; x {b}) #0. 


(B.G) Let WoC E be a closed wedge, and Iet h Wx Rt — IW be a completely 
continuous map such that A(..0) = 0 for all r € Wo Let C(I) be the component 
of S = {(r.A) € W x RE | A(x.) =r} containing (0,0). Show: C,.(1’) is unbounded. 


C. Geometric approach to the index for ENRs 


Throughout this subsection, we deal with ENRs without isolated points. We recall that 
ENRs are (up to homeomorphism) neighborhood retracts of Euclidean spaces. 

Consider compactly fixed maps f : U — X, where U is open in X and N is an 
ENR. Let .F be the set of (homeomorphism classes) of such maps. In .7 we introduce the 
following “homotopy” and “excision” relations: 
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(HTP) Let fo. fi € ¥; then 


fi HTP fie there exists a compactly fixed homotopy 
" : ht U— X such that ho = fo. hi = fi. 


(EXC) Let f:U — X and fo: Up — Xo be in .F; then 


: Xo C -X and Up is open in U. 
FEX® fo (or fo "©" f) @ | Fix( fo) = Fix(f), 
fo(x) = f(x) for x € Up. 


These two relations generate an equivalence relation ~ in .7; the equivalence class of f is 
denoted by [f], and the set of equivalence classes by FIX = #/~. 


(C.1) Let g: W —Y bein F, and let p € Fix(g). Show: 
(a) Ify: IY is a path joining y(0) = p to y(1) =. then the map hr. IV x {0} U 
{p} x IY given by 


g(x), (x,t) € Wx {0}, 


oe He (x,t) € {p} x I, 


extends to a map h.WxIay 
(b) If V Cc W is an open nbd of Fix(g), then there exists gp : W — Y in # satisfying: 
., _ HTP 
(i) 9 ™~ Gp 
(ii) gp|W -V = 9|W -V, 
(iii) gp(p) # p. 
[For (a), use the homotopy extension property. For (b), take h as in (a); then, choosing 
\:W 3 I with A(p) = 1, JW —V =0, define H: Wx I—Y by H(z.t) =h(z.tX(2)), 
and let gp(x) = H(z, 1).] 


(C.2) Let g: W— Y be in .F. and let V be an open nbd of Fix(g). Show: 
(a) There exist go, 91,---,9s : W 4 Y in F such that for each i=0,1,....5, 
. HTP 
(i) 99 ~ 9g 
(ii) g|W-V= |W -V, 
(iii) Mio Fix(gs) = 0. 
(b) There exist Urysohn functions @9.@1....,@s : ¥ — I such that g,|Fix(g,) = 1 
and o;|Y — W =0 for each i=0,1,...,5, and ming<;<s 0; = 0. 
[(a): Proceeding for each p € Fix(g) as in (C.1). obtain [Merixg) Fix(gp)] N Fix(g) = 0: 
from this, by compactness of Fix(g), get [(N—, Fix(gp, )] MN Fix(g) = @ for some py,.... Psi 
letting 9; = gp, for i > 0, take go = g to complete the proof. 
(b): For k = 0,1,...,8, choose \, Y — I with Fix(gg) = Az1(0). Ag|¥ — W = 1, 
and define o4(y) = 1 — Ax(y)/maxo<i<s Ai(y).] 


(C.3)* Let g: W — Y be in ¥, and X a retract of ¥°: form the partial cylinder AJ = 
Y x {0} UX x I with r: Mf + Y,j: Y — A given by r(y.t) = y, j(y) = (y.0). so 
rj = idy-, and consider a map in . given by h = jgr: r—1(11') — AL. Show: h and g are 
equivalent in # 

[Let Af = Mp D A, D--- D Als D M541 = Y x {0} be s + 2 subsets of AJ given for 
k=1,...,s+1 by 


My = (yt Vt st mingeatia.....on—1(y)}. 
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where 09.01.---.0. 1 ¥ 7 I are from (C.2); observe that (y,t) + (y, min{é, oo(y),-.. 
. s+ Qk-1(y)}) determines a retraction of M onto M,, and this implies (because M is an 
ENR) that each AJ; is aun ENR. For each k = 0,1,...,5+1, let 


hy = jor: My Qr7*(W) — Mg, he (y, 0) = (g(y), 0). 


aud observe that As41 = g. Prove inductively that h ~ hx, for each k: 
(i) Observe first that ho = h; then assuming h ~ hy, take the maps {9¢};—9 from 


(C.2), and note that hy = jgr me Jgonr (since g iF gx by (C.2)). 
(ii) Consider the restriction jg.7| Mia: Magi rw) Mj,4.1 and observe that 
Fix(jgnr) C {(y.t) € Af, | t = 0}; then use excision to remove all (y,t) € My with 


ae : EXC . 
t > ox(y). giving jgoxt ~ JonT|Mn+1- 


(iii) From (ii), since jgpr|An41 sr ag j9r|Mn+1 = hpi, deduce h ~ hy41, completing 
the induction and giving h ~ hs41 = g.] 


(C.4)* Let ¥' be an ENR, and X a retract of Y with X + Y % X, gi = idx. Show: If 
f:V—>X isin ¥, then sois g =ifo: o '(V) + Y, and f and g are equivalent in ¥ 

[(i) As in (C.3), form the partial cylinder AJ = .X x IUY x {0} and consider the map 
h= jor =j(ifo)r: r—19—l(V) — M; note that h ~ g as in (C.3). 

(ii) Consider the homotopy ki fer : r~'o~!(V) — M, where {kp : X + M}re7 is 
given by z+ (x,t); observe that h = j(ife)r = kof er cee ky f or. 

(iii) Since Fix(ky for) C X x {1}. excise all (y, f) with t < 5, so that X x [5 1] remains, 
and note that, with g : V x [5 1] — V being the projection, the maps ki for.kifq : 
Vx [3. 1] X x [3, 1] are equivalent in ¥ and ky fq(v. t) = (f(v).1). 

(iv) To conclude, use (i)-(iii) to get g ~ h=kofor~kifor~kifq~ f.] 


(C.5) Let A(R") = {B € ¥(R", R") | Fix(B) = {0}} and assume A is in Y(R"). 
Show: 


(a) There is a path in x joining A to the linear map determined by one of the n x n 


. 141 0 
matrices 0 ak 


(b) A is equivalent in F to one of the self-maps of R: x+> 0, x ++ 2z. 
[For (a): because J — A € GL(R"), there exists a path in GL(R") joining I — A to the 
linear map determined by one of the matrices 


+1 0 


For (b): use (C.4) and (a).] 


(C.6) Let f : V — X be any map in .?. Show: There exists an open subset U of R” for 
some n and a map g: U — R” in # such that f and g are equivalent in F. 
[Use (C.4) and the fact that X is (up to homeomorphism) a nbd retract of some R”.] 


(C.7) Given fo : Up — Xo and fi : Uj; — Xj, in F, consider their topological sum 
fo® fi :U; U2 — Xo & X1. Show: 
(a) The addition @ in ¥ is compatible with ~, and so determines an addition + in 
FIX: [fo] + [1] = [fo ® fil. 
(b) The pair (FIX, +) is a commutative and associative monoid with zero [0], where 
Q is the “empty map” 
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(C.8)* Let f -W — R” be compactly fixed. Prove: f is equivalent in FIX to a finite sum 
© fi, where each f; : V; + R” is an affine map with Fix(f,) = {7,} C Vj and such that 
x — fj(x) = L;(x) — x; for x € V; and some L; € GL(R") 

[Assuming without loss of gencrality that f is defined on W’ and that WW" is a polyhedral 
domain, modify slightly the map r — x — f(x) on W' to get a PL-generic map g, from 
(W,dW) to (R", R” — {0}); then id — gy has isolated fixed points. and id — g. ~ f. To 
conclude, apply excision to the map id — gy.] 


(C.9) (Dold theorem) Prove: 

(a) Each compactly fixed f : W — X is equivalent to a sum of maps R — R of the 
form x +> 0 or z+ 22x, and these maps add up to 0 in FIX. 

(b) The monoid FIX is an infinite cyclic group generated by ¢ = (R — R. c+ 0) = 
—(R— R. x 2z]. 

(c) The projection f + [f] € FIX gives an integer that coincides with the fixed point 
index I(f,W) of f. 

(The above results are due to Dold [1974].) 


10. Notes and Comments 


Fized point index for polyhedra and compact ANRs 


Fixed point index theory for polyhedra, due to Hopf, is classic and can be 
found in the treatise of Alexandroff-Hopf. The index for compactly fixed 
maps of ENRs, due to Dold [1965], is presented in full detail in his book 
[1972]; more general theory for compact ANRs is presented in R.F. Brown's 
book [1971]. The construction of the index in the above books is based on 
tools of algebraic topology. 


Fized point index for compact maps of ANRs 


In this monograph, the fixed point index theory for compact maps of ANRs is 
presented in two parts: the first “geometric” part makes no use of algebraic 
topology, and the second “algebraic” part described in §16 combines the 
Lefschetz—Hopf theory with the geometric part of the index. 

The index theory in a setting similar to that presented in the text was 
established in Granas [1972], on the basis of Dold’s [1965] index for com- 
pactly fixed maps in R” Closely related partial results were obtained earlier 
by Browder [1969] and Granas [1969]. 

§12 develops only the “geometric” part of the theory. Later on, in 816, 
the concept of the index will be discussed from the viewpoint of algebraic 
topology; specifically (after establishing the Hopf index theorem relating the 
Lefschetz number to the index), we will show that the “geometric” part of 
the index can be embodied in a suitably and axiomatically defined “alge- 
braic” part of the theory. We remark that the index theory presented in §12 
decomposes into two closely related parts, namely. the “J-index” for com- 
pactly fixed maps and the “/-index’ {cr maps that are fixed point free on 
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the boundary. These parts are so closely analogous that there is no need to 
treat them in full detail separatcly; the results of one almost automatically 
apply to the other. 
The presentation of the “J-index” is carried out in the following steps: 
1. Construction of the index for compactly fixed maps in R”. 
2. Extension to compact and compactly fixed maps in normed linear 
spaces (the Leray Schauder index). 
3. Extension to compact and compactly fixed maps of ANRs, based on 
the conimutativity of the Leray-Schauder index. 


Jean Leray, 1953 


Steps 2 and 3 closely follow Granas [1972]. Step 2 relies on the degree 
for compactly rooted maps in R” (§10). The proof of the commutativity of 
the index in R” (Section 1) is due to Dold [1965]; also, the argument in the 
first part of the proof of the commutativity of tle Leray--Schauder index is 
analogous to the above proof. A special feature of the entire development is 
that the index for compact ANRs and the index for compact maps of ANRs 
are both derived as simple corollaries of the Leray-Schauder theory. 


We remark that the index theory for compact maps of ANRs appeared first (see the 
lecture notes of Granas [1969 1970)) in the following somewhat less general setting: 
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Let s/ denote the set of all triples (.Y. f.U), where X is an ANR. U C NX open, and 
f :.X — X acompact map with Fix( f|OU) = @. Then there exists on «/ an integer-valued 
function (X, f,U) > ix(f,U) satisfying: 
(I) (Strong normalization) If U = NX. then ix(f.X) = .\(f). where .1(f) is the 
generalized Lefschetz number of f. 
(II) (Additivity) If (X.f,U) € «f and U;,U2 C U are disjoint, and f has no fixed 
points in U — U; UU9, then ix(f.U) =ix(f.U1) + ix(f.U2). 
(III) (Homotopy) If hk X — N is a compact homotopy and Fix(h;|OU) = @ for 
té I, then 7x (ho.U) = ix(hi.U). 
(IV) (Commutativity) If X,Y are ANRs and f :.¥ —¥ g:¥ — NX are maps such 
that either f or g is compact, then 7x (gf.U) = i(fg.g—'(U)). 
The proof of this theorem relies on the index theory for compact ANRs and on the fact 
that ANRs are dominated by polytopes with weak topology. 


Kuratowski-Mazurkiewicz separation theorem 


Theorem (6.4) is of importance in the fixed point index theory and its appli- 
cations. It was initially attributed to G.T. Whyburn ( Topological Analysis, 
Princeton Univ. Press, 1958; see, for example, Rabinowitz [1971]). Later on. 
J.C. Alexander [1981] pointed out that the result can be traced back to the 
early days of point-set topology and is contained in Kuratowski’s monograph 
[1968]. In Chapter V of that book, Kuratowski introduces for a space X the 
following property: 


(M) If A,B Cc X are closed and X is connected between A and B, then 
X is also connected between a pair of points a € A and be B. 


He attributes the notion to Mazurkiewicz (CRAS Paris 151 (1910), p. 296). 
and proves that: 
(i) If X is compact, then X has property (MM). 
(ii) If X has property (M), then its components coincide with its quasi- 
components. 
The argument to establish (i) (which is also given in the proof of (6.4)) is 
strictly similar to that used in the above mentioned note of Mazurkiewicz. 


Index for k-set contractions and for condensing maps 


The fixed point index has been extended to wider classes of maps. We outline 
two such extensions: to the classes of k-set contractions and condensing 
maps. 

Let C be a closed convex subset of a Banach space FE. Recall that the 
Kuratowski measure of noncompactness of X C C' is defined by 


a(X) = inf{d > 0 | X has a finite cover by sets of diameter > 0}. 


The main properties of a are: 
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(I) If {A,} is a descending sequence of nonempty closed subsets of 
C‘ such that a(A,,) > 0, then Ax, = (1V72, An is nonempty and 
compact and each nbd U of A,, contains all the A, with sufficiently 
large n. 

(II) a(A) = 0 if and only if A is compact. 
(III) a(Conv(A)) = a(A) for all bounded A Cc C. 
(IV) a( AUB) < max{a(A),a(B)} for all bounded A.B CC. 


DEFINITION. Let X.) CC’, f : X — Y be continuous and k € (0,1). 
(a) f isa k-set contraction if a(f(A)) < ka(A) for all bounded A C X. 
(b) f is condensing if a( f(A)) < a(A) for all AC X with a(A) £4 0. 


We now describe the definition of the fixed point index for k-set contrac- 
tions. The key result here is the following: 


LemMA. Let U be a bounded open subset of C and®:U —C be ak-set 
contraction. Then: 
(i) there exists a compact conver C'x, C C such that BUNC') C Coxe. 
(ii) there exists a compact map F : U — Cy, extending the restriction 
DU : UNC» + Cy and satisfying Fix(F) = Fix(®): any two such 
extensions are homotopic via a compact homotopy Hy : U — Cy 
such that Fix(H;) = Fix(®) for eacht € I. 


PROOF. Define inductively a descending sequence C; D C2 D --- of closed 
convex sets by setting 


C, = Conv($(U)), CG, = Conv(G(U N Cn_1)). 


Letting Cy, = (7, Cn and using 6(UNC,_1) C Cy gives (UNC) C Cx. 
Because © is k-set contractive. a(Cn) < ka(Cy-1) < k"~'a(C)). and as 
kr € (0,1), (1) shows that C, is compact. 

Now. 6: UNC, — Cx extends to F : U — C,.. since C’,. is convex, and 
F is compact. since C,, is. If r = F(x) for some x € U. then r € UNC. so 
v= F(x) = D(x), and thus Fix(F) = Fix(®). Now assume that G : U — C3. 
were another such extension and define a compact homotopy H; : U > Cx 
by Ay(r) = (1—-t) F(x) +tG(2): if x = A;,(r) for some r € U andsomet € I. 
then r € UNC, and therefore r = F(x) = O(.r), i-e.. Fix(H;) = Fix(#) 
for all t € I. O 


The Leray-Schauder fixed point indices i(F,U). i(G,U) are the same, 
and we define i(@,.U) = i(F\U). 

It can be shown that 2(%,U) satisfies the main axioms for the index on 
the set of k-set contractive maps. In particular, it is also unique. 

Let now F : U > C be a condensing map with Fix(F) C U. Take 0 < 
6 < dy = inf{||z — F(z)|| | « € OU} (do > 0 because x + x — F(z) is a closed 
nap); select any ro € U and set F,(r) — (1 —t)29 + tF(z) for z € U and 
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t € I. Now choosing to sufficiently close to 1 so that ||F;,(x) — F(z)|] < 6 for 
all z € OU, note that F;, : U > C is a k-set contraction with Fix(F;,) C U. 

We define i(F,U) = i(F;,,U). It can be verified that the definition is 
independent of the particular tg, chosen and that i(F,U) satisfies the 
main axioms for the index on the set of condensing maps that are fixed 
point free on OU. In particular, it is also unique. 

For details and more general results about the index for condensing maps 
(and the related notion of degree) see Nussbaum [1971], [1972a,b], [1977], 
Borisovich-Sapronov [1968], and also Nussbaum’s lecture notes [1985] and 
Krawcewicz’s book [1997], where further references can be found. 


Indez for compact Kakutani maps 


The index can also be extended to compact Kakutani maps. Let C be a 
closed convex set in a normed linear space E, and let U C C be open in C. 
As before (cf. (11.7.5)), we denote by #ay(U,C) the set of all compact 
maps f : U > C that are fixed point free on OU; recall that Zay(U,C) is 
equipped with the relation ~ of homotopy, and we let tay(U.C) denote the 
corresponding set of homotopy classes. 

Let Hau (U,2°) be the set of all compact Kakutani maps S : U — 2° 
that are fixed point free on OU. Recall that two Kakutani maps $,T € 
Hay(U,2°) are called homotopic (written S ~ T) if there exists a map 
H € Hauxr(U x I, 2°) with H(x,0) = Sx and H(z,1) = Tx for all x EU. 
The homotopy relation ~ is an equivalence relation in Kau (U, 2°). We 
denote by [S] the equivalence class of S in %y(U.2°) and by au (U, 2°) 
the corresponding set of homotopy classes. 

The extension of the index to compact Kakutani maps relies on the 
following theorem: 


THEOREM. Let U be an open subset of C. Then the map T : may(U.C) > 
Tau (U,2°) defined by [f] > [f]] is a bijection. 


The proof of this theorem can be carried out with the aid of the approx- 
imation results (7.8.2) and (7.8.3). Starting off with S € Zay(U, 2°), we 
select a map f € “gy (U,C) satisfying [f] = [S] and define 


ind(S,U) = i(f,U). 


By the above theorem, this is independent of the choice of f and turns out 
to satisfy analogues of the index axioms; again, they uniquely characterize 
this index. 

For details about the index for compact Kakutani maps (and the related 
notion of degree) see Granas [1959], Hukuhara [1967], Cellina—Lasota [1969], 
Borisovich et al. [1969], Ma [1972], and Geba et al. [1959]. 
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§13. Further Results and Applications 


This paragraph is devoted entirely to illustrating various uses of the fixed 
point index. We begin with two direct and significant applications of the 
index, first to establish some general bifurcation results in ANRs, and second 
to nonlinear partial differential equations. Then, among other applications, 
we derive the Leray Schauder degree theory for compact fields in normed 
linear spaces, and using the degree, we establish some generalizations of the 
Borsuk theorem. The last section develops the Leray-Schauder index for 
compact maps in locally convex spaces. 


1. Bifurcation Results in ANRs 


Numerous questions, ranging from nonlinear Sturm Liouville problems in 
ordinary differential equations to eigenvalue problems for elliptic partial 
differential equations, reduce in a natural way to the study of solutions of 
equations of the form 


(*) x = F(z, A), 


where z is an element of a Banach space E, X is a real parameter, and 
F:Ex R- E is a completely continuous map with F(0,A) = 0; note 
that («) has the line {(0,A) | 4 € R} of solutions, which are called the 
trivial solutions of the problem. The solutions of interest are those in the set 
N = {(x,A)| x2 = F(z, A) and x # 0}; a point (0, Ao) is called a bifurcation 
point of the problem if it belongs to the closure of V in E x R. In general 
terms, bifurcation results are concerned with changes in the structure of the 
sets of solutions of x = F(z, A) as the parameter \ varies. 

In the first part of this section our aim is to present the geometric part of 
the theory, leaving analytic aspects aside; in the framework of ANRs, with 
the Leray-Schauder index as a basic tool, some local and global bifurca- 
tion results are developed. The section ends with applications to bifurcation 
results in Banach spaces. 

We begin with some notation and terminology. 

Let X be a space, J C FR an interval, and let F : X x J — X bea 
map. For each t € J we let Fy : X — X be given by F,(.r) = F(x.t); we 
shall repeatedly use the fact that F determines the family {F; : X > X}tes 
of maps and vice versa. Throughout the entire section, by {(X.d);po9} we 
denote a noncompact based ANR with a “base point” po € X, and by 
J = (a, 3) a fixed open interval in R. For r > 0, we let B, = B(po,r) and 
Kh = K(po,7r) be open and closed balls in X, respectively. In the product 
X x J we introduce a metric o by 


o((2, 5), (y.#)) = d(v.y) + |s — tl; 
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ifU Cc X x J and t € J, then the t-slice of U, written U;, is defined by 
U; = {x € X | (x,t) € U}. 


(1.1) DEFINITION. Let {(X,d); po} be a based ANR, J = (a, 8) C Ropen, 
and let F': X x J — X be a completely continuous map. 
(a) A subset A C J is called a singular set associated with F ig: 
(i) A is finite or countable, 
(ii) for any closed Jo = [a, b] C J, the intersection AN Jp is finite, 
(iii) for any closed Jo = [a,b] C J — A, there is a ball Be = 
B(po,€), with a sufficiently small radius e = e(Jo) > 0, for 
which 


Fix(Fi) N Be = Fix(F;|Be) = {po} for all t € Jo. 


(b) The map F (or, equivalently, the family {Fy : X — X}iey de- 
termined by F’) is said to be allowable if it is equipped with a 
singular set A = Ar. 


From now on, we assume that ((X,d);p9) is a based ANR and that 
F:X x J — X is a completely continuous allowable map with singular set 
Ar; we call elements of Ar singular points for F. 


(1.2) PROPOSITION. Let Ao € Ar, and let Jo = (a,b) C J be such that 
Ar N Jo = {ro}. Then: 
(i) for each t € Jo — {Ao}, there exists an r(t) > O such that 
Fix(Fi|By ey) = {po}; 
(ii) i(Fi, Bey) is constant fora <t< Ao, 
(iii) i(Fi, B-yy) is constant for Ay < t < b. 


PROOF. (i) is evident; with the aid of the general homotopy invariance and 

excision property of the index, we see that (ii) and (iii) follow at once from 

Definition (1.1). 0 
We now consider the equation 

(x) Fi(z) = F(z,t) =2 

and look for its solutions (z,t) € X x J; note that Fi(po) = po for each 

t € J, so the points (x,t) € Tr = {po} x J form the set of trivial solutions 

of (x). 

(1.3) DEFINITION. A point (po, Ao) is called a bifurcation point of (*) 
provided for any open nbd U of (po, Ao) in X x J there exists (x,t) € U 
such that x € Fix(F,) — {po}. The set of bifurcation points is denoted 
by Br; clearly, if (po, Ao) € Br, then Ao € Ar. 


We let Vr = {(2,t) € X x J | x € Fix(F) — {po}} be the set of 
nontrivial solutions of (x). and let Se be the closure of Nr: note 
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that Be = Tp Sp, and thus the only trivial solutions in Sp are 
bifurcation points. 


(1.4) PRoposiTION. If Ao € Ar and (po,A0) ¢ Br, then the fixed point 
index i(F;, B,t)) is constant in a certain nbd of ro. 


PROOF. Indeed, if (79.0) ¢ Br, then for some nbd V of (po, Ao) in X x J we 
have VN Nr = 0; from this, by (1.2) and the general homotopy invariance 
of the index, our assertion follows. 0 


(1.5) DEFINITION. Assume that Ap € Ar, Jo = (a,b) C J and r(t) > 0 are 
as in (1.2). Select ¢,;, to such that a < tf; < Ap and Ag < te < b. We 
define the bifurcation index (Ao) of the family {Fi }:ey at Ao by 


I'(Ao) = i(Fi,, Bre.) = i(Fi., By(t2))- 


In view of (1.2), it is clear that the definition of I'(o) is independent of the 
t, and tg chosen as above. Furthermore, r(t;), i = 1,2. in the definition can 
be replaced by any 6 > 0 such that Fix(F;,|Be) = {po}, i = 1,2. 

A sufficient condition for a point to be a bifurcation point is given in the 
following: 


(1.6) THEOREM (Local bifurcation). Jf 49 € Ar and I'(Ao) # 0, then 
(Po, Ao) zs a bifurcation point for (*). 


ProoF. This is an immediate consequence of (1.4) and (1.5). 0 


Let C Cc X x J be a compact component of Sr with CN Br # 0. 
By the compactness of C, we see that CM Br consists of a finite number 
of bifurcation points (po, A1),.---, (Po. An). We let Ap = {Aj,.-.,An} and 
assume Ay <... < Ax. 


(1.7) DEFINITION. Let C C X x J be a compact component of Sr with 
CNBr = {(po,A1),---,(Po.Axn)}- A bounded open subset U of X x J 
is called a special neighborhood of C' provided: 

(i) CCU, 
(ii) there exists a positive 7 = nc such that for each A; € Ap = {A,; | 
j € [K]}, we have Ap N (A; — 7,4, +7) = {,}, 
(iii) Te NU CU. {po} x Ai -— 7A. +7), 
(iv) if2 = F(z,t) and (z,t) € OU, then x = pp and t € (A;—7, A3++7) 
for some A; € Apo. 


The proof of the main result of this section is based on the following 


(1.8) Lemma. Let C Cc X x J be a compact component of Sr with bi- 
furcation points (po, 1),---,(Po,Ax)- Then C admits a special nbd U 
satisfying: 
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(i) there exist 7*,r > 0 such that n* <7 and 
k 
UK x Di -n" de + 0°) CU, 
i=1 
(ii) Fix(F:|A,) = {po} whenever n* < |t — d;| < 7, 
(iii) there exists a closed interval [a,b] C J such that if (x,t) € U, 
thena<t<b. 


PROOF. We first select a closed interval [a,b] C J such that (z,t) € C 
implies ¢ € (a, b), and let 
€&o = dist( Ap, Ar - Ao), 
€, = min{min{t € R | (z,t) € C} —a, b— max{t € R| (z,t) € CH}, 
&9 => min{A;41 —; | ~1E [k = 1}}. 
Let 0 < 7 < min{€o, €1, €2} and 
B, = {(2,t) € X x J | ol(x,t), (pos) < 1/2} for ie (kl, 


and let 
25 = {(x,s) EX x J | o((z,s),C) < 5} 


be the open 6-neighborhood of Cin X x J with 
k 
6 < min {n/2. dist (c- U B;, {Ao} x )}. 
i=1 


We make the following observations: 

(a) Ao = {Ai | ¢ € [A]} C (a, 4), 

(b) Ar M User Di —7, ri + 7] = Ao, 

(c) Tp 1 Bs C Ui, {{p0} x (i — 7, i +0) }s 

(d) (x,t) € 5 implies t € (a, 6). 
We now apply the Kuratowski-Mazurkiewicz separation theorem (12.6.4). 
Consider the compact subset K = 25 Spr of X x J and its closed disjoint 
subsets A = C and B = 025;N Sp. Because 025M C = @, there is no con- 
nected subset of K joining A and B, and hence K is disconnected between A 
and B. By the Kuratowski-Mazurkiewicz theorem we can find two disjoint 
closed subsets K,4 and Kg of K such that 


A=CcCK,g, B=ON53NSrFCKp, K=Ky,UKg. 


Because K 4 and Kg are compact and disjoint, there exists an open nbd U 
of C in X x J such that U C 25, UN Sp =90, anda <t <b for (z,t) EU. 
By construction it is clear that U is the desired special nbd of C. O 


We are now ready to establish the global bifurcation theorem: 
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(1.9) ‘THEOREM (Rabinowitz Nussbaum). Let {(X,d):po} be a based ANR 
and F : X x .J — X a completely continuous allowable map. Let C 
be a compact component of Sp containing a bifurcation point of (*). 
Then: 

(A) if (m9,A) € CN Be and (A) # 0, then C contains another 

bifurcation point of (*), 

(B) if CNBr = {(po,A1),---s (Bo. Az) }, then aa P'(A;) = 0. 
PROOF. Because (B)=>(A), it is enough to prove (B). We first select a special 
bounded nbd U of C satisfying (i)-(iii) of (1.8). The proof will be carried 
out in a few steps: 


STEP 1. We fix A; € Ap and let D, = X x [Aj — 9,A; +9] be a “strip” in 
X x J determined by (;, 7). We define an open subset O C D, as the union 
O=VUW, where 

V=B,x[Pi-nArty] and W=D;NU. 
We claim that 


(1) Fix(F;|(00)s) = for eachteé [Ai — 7,4; +7]. 


Supposing the contrary, i.e., F;(x) = x for some x € (80):, we may have 
either (a) x € (OU);, or (b) x € OB, and t € [A; — 4, A; + 7]. In the first 
case, x must coincide with po, implying x € O;, which is impossible; and in 
the second case, from 7* < |t — A;| < 7 and the construction of U, it follows 
that x = po, and from |f — ;| < n* that z € (OU),; thus our assertion (1) is 
established. 

Because of (1), by applying the general homotopy invariance of the index 
on [A; — 7, A, + 9]. we have 
(2) i(F),-n, O),=n) = UF), +n. O),+n)- 
Next, by the additivity property we get 


U(Fy,-n O),-n) ar (Fy, —n, Uy, -n) + (Fy, B;), 
#(Fy, 49: Or, 40) = UF, 40, 0,40) + UPd, 40, Br). 
Now from (2), (3), and Definition (1.3) we obtain 

(4) P(Ai) = (Fa, 40, Uy, +n) — i(F),-n, Uy, -n): 
Because 4; was fixed arbitrarily, (4) holds for any 7 € [A]. 


(3) 


STEP 2. We now consider a pair of consecutive clements A; < A;41 of Ap. 
Because (Aj, A341) M Ap = 8, we have 


(5) Fix(F,|(OU)-) = @ for? eo PX) bm, Ajai — a]. 
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It follows from (5) and the general homotopy invariance of the index that 
(6) UP u.—n U),41-n) mS (Fy, +n, Uy, +n). 


Because the pair A; < 341 was fixed arbitrarily, (6) holds for any j € [k—1]. 
For convenience, we now set a; = i(Fy,47.U),4n), 0: = i(Fy,-n. Ud, -n) 
and observe that from (4) and (6) we obtain 


aj—b; =I(A;) for each z € [A], 
a;=b;41 for each j € [k — 1], 


and therefore 


k 
S— Pi) = S-(ai — bj) =a, — by 


i=1 i=1 
= (Fy. 40 Ud,.+n) = i(F, —) U),—n): 


STEP 3. To complete the proof we only need to show that a; = 0 and 
b, = 0. To show that a, = 0, we apply the general homotopy invariance 
property to the set UM (X x [A, +7, b]). Since there are no solutions of (*) 
on OUN(X x [Ax +7, 5]) by (1.7) (iv) and U, = @ by (1.8)(iii), it follows by the 
general homotopy invariance that 0 = i(F),47,U),4) = ax. The argument 
for b; = 0 is similar, and thus the proof of the theorem is complete. O 


We now consider two examples: 


EXAMPLE 1. Let FE be an infinite-dimensional Banach space, and let F : 
Ex R— E be acompletely continuous map with the following properties: 


(A.l) F(z,A) = ATx +(z, A) for (z,A) Ee Ex R, 

(A.2) Tis linear and completely continuous, 

(A.3) — limyay—o l\w(z, A)||/|]z|| = 0 uniformly in each [a,b] C R, 
(A.4) F(0,A) =0 forrA€E R. 


Let r(T) be the set of characteristic values of T. Using the terminology of 
(1.1), we show that F with (X;po) = (2:0), J = R, and Ap = 7(T) is 
allowable. To see this, it is enough to observe that r(T)) satisfies (a) of (1.1): 
(i) and (ii) of (a) are obvious, and since for every p ¢ r(T), (I — pT) 
exists, it is easily seen that properties (A.1)-(A.3) of F imply that (iii) of 
(a) is also satisfied, so the assertion follows. 

EXAMPLE 2. Let F be as in Example 1. We show that if v € r(T) is 


a characteristic value with algebraic multiplicity m,, then the bifurcation 
index I'(v) of {Fi}rer at v is given by 


_ JO — ifm, is even, 
Pv) = { +2 if mm, is odd. 
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To see this, take a small interval Jo = (v—7,v-+7) with JoNr(T) = {v} and 
choose a 6 € (0,7). By (1.2), for each t € Jo — {v}, there exists an r(t) > 0 
such that 


Fix{FilBrcy} = {0}, 
J(FL-s,0) = i(Fi, Byty) for all t € (v — 9, v), 
J(Fv46.0) =i(Ft, Bry) for all t € (v,v +7). 
This, in view of Definition (1.5) and (12.8.5), gives 
= J(Fy-5,0) — J(Fv46,0) = J((v — 6)T, 0) — J((v + 6), 0), 
and now the desired assertion follows from (12.8.3). 
We are now in a position to establish the following basic 


(1.10) THEOREM (Krasnosel’skii-Rabinowitz). Let E be a Banach space 
and F: Ex R— R be completely continuous such that 
(i) F(x,A) =ATxz +w(z, dA) for (x,A) €E E x R, 

(ii) T: E — E is linear and completely continuous, 

(iii) w(x, A) = o(||z|]) as 2 > 0 uniformly in X in each interval (a, b). 

Assume that v € r(T) has odd algebraic multiplicity. Then: 

(a) (0,v) ts a bifurcation point, 

(b) #f C is a component of Sr with (0,v) € C, then either C is 
unbounded or C contains another bifurcation point of (*), 

(c) if C is compact and if CN Br = {(0,™),...,(0,u%)}, then 
Mie Tvs) = 0, 

(d) the number of characteristic values v, € r(T), i € [k], appearing 
in (c) and having odd algebraic multiplicity is even. 


PROOF. In view of Examples 1 and 2, assertions (a)-(c) are immediate 
consequences of (1.6) and (1.9). 

(d) Because in the sum ys I'(uy;,) = 0, the nontrivial terms ['(v;) = +2 
involve only the 1; € r(T) having odd algebraic multiplicity, their number 
must be even. O 


2. Application of the Index to Nonlinear PDEs 


Partial differential equations of elliptic type (both linear and nonlinear) arise 
naturally in physics, geometry, and various other branches of mathematics; 
many basic questions in those fields appear as Dirichlet problems, and the 
existence proofs combine analytical and topological techniques. The ana- 
lytical parts of these proofs are usually very complicated, and will not be 
treated here; we concentrate only on the topological aspects. 
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a. Nonlinear Poisson equation 


Let 2 be a bounded region in R” having a smooth boundary, D; = 0/02;, 
and let A = )°;_, D? be the Laplace operator. Consider the homogeneous 
boundary value problem 


Au = f(z,u, Du), 
(Fa) { ulO2 = 0. 


It is well known that the Banach spaces C*({2) are not sufficient for studying 
this problem. Indeed, let C? = {u € C?(22) | ulO2 = 0}; then, although the 
Laplace operator A : C? — C(£) is continuous, it is not surjective: for 
a given f € C(2), the solution of the linear Poisson equation Au = f, 
ul|O2 = 0, may not exist in C?(). 

The function spaces that provide an appropriate setting for this and 
more general problems are the Hdlder spaces. To recall the definition we 
introduce the notation: for each ordered set p = (p1,..-,Pn) of nonnegative 
integers, put 

all 


: Oxt" ”Oabr’ 
[p| = >>, Pi is called the order of D?. With this notation, the Hélder space 


Ckte( 92), where k > 0 is an integer and 0 < a < 1, is the Banach space of 
all uw € C*(2) for which the Hélder norm 


pP 


|DPu(x) — DPu(y)| 


llullkta = sup |D?u(z)|+ — sup 
. Ipl<k, cEN IplI=k, c#y jz — y|* 
z,yeENn 


is finite. For example, C%(22) consists simply of the Hélder continuous func- 
tions with exponent a on §2 and with the norm 


|u(x) — u(y)| 
|x — y|@ 


Ilullo + sup , 
ry 
where || |p is the supremum norm on 92. 

The Hdlder spaces are related as follows: ifk +a > 1+, then the 
embedding j : C*+* — C'+* is completely continuous (i.e., the image of the 
ball |lullnra < M in C*+ is relatively compact in C'+® for each M > 0). 

Moreover, the new setting overcomes the above difficulty with the linear 
Poisson equation: on the space C2** = {u € C?+?(2) | ulOQ = 0} the 
Laplace operator A : Care — C*% is a bijective linear map for each a € 
(0,1), and hence by the inverse mapping theorem it is an isomorphism. 


(2.1) THEOREM. Assume that ut f(x,u,Du) determines a continuous 
map F : C}+® — C® such that {Fuy.. <M for allu € C'¥® and 
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some M < oo. Then the boundary value problem (#a) has at least 
one solution u € Gao 


PROOF. Starting with A: C2** — C® and the embedding j : Cgt® = 
C}!+°, we have to show that Au = Fju has a solution; we convert this to 
the equivalent fixed point problem for the operator FjA7! : C* — C*. 
Since j is completely continuous and F is bounded, we sce that the map 
jAF : C+ = C'* is compact; so by Schander’s theorem, it has a fixed 
point. This clearly implies that F7A7' also has a fixed point, and thus the 
desired conclusion follows. O 


b. The equation Lu = f(z, u, Du) 


Bounds for the solutions of a differential equation (linear or nonlinear) which 
are obtained under the sole assumption that the solution exists are called 
a priori bounds. Following the pioneering work of Bernstein, Schauder de- 
veloped a technique for solving the Dirichlet problem for a linear elliptic 
equation that involves establishing a priori bounds in Holder spaces which 
permit application of the invertibility theorem (4.3.4). We now illustrate the 
use of the Schauder a priori bounds in the nonlinear context. 
Consider the homogeneous boundary value problem 


Lu = f(z,u, Du), 
(Fx) ‘ ulOR = 0, 


where 
L=)  ai;(x)D;D; +) b,(2)D; + (2) 
1j 2 


is a differential operator with coefficients a;;,b;,c belonging to C%(2); we 
assume that the operator L is uniformly elliptic in 2, i.e. m7, GF < 
yon jar Oj (Z)EE; < MDL, €? for positive constants m, Af independent 
of x € (2 and for all € = (&..... En) € R”. We assume also that ur 
f(z,u, Du) determines a continuous map 


F:@'+#() + C%(2). 


Starting with the linear operator L : Gat — C™ we have as before 
the problem Lu = F3j(u); so we consider the possibility of inverting L. 
Under the hypothesis that c(x) < 0 (which implies the injectivity of L) 
Schauder showed that L~! exists; the proof depends on the invertibility 
of the Laplace operator, and proceeds as follows: consider the family of 
operators L; = (1—t)A+tL : Cé** — C®%, where 0 < t < 1. Schauder 
established the fundamental “a priori estimates” |lullora < K||Liulla for 
any u € C2t*, where A is a constant independent of u and t € (0, 1]; now 
applying (4.3.4) one concludes that , is invertible. 
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(2.2) THEOREM. Assume that ut f(x,u,Du) determines a continuous 
operator F : C!+® — C& such that ||Full. < M for all u € Ct. 
Then the problem (Pz) has at least one solution u € Cé**. 


The proof is strictly analogous to that of (2.1). 


c. Quasi-linear differential equations 


We now give an application of the Leray—Schauder index to quasi-linear ellip- 
tic differential equations. The approach presented here was first introduced 
in the context of degree theory for compact fields by Leray and Schauder, 
and has proved to be a powerful tool in the treatment of various nonlinear 
problems. 
Let 22 C R” be a bounded region with a smooth boundary. We now con- 
sider the problem of solvability of an elliptic quasi-linear differential equation 
nr 

S > aij(z,u, Du)D;Dju = f(z,u, Du) 

ij=l 
with Dirichlet boundary condition 

ulOQ = pp. 


The Leray-Schauder method for finding a solution to this type of prob- 
lem is based on a combination of the technique of a priori bounds with 
the fixed point index theory for compact operators. The analytical details 
for establishing the a priori bounds are complicated even for relatively sim- 
ple equations in R?. Here we sketch only the topological aspect using the 
notation given at the beginning of this section. 

Consider the “auxiliary” family of problems 


{ eee aij(z,u, Du) D,Dju = Af (z,u, Du), 
ulO2 = ry, 


depending on a parameter 4,0<A< 1. 
For each choice of up € C!t+®, we obtain a “linearized” family 


{ yi je1 Cig (2, Uo, Duo) Di Dju = Af (x, Uo, Dug), 
ulOQ = ry, 

which is easier to solve. We shall say that the original problem is well posed 
if (a) the linearized problem has a unique solution H)(uo) = u € C?*® for 
each choice of ug and A, and (b) the assignment (uo, A) +> H(uo) defines a 


homotopy 
H:C}** x [0,1] = C?* 


that maps bounded sets intu boynded acts, 
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For well-posed problems, the existence of a solution of the given equa- 
tion depends on “a priori bounds” for the solutions of the auxiliary family 
of equations; that is, under the (a priori) assumption that any solution of 
any one of the auxiliary equations is sufficiently smooth, it is then suit- 
ably majorized. The proof of the following theorem illustrates the use of the 
Leray-Schauder index to establish existence theorems for well-posed prob- 
lems. 


(2.3) THEOREM (Leray-Schauder). Assume that 


| ai;(r,u,Du)DiDju = f(z,u,Du). ujJOQ=¥, 
i,j=l 


is well posed, and that if u € C?+%(Q2) is a solution of any of the 
auziliary equations 

| ai(2,u, Du)D;Dju = Af(a,u, Du), — ulO2 = ry, 

ij=l 
then |lulliza < AL, where M is independent of u and X. Then the 


given problem has at least one solution u € C2. 
ProorF. By hypothesis, for each ug € C!t+® and \ € J, the problem 


{ doi jai 2ij(2, Uo, Dup)D;Dju = Af (x, uo, Duo), 
ulON = ry, 


has a unique solution H)(uo) € C2t®. The rule up + Huo therefore de- 
fines a homotopy H, : C!+* — C?t@ which for each 4 maps bounded 
sets into bounded sets. Let 7 : C2+* — C!+@ be the (completely con- 
tinuous) embedding, so that we have a completely continuous homotopy 
jHy : C1+* = Cl This homotopy is fixed point free on the boundary of 
the ball ||ul]i44 < Af+1 because of the a priori estimate on the solutions of 
the auxiliary system. Clearly, 7 Hp : C't* — C!*° is the constant mapping 
ut Q, by unicity of the solutions of the linearized system, so the Leray- 
Schauder fixed point index i(7 Ho, B(0, Af +1)) is 1. By homotopy invariance 
of the index, because jHp and 7H; are compactly homotopic on B(0, Mf +1) 
without fixed points on 0B(0, M +1), we get 7(7H,, B(0, M+ 1)) = 1, s0 
there exists at least one u with u = 7H(u); any such uw is a solution of the 
given problem. oO 


3. The Leray—Schauder Degree 


In this section we return to the study of compact fields in normed linear 
spaces. Having the index in ANRs at our disposal, we can now acquire the 
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Leray-Schauder degree for compact fields directly from the index, the point 
being that normed linear spaces are ANRs and that the degree and index 
are related via f + I —f (+). 

Let E be an infinite-dimensional normed linear space. For any open 
subset U of FE and b in E' we denote by €,(U) the set of all compact fields 
f : (U,OU) — (E, E — {b}), and let %gy(U, E) be the set of all compact 
maps from U to E that are fixed point free on OU. 


(3.1) DEFINITION. Let U be an open subset of E, let b be in E, and let 
g € €o(U) and f € €,(U) be compact fields. 
(i) The Leray-Schauder degree of g is 


d(g, U) = i(I — 9; U), 


where 7(IJ — g,U) is the index of the associated compact map 
I-—g € Hau (U, E). 

(ii) The Leray-Schauder degree of f with respect to b is the integer 
d( f,U,b) defined by 


d(f,U, 6) = d(g,U), 


where the right hand side is the Leray-Schauder degree of the 
field g = f —bE Eo(U). 


As an immediate consequence of the properties of the index for compact 
maps in %gu(U, E), we obtain the following: 


(3.2) THEOREM. The Leray-Schauder degree f ++ d(f,U,b) for f € €,(U) 
has the following properties: 
(I) (Normalization) If f(x) =z —, then d(f,U,b) = 1 or 0, de- 
pending on whether b € U or not. 
(II) (Additivity) For any pair of disjoint open Vi, V2 C U, if b ¢ 
f(U — (WU V2)), then d(f,U, b) = d(f,Vi, b) + d(f, Va, b). 
(III) (Homotopy) If hi : (U,OU) — (E,E — {b}) is a homotopy of 
compact fields, then d(ho, U,b) = d(hy, U,b). 
(IV) (Existence) If d(f,U,b) #0, then f(U) is a nbd of b in E. 
(V) (Excision) If V is an open subset of U and f € €,(U) satisfies 
b¢ f(U—V), then d(f,V,b) = d(f,U, 6). 0 


One of the important consequences of the homotopy property in (3.2) 
is that d(f,U,b) depends only on the boundary values f|OU. Precisely, we 
have 


(*) Since locally convex metrizable linear topological spaces are ANRs, the results of 
this section that do not refer to the notion of nyrm are also valid in such spaces. 
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(3.3) ‘THEOREM (Dependence on boundary values). Jf U C E is open and 
f.g€€,(U) satisfy f|OU = g\OU, then d(f,U,b) = d(g,U,6). 


Proor. Define h: U x I > E by 
h(r,t) = (1—t)f(2) + tg(z) = 2 - [(1 — t) F(x) + tG(z)]. 


Since h;|OU = f\|OU = g|OU for all t, we conclude that {hi} is a homotopy 
of compact fields in €,(U) joining f and g, and so d(f,U,b) = d(g,U,b). O 


Another useful property relating to boundary behavior is 


(3.4) THEOREM (Rouché). Let f,g:U — E be two compact fields satis- 

fying: 

(i) F(z) — 9(2)I| < llg(x) — bl] for all x € OU. 

(ii) g € (UV). 

Then f € €,(U) and d(f,U,b) = d(g, U,b). 
Proor. Let hi(r) = (1—t)g(x) +t f(z) for (x,t) EU x I. Then k(x) —b = 
g(x) —b+t( f(x) —g(z)), and hence ||h_(x) — |] > ||g(x) —5]| — || f(x) — 9(2) I]. 
For x € OU, the right hand side is positive by assumption, and therefore b ¢ 
h,(OUV) for all t € I. Since by homotopy invariance d(h;, U, b) is independent 
of t, the desired conclusion follows. O 


As another consequence of the homotopy invariance, we now give a sim- 
ple criterion implying that the degree of a given compact field is zero. To 
formulate the result, we need some terminology. 

Let b be a point in E. By a ray R, originating at b is meant any set 
[b, y]~ given by 


[b,y]~ = {2 € E| x =(1—A)b+ Ay, 0 < d < 0}, 
where y # 6 is in E. 
(3.5) THEOREM. Let U be an open bounded subset of E and f € €,(U). 


Assume that there exists a ray Ry originating at b such that RyN 
f(OU) =@. Then d(f,U,b) = 0. 


Proor. Since f(U) is bounded, there is a g > 0 such that y ¢ f (U) for 
all y with ||y|| => @. Choose now a point b* € R, with ||b*|| > 0 such that 
d(f,U, b*) = 0 (by (3.2)(IV)), and let 
hy(x) = f(x) —[(1-—t)b+tb*] for (z,t) €U x I. 

Since R,N f(OU) = @ and the segment [b, b*] is contained in Rz, it follows 
that hi(x) # 0 for all (x,t) € OU x I. Thus, h; : (U, OU) > (E, E— {0}) isa 
homotopy of compact fields joining f —b and f —b* in €9(U). By homotopy 
invariance of the degree, we have 


d(f,U,b) =d(f -b.0)=— dl f — b*.U) = d(f,U,b*). O 
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Connectedness results 


The Leray-Schauder degree can be used to determine whether the solution 
set of a nonlinear equation is connected. 

Before stating the first result of this nature, we recall some terminology 
and notation. 

Let M C E x [a,b] and f : M > E. For 4 € [a,b], we Iet AL, = {r EE | 
(x,A) € M} be the A-slice of M; we denote by {f, : M, > E}yefa,b) the 
family of maps determined by f, where f(x) = f(x, A) for (x, A) € AJ. 

The general homotopy invariance property of the index (see (12.6.3)) 
implies the following: 


(3.6) THEOREM (Generalized homotopy invariance). Let U be an open 

subset of E x (a,b), and f :U — E a compact field with f = I-F If 

z € E—f(0U), then the degree d( fy, Uy, z) is independent of  € [a, 6), 

and so in particular, d( fa, Ua, z) = d( ft, Up, z). O 

The first connectedness result in the context of the Leray-Schauder de- 
gree is the following special case of Theorem (12.6.5): 


(3.7) THEOREM (Continuation principle in normed linear spaces). Let U C 
E x [a,b] be open with vertical boundary OU, and let f :U — E be a 
compact field with f = I—F. Let 

S={(x,d) €U | f(z, A) = 0} = {(z,A) €U | F(z, \) = 2} 
and assume that: 
(i) SNdU = 49, 
(ii) d( fa, Ue) #0. 
Then there exists a continuum C C S joining S, x {a} to S, x {b}.0 


The following result of Krasnosel’skii—Perov is frequently used to show 
that the set of solutions of a differential equation is connected. 


(3.8) THEOREM. Let U C E be open, and f : (U,QU) - (E,E — {0}) a 
compact field f(x) = x— F(z) with d(f,U) £0 such that F:U - E 
satisfies the following condition: 


(x) for each € > 0, there exists a compact €-approximation F;, : U-E 
of F such that for each b € E with ||b\| < € the equation 


x= F(x) +6 
has at most one solution in U. 
Then the zero set Z(f) = {x € U | f(x) = 0} is connected. 


PRooF. Since d(f,U) 4 0, the compact set Z = Z(f) is not empty. Suppose 
to the contrary that Z is not connected. Then Z = Z, U Z2 where 21, Z2 
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are nonempty, disjoint, and compact. Choose open sets U),U2 C U with 
disjoint closures such that Z; C U,, Z2. C U2, and observe that 


by the additivity and excision properties of degree. To get a contradiction, 
we show that d(f,U1) = d(f,U2) = 0. Let h = F(h) be in 2, and for given 
E> 0 set _ 
ge(z) =x —F.(x)-(h-F(h)) forzevu. 
Consider the family of compact fields 
hy(z) = (1—t)f(z) +tge(x) for (x,t) € Ux. 


Let a = inf{||f(z)|||z¢€ U- (U, UU2)} (a > 0 by assumption) and assume 
€ <a/4. Since for any x € U — (U, UU2), 


lhe (x) || = || f(x) + t( F(z) — Fe(x)) — t(h — Fe(h))I| 
> ||f(z)|] — tl] F(z) — Fe(x)|| — tlh — Fe(>)]] 
> || f(x)|| —2e > a —2e >a/2>0, 


we see that h, : (U,OU) — (E, E — {0}) is a homotopy of compact fields, 
and hence the degree d(h;,U) is constant on J; thus 


d(gc,U) = d(f,U) #0. 


Because in view of (*), g¢(z) = x — F,(x) — b with b = h — F,(h) has at 
most one zero and h € Z, C Uj, we see that g- has no zeros on U2, and 
therefore d(g-, U2) = d(f, U2) = 0. If h € Zo. a similar argument shows that 
d(ge,U,) = d(f,Ui) = 0. Thus, in view of (#*), we obtain a contradiction, 
and the proof is complete. O 


4. Extensions of the Borsuk and Borsuk—Ulam Theorems 


Using the Leray-Schauder degree, we now establish some extensions of the 
Borsuk and Borsuk—Ulam theorems. Let S C E be centrally symmetric (i.e., 
—S = S). We recall that a map f : S > E is odd if f(x) = —f(—zx) for all 
res. 


(4.1) THEOREM (Antipodal theorem). Let U C E be a bounded centrally 
symmetric domain and f : (U,OU) — (E, E—{0}) be a compact field 
such that: 

(i) OEU, 
(ii) f|OU is an odd function. 
Then d(f,U) is odd. 


PRooF. This follows at once from the definition of degree and (12.6.6). O 
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(4.2) COROLLARY. Let U C E be a bounded centrally symmetric domain 
and f :(U,OU) — (E, E — {0}) be a compact field such that 
(i) OEU, 
(ii) f(z) A Af(—2x) for all x € OU and > 0 (ie., the vectors f(x) 
and f(—x) have the same direction for no x € OU). 
Then d(f,U) is odd. 


PROOF. Let 


g(x) = Se) = fC) =xr- saat Eee AS) 2) for r €U 


hi(x) = t f(x) + (1 — é)g(z) 
1+¢t)F(x) -—(1-t)F(- — 
=o — CHU) Corrs) for (x,t) EU x I. 

We claim that h;(0U) C E — {0} for all ¢ € I. Supposing the contrary, we 
would have ¢ f(x) + (1 —¢)g9(x) = 0 for some r € OU and some t € I, giving 
1-t 
f(z) = me f(-=), 
which for ¢ € [0,1) contradicts (ii) and for t = 1 contradicts the assumption 
that f has no zeros on OU. Thus, h; : (U,0U) — (E, E—{0}) is a homotopy 
of compact fields joining g and f. Because g is odd on OU, d(g,U) is odd by 
(4.1), and the conclusion follows from the homotopy property of degree. O 


(4.3) THEOREM. Let U C E be a bounded centrally symmetric domain 
with 0 € U, and f :0U — Eo an odd compact field, where Eo C E is 
a closed linear subspace of codimension 1. Then f(xo) = 0 for some 
Lo € OU. 

PROOF. Suppose to the contrary that f(r) 4 0 for z € OU. Write f(x) = 

az — F(x) and extend F over U to a compact F :U — E. Letting 


f(z) =2- F(z) for z € U, 


observe that since f|OU = f, we have f : (U.0U) > (E, E—{0}), and hence 
by (4.1), d(f,U) is odd. 

On the other hand, since there obviously exists a ray Ro originating at 0 
with Ro N f(OU ) = 0, we have d(f,U) = 0 by (3.5); this contradiction 
completes the proof. O 


We now establish an extension of the Borsuk—Ulam theorem: 


(4.4) THEOREM. Let U C E be a bounded centrally symmetric domain 
with 0 € E, and f : OU — Ep a compact field, where Ey C E is a 
closed linear subspace of codimension 1. Then f(x09) = f(—2o) for 
some Xo € OU. 
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PROOF. Write f(r) =. — Fr) and let 
_ f(r)-f(=1) _ F(a) - F(-2) 


g(r) 5 5 for x € OU. 
Since g is a compact field with g(0U) C Eo and g is odd on OU, the conclu- 
sion follows from (4.3). O 


5. The Leray—Schauder Index in Locally Convex Spaces 


This section develops the Leray-Schauder fixed point index for compact 
maps in locally convex spaces. Throughout this section, E will denote a 
locally convex linear topological space and ¥ the local base of convex sym- 
metric nbds of the origin in E. Given V € V and = € E, we let V(x) = x+V 
and denote by py the seminorm determined by V 


(5.1) DEFINITION. Let N = {c),...,Cn} bea finite subset of E, V a convex 
syinmetric nbd of 0 in E, and 


n 
Ny = (J V(ci). 
i=1 
For each i € [n], define pn; : Nv —~ R by r+ max{0,1—py(x—¢,)}. 
and let u(z) = 50", wi(z). The Schauder projection my : Ny — 
conv WN is given by 


1 n 
mv(2) = 5 2 bil )ei 


Note that my is well defined, because each r € Ny belongs to some V(c,) 
and pi(z) #04 x € V(c;), so that p(x) £ 0. 


(5.2) PROPOSITION. Let c),....Cp, belong to some conver CC E, VE Vv 
and my be the Schauder projection. Then: 
(a) my : Ny > convN CC is a compact map, 
(b) my(z) € V(x) for all x € Ny. 


PROOF. (a) is obvious; to prove (b), note that letting N, = {c; | c; € V(zx)}, 
we see that my(x) € conv N, C V(z) for each x € Ny, and thus the proof 
is complete. O 


This leads to the basic 


(5.3) THEOREM (Approximation theorem). Let X be a space, C' a convex 
subset of a locally convex space E, and f : X — C a compact map. 
Then for each V € ¥ there exists a finite set N = {c),....¢n} C 
F(X) CC and a finile-dimensional map fy : X — C such that: 
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(a) fy(x) — f(z) EV for all cE X, 
(b) fy(X) CconvN CC, 
(c) the maps f and fy are V-homotopic. 


PROOF. As f(X) is relatively compact, there is a finite set N = {¢),...,¢n} 
C f(X) with f(X) C Ny. Define fy : X — C by x my o f(z), where 
my : Ny — convN is the Schauder projection; according to (5.2), the map 
fv has the required properties (a) and (b). Since for any x € X the interval 
(1 —t)f(z) +imy f(z) is entirely contained in V(f(x)), the maps f and fy 
are clearly V-homotopic. 0 


Let U C E be open and KHau(U, E) be the set of all compact maps 
f:U — E with Fix(f) C U. Then, since Fix(f) is compact, there exists a 
continuous seminorm p such that (f) = inf{p(x — f(x)) | x € OU} > 0. 

Using Schauder projections, for each e < 37(f) we find a finite-dimen- 
sional map f. € #gyu(U, E) with p(fe(z) — f(z)) < for all z € U and such 
that for any two such approximations f,, f.:, the family of maps H;(x) = 
(1—t) f-(x)+t f(x) is a compact homotopy in %y(U, E) joining f- and fer. 
This leads to the following 


(5.4) DEFINITION. Let f € £gu(U, E), and let p be a continuous seminorm 
on £ such that n(f) = inf{p(x—fz) | z € OU} > 0. Choose any finite- 
dimensional approximation g € gu (U, E) of f with p( f(z)—g(x)) < 
n/2 for z € U and g(U) C L, where L is a finite-dimensional linear 
subspace of &. The Leray-Schauder index of f on U is 


i(f,U) = i(gJUNL,UNL). 


This definition is independent of the choice of the finite-dimensional ap- 
proximation. For if 9; : U ~ E, i= 1,2, are two such approximations with 
gi(U) C L;, then taking a finite-dimensional subspace L D L, U Le, by the 
contraction property we find first that 


i(gJUNL,UNL)=i(g|UNLUNL;), 1=1,2, 


and then, because g, and go are homotopic, that they have the same index 


on UNL: 
UqnlU OL,U NL) = i(g2|UNL,UNL). 


Using the properties of the index in finite-dimensional spaces, we obtain 


(5.5) THEOREM. Let U C E be open. Then the integer-valued function 
frif,U) for f € Hau(U, E) has the following properties: 
(1) (Normalization) If f € gu(U, E) is a constant map u> uo, 
then i(f,U) =1 or 0, depending on whether or not uo € U. 
(II) (Additivity) If f € £u(U, E) and Fix(f) C U{UU2 CU with 
U,, Uz open and disjoint, then i(f,U) =i(f,U1) + i(f, U2). 
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(III) (Homotopy) Jf hy :U — E is an admissible compact homotopy 
in Hou(U, E), then i(ho,U) = i(hy, U). 

(IV) (Existence) If i(f,U) 40, then Fix(f) 4 @. _ 

(V) (Excision) If V is an open subset of U and f € Hou(U, E) 
has no fixed points in U —V, then i(f,U) = i(f, V). 0 


Next we define the index for compact and compactly fixed maps: 


(5.6) DEFINITION. Let U C E be open, let -¥(U,E) be the set of all 
compactly fixed maps f : U — E, and let f € #(U, E) be compact. 
We define the Leray Schauder index I(f) = I(f,U) of f by 


I(f,U) =if.V), 
where V is any nbd of Fix(f) such that V CV CU. 


By the excision property of 2, it follows that this definition is independent 
of the choice of V, and thus I(f) is well defined. 


(5.7) THEOREM. Let C be the category of locally convex spaces, and let F 
be the class of all compact maps f € F(U,E) for all E €C and all 
U C E open. Then the Leray-Schauder indez I: F — Z has all the 
properties (1)-(VII) of (12.2.1), provided that in (III) ali homotopies 
are assumed to be compact and in (VII) it is required that either both 
f and gf be compact, or both g and fg be compact. 


PROOF. Properties (I) (V) follow in a straightforward manner from the 
corresponding properties of the index function i. The multiplicativity of J 
follows from the corresponding property of 7 in (12.2.2). The proof of the 
commutativity consists of two parts as in Section 4 of §12. The proof of the 
first part is strictly analogous to that in §12; the proof of the second part 
also follows (with appropriate modifications) the steps of the second part of 
the proof in §12; because it is long and technical, it is omitted. 0 


We now show that still more generally, the Leray-Schauder index can be 
extended to compact and compactly fixed maps f : U — X, where U C X 
is open and X is a nbd retract of a locally convex space E. Let r: V —~ X 
be a retraction, where V is open in E, and let f € A(U,X). Consider the 
composition 

riuys4u4xdy. 
where j : X < V is the inclusion, and define 


I(f,U) = I(jfr,r~'(U)). 


This is independent of the particular V and r selected: if 0: W — X isa 
retraction of another neighborhood onto XV. aud 7: X — W is the inclusion, 
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then by commutativity, 
I(jfr,r*(U)) = 1((ge)(nfr),r—*(U)) = I((nfr)(Je), (je) +r (U)) 
= I(nfe,e*(U)), 


because 97 = rj = id. (We have used the fact that nfr and (jo)(nfr) are 
compact, so that the commutativity property could be applied.) 
We are now ready to state the main result of this section: 


(5.8) THEOREM. Let C be the category of spaces that are r-dominated by 
open sets in locally convex linear topological spaces, and let F be the 
class of all compact maps f € ¥(V,X) for all X €C andV CX 
open. Then the fixed point index I: F — Z defined by (*) has all the 
properties (1)-(VII) of (12.2.1), provided that in (III) it is assumed 
that all homotopies are compact and in (VII) it is required that either 
f and gf be compact, or g and fg be compact. O 


A compact space X is said to be an ANR for normal spaces if X embed- 
ded in any normal space Y is a nbd retract of Y. Let X be a compact ANR 
for normal spaces. Since any such X can be embedded in a locally convex 
space, we may assume that X is a subset of a locally convex space E. It 
can be proved (see (17.4.4)) that the linear span of X in E is normal, and 
therefore X is r-dominated by an open set in a locally convex space. 

As a corollary of Theorem (5.8) we obtain: 


(5.9) THEOREM (Index for compact nonmetrizable ANRs). Let C be the 
category of compact ANRs for normal spaces, and let F be the class 
of all maps f € F(U,X) for all X € C and U C X open. Then 
there exists a fixed point index function I: F — Z with properties 
(1)-(VII). O 


6. Miscellaneous Results and Applications 


A. Kronecker characteristic 


Throughout this subsection we let €g denote the class of maps defined by the condition: 
f € €p if and only if f : OU — E — {0} is a compact field, where U is an open bounded 
subset of a normed linear space E. If f € €o, the Kronecker characteristic of f is the 
integer >(f,U) defined by 7(f,U) = d(f, U), where fe €(U) is a compact field such that 
f\ou =f. 
(A.1) Establish the following properties of the function f — 7(f,U) for f € Co: 
(I) (Normalization) If xo ¢ OU and f(x) = z — Zo for x € OU, then 7(f,U) =1 
or 0, depending on whether zo € U or not. 
(II) (Additivity) Let U C E be open bounded, and let Uj,.... U;. be disjoint open 
subsets of U. Let f : 0 + E be a compact field with f(U — bes U,) Cc E— {0}. 
Then 7(f,U) =e ffl. 
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(111) (Homotopy) If hy : QU — E—{0} is a homotopy of compact fields, then y(he, UV) 
is independent of t € J. 


(A.2) Let f : OU — E — {0} be a compact field with 7(f,U) # 0. Prove: Each ray Ro in 
FE originating at zero intersects f(QU). 


(A.3) A compact field f : OU — E — {0} is called inessential if it can be extended over 
U to a compact field f U — E— {0}; otherwise, f is called essential. Prove: If U is 
connected, then f is inessential if and only if 7(f.U) = 0. 


(A.4) (Antipodal theorem) Let U be a bounded centrally symmetric domain with 0 € U. 
Show: If f : QU — E — {0} is an odd compact field, then y(f,U) is odd. 


(A.5) (Generalized Borsuk-Ulam theorem) Let U be as in (A.4), and let f : OU — Epo 
be a compact field, where Ep C E is a closed linear subspace of codimension 1. Prove: f 
sends at least one pair of antipodal points to the same point, i.e., f(x) = f(—x) for some 
reEeou. 


(A.6) (Hopf. Rothe theorem) Let U = B(0,1) be the open unit ball in E and S = QU. 
Let f.g: S — E— {0} be two compact fields with 7(f,U) = 7(g.U). Prove: The compact 
fields f and g are homotopic. 

[(i) Assuming first that f and g are finite-dimensional, let F:S— EF andG:S—E 
be the associated finite-dimensional maps. Take a linear subspace Ep C FE with dim Eg < 
oo, F(S),G(S) C Ep, let Up = UN Ep. OUo = So and fo = f|So, go = g|So; note that for 
fo. 90: So — Eo — {0}. ¥(fo.Uo0) = ¥(g0, Uo). 

(ii) Using the Hopf theorem (9.8.3), show that the maps fo,go : So — Eo — {0} are 
homotopic. This implies that if we write fo(z) = z — Fo(z), go(z) = + - Go(zx). then 
there exists a fixed point free homotopy H:SoxI—- Eo such that fo(x) = H(z,0). 
Go(x) = H(z, 1) for x € So. 

(iii) Letting 7 : E — E be a linear projection onto Ep, define h: S x I — E — {0} 
by 

Hatt) = 2 — |I0(x)|| A ((lr0(x) ||"? 0(x).t) if mo(x) #0. 
x 


otherwise.| 


B. Some geometric applications of the Leray Schauder degree 


In this subsection FE stands for a normed linear space with dim E > 1, and VY. Y for 
proper (i.e., nonempty and different from the entire space) subsets of E. We denote by C 
the category whose objects are closed proper subsets .X of E and whose morphisms are 
compact fields f X — Y; for the terminology concerning compact fields, see §6. By a 
special compact field is meant a field f : X — E such that for some finite-dimensional 
linear subspace Ep C FE, there exists a continuous linear projection p : E — Ep anda 
compact Fo : Eo — Ep satisfying f(r) = 1 — Fo(p(x)) forz EX. 


(B.1) Let X C E be closed, and let Z be a compact subset of a finite-dimensional linear 
subspace of E. Show: For each conipact field f : X — E-—Z there exists a special compact 
field fo : X — E — Z such that fp is homotopic to f. 


(B.2) Let X C E be closed, and let f : E — E be a compact field such that f|X = f': 
X — E — {0}. Show: There is a compact field g: E — E such that: 
(i) g (0) = f~ (0) and g(x) =r outside a bounded set, 
(ii) g|X =9' .X — E- {0}, 
(iii) g’ is homotopic to f’ 
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(B.3)* Let E be finite-dimensional, and let X C E be compact such that S = {r € E | 
lIz|| = r} C X. Show: If f,g : X — E — {0} are homotopic and f(x) = 9(z) = x for all 
x € S, then there exists a homotopy h : X x I — E — {0} joining f and g such that 
h(z,t) =z for (x,t) € Sx I. 

[Use the standard retraction of E — {0} on S and the Borsuk homotopy extension 
theorem for a suitable subset of X x I x I] 


(B.4) Let U C E be open, X C E closed, b € E, and let g: OU 4 X, f *- X — E—{b} 
be two compact fields. 

(a) Let K be a connected open set in E — g(OU). For every y € A let g: E — E be 
a compact field extending g : OU — E — {y} over E, and let d(g,U, y) = d(g.U. y). Show: 
The integer-valued function y + d(g,U,y), y € K, is well defined and is constant on K. 

(b) Let XK be the set of components K of E —X and Kp = {K € K | d(f, Kh. b) # 0}. 
Show: 

(i) The set Xp is finite and Vi rex, d(f, K.b) = 1. 

(ii) d(fg,U.6) = Yoxex, g,U, K)d(f,A,b), where d(g,U,K) is the value of the 

constant function defined in (a). 

(Use (10.10.A.7).] 


(B.5) (The functor 7) For X in C, let 7(X) be the set of homotopy classes [u] of fields 
u:X — E— {0}, and for f € C(X,Y) let m(f) : 7(Y) — 7(X) be given by 


a(f)([v]) =[vf] for every field v: X — E — {0}. 
Show: 7 is a contravariant functor from C to the category Ens. 


(B.6) (The functor oc) For X.Y in C, let K be the set of components of E—X, and £ the 
set of components of E—Y Let o(.X) ={x:K— Z| x(K) £0 only for a finite number 
of K € K and Sipex x(K) = 1}. For f € C(X,Y), we define o(f) o(Y) — o(X) as 
follows: for 7 € o(Y’), we let y = o(f)(7) be given by 


x(K) = So d(f,K,L)(L) for K EK. 
Lel 


Show: (a) o(f) is well defined, (b) o is a contravariant functor from C to Ens. 
[Use (B.4).] 


(B.7) (The natural transformation p) For X in C, let u(X) : m(X) — o(X) be the map 
that assigns to [u] € 7(X) the integer-valued function , = 7(X)({u]) : K — Z with 
x(K) = d(u, K) for a component K € K of the set E — X. Show: p a — 0 is a natural 
transformation of functors. 

[Use (B.4).] 


(B.8)* Let E be of finite dimension greater than 1, let \ C E be compact. and let K be 
the set of atl bounded components of E — X. Prove: 
(a) For every function x : K — Z with y(U) # 0 only for a finite number of U € K, 
there exists a map f : X — E— {0} such that d(f,U) = \(U) for every U € K. 
(b) If f,g: X — E— {0} are such that d(f,U) = d(g,U) for every U € K, then f is 
homotopic to g. _ 
(For (a): For every U € K with x(U) 4 0 choose an open ball BC U andamapf:B—E 
with d(f, B) = y(U). Extend this map over E in such a way that the possible new zeros 
all lie outside a ball containing -Y. 
For (b): Use the fact that the set of homotopy classes of maps X — E — {0} has the 
structure of an abelian group: ‘f dis: & - 2. thea & {0} is the multiplicative group of 
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complex numbers; for dim £ > 3, see Kuratowski’s monograph [1968], Vol. II, Sect. 60. 
It is sufficient to prove that if d(f,U) = 0 for every U € K, then f is homotopic to a 
coustant map. Such an f extends to a map f; : B — E — {0} of a ball B containing X 
by concentration of zeros in balls contained in U € K, and their elimination by the Hopf 
theorem; f; is nullhomotopic by contractibility of B.] 


(B.9)* Prove: The transformation p : 7 — o is a natural equivalence. 

[To show that u(X) : r(X) — o(X) is surjective, use (B.8)(a) for a suitable finite- 
dimensional linear subspace Eg of E, the Borsuk homotopy extension theorem, and a 
linear projection of E outo Eg. To show that p(X) is injective, choose a suitable finite- 
dimensional linear subspace £, of E and a sufficiently large ball B; C Ey). Use (B.2), 
(B.8)(b), (B.3) and properties of the degree.] 


(B.10) (Theorem on disconnection of F) Let X be a closed subset of E. Show: X does 
not disconnect F if and only if any two compact fields f,g : X — E — {0} are homotopic. 


(B.11) For X,¥ C E closed, we say that Y is h-domnated by Y if there are compact 
fields f NX — Y andg: Y — X such that gf : X — X is homotopic to 1x; in this 
case we say that g is a left homotopy inverse of f, and f is a right homotopy inverse of g. 
Prove: 
(a) If X is h-dominated by ¥’, then the number of components of E —X is not greater 
than the number of components of E — Y 
(b) If a compact field f : X¥ — Y has a left homotopy inverse g, then for every com- 
ponent A of E- NX there exists a component L of E—Y such that d(f, A, L) #0. 
[Consider d( f, Ah. L) and d(g, L, A.) as entries of matrices of linear maps between real linear 
spaces and use properties of the degree.| 


(B.12) (Generalized Leray theorem) Closed subsets X, ¥ of E are called h-equivalent 
whenever .X is h-dominated by Y and Y’ is h-dominated by V. Show: If X and ¥ are h- 
equivalent, then their complements E—X and E—Y have the same number of components. 


(B.13) Let X,Y C E be closed, f X — ¥ a compact field having a left homotopy 
inverse, Kp a subset of the set of components of E—- X, D = U{h | K € Ko}, and 
A= X UD. Show: If a compact field f: A — E is an extension of f such that f (D) and 
Y are disjoint, then for A € Ko the images f (A) are distinct components of E — Y and 
d(f, K, f(K)) = 41. 


(B.14) (Generalized invariance of domain) Let U C E be open and connected. and let 
f :U — E beacompact field such that f|OU : QU — E is injective and f(QU)Nf(U) = 
Show: f(U) is open and connected and f(OU) = Of(U). 


(B.15) If U C E is open, we say that U is regularly shrinkable whenever there exists a 
deformation d: U x I — U such that d(x, t) € U for (x,t) € 7 x (0,1] and d(U,1) = up 
for some uo € U; the closure of an open convex set is a regularly shrinkable set. Show: If 
U is regularly shrinkable and F : U > E is compact with F(QU) C U, then F has a fixed 
point. 

(Most of the results of this subsection, which are also valid in locally convex spaces, 
are due to Bowszyc [1970]; for (B.14) sce also J.H. Michael [1957].) 


C. Degree for representations of maps 


In this subsection we let X denote an ANR and Y a locally connected bounded metric 
space. 
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By an admissible class . of homeomorphisms from X to Y is meant a family of 
homeomorphisms hy : U — h(U), for U open in X, satisfying: 
(a) hy maps U homeomorphically onto h(U) open in Y’, 
(b) for each V open in U, hy|V is in. /. 
If .M is admissible and U C X is open, then we denote by .&; the subfamily of ./ of 
homeomorphisms h defined on U; .@ is equipped with the sup metric. Throughout this 
subsection we let .& be an admissible family of homeomorphisms. 
Let U C X be open and f : U — Y a map. By a representation of f with respect to 
/M is meant a pair (W, F), where WC X x NX is open and F- W — Y has the following 
properties: 
(i) The diagonal Ay = {(z,z) | z € U} C W and f(z) = F(z, 2) for each r EU. 
(ii) For each v € X, let Wy = {u € X | (u,v) € W} and F,(u) = F(u.r). Then 
Fy : Wy — Y is a homeomorphism onto an open subset of )°, belonging to. /. 
(iii) For any (up, vp) € W, there are nbds Nu, and Ny, of up and vp, respectively, in 
X with Nuo x Nv, CW" such that Fy(Nuy) is closed in Y for each v € N,,, and 
vt Fy|Nu, is a continuous compact map from Ny, to .N 


ug 


(C.1)* Let U c X be open, f : U — Y a map, and assume that f has a representation 
(W, F) gos respect to ./. For any y € Y let Uy = {u E U | y € F,(1V)} and define 
Ty(v) = F571 (y) forv € Uy. Show that for each y € Y: 
(i) U, is open in U, 
(ii) Ty : Uy — X is continuous and locally compact, 
(iii) Fix(Ty) = {ue U | f(v) = y}, and Fix(Ty) is compact if f is proper. 


(C.2)* Let U C X be open and f U — Y bea proper map having a representation 
(W, F) with respect to .&. Let y € Y and let V be an open nbd of f~!(y) in U such that 
Ty|V - V — X is compact. For the pair [f, F], we define a degree function by 


deg_g([f, FI, U,y) = I(Ty.V). 


(a) Show: The definition of deg y([f.F].U.y) is independent of the choice of V’ 
(b) Establish the following properties of deg vy ([f.F].U.y): 
(i) (Existence) If deg w([f. F].U,y) #0, then je) y for some r EU. 
(ii) (Additivity) If U,,U2 C U are open and f~!(y) C U; UU2, then 


deg w([f, F].U,y) = deg_g ([f. F].U1, y) + deg_g([f. F].U2.y). 


(iii) (Homotopy) Let hy .U + Y,t € I, be a homotopy and {y:},¢7 a curve in Y 
such that h, : (yz) € U for all t € I. For an appropriate representation (WW, Hz) 
of hy with respect to ./. deg_y([ht. He], U. yt) is independent of t € I. 

(iv) (Normalization) If the representation (u,v) ++ F(u,u) of f is independent 
of v, and y € f(U), then deg y([f, F].U.y) = 1. 


(C.3)* (Browder-Caccioppoli theorem) Let E, E be Banach spaces, Y(E. E) the Banach 
space of continuous linear maps from E to E, and Y%(E.E) the subspace of completely 
continuous linear maps. Assume that f: EB — Eisa proper C’ 1 map such that: 
(i) For any compact convex C C E there exists a continuous map yp: C — .2(E. E) 
such that for every v € C the map Dfy + y(v) € Z(E. E) is an isomorphism. 
(ii) There exists a point yo € E such that rs liyo) = AD sce Tor4+1} has an odd 
number of elements and Dfr, is an isomorphism for each / € [2k + 1]. 
Show: f is surjective. 
(The above results are due to Br.ra der (hea, | 
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D. Brouwer deqree ma differential forms 


This subsection requires the knowledge of the theory of differential forms. We recall briefly 
the terminology and notation, and refer for details to the book of Bott and Tu [1982]. 

Let A" he the associative algebra over R geucrated by elements 1,dr;,...,d2n subject 
to the relations: (i) 1 is a multiplicative identity, (ii) dr, +d, = —dx,-dr, for all 7, j. The 
algebra .1" has a natural grading by the degree of monomials: 


Bee 


jg=0 


where .t' = R-1= Rand each .W is a finite-dimensional vector space over R. 
If (’ C R" is open and C*(U) = {f U — R| f is of class C'%}. the set of C* 
differential forms on U is 
VU) HC*(U) Sp XX 


If w is such a form, then it can be uniquely written as 


rm 
w= > > te Peer 1,402, ender 
k=0 1, << py 
~» €C™(U); we write w = YD fydry. The algebra .1"(U) = Bfeg M4 (U) is 
naturally graded: here 1*(U) consists of the k-forms on U. There is a differential operator 
d: AEC) — AR*1(U) given by: 
(a) If f € .A°(U), then 


whiere f,, 


n 
P) 
df=)  ar,. 
gard 


(b) Ifw = 90 frdry, then du = > df dry. 
Because d? = 0, A*(U) is a cochain comiptex, and its cohomology groups are called the de 
Rham cohomology of U. 


Let UC R™ and VC R" be openand f U— VW beaC™ map: r= (.7)..... Im) 
f(x) =(yi..... yn) = (frlr)..-.. fn(xr)). The induced map f* : A*(\") — .1°(U) is defined 
by 

OSC TTT ¢ - dy, ) = er atees ip ° f df, * .af;,. 


In particular. if m = n, for an n-form w = g(y)dy; ...dyn we have 


n 


fr (w) = S> o( f(x) Jp(x)dry «.. dn. 


k=1 


where J¢(.r) = det f; is the Jacobian of f at r. Because f* commutes with d, f* is in fact 
a cochain transformation of .1°(V") to .1(U). 

The notions of differential form, differential operator, and induced map as well as their 
properties extend in a natural way to the category of manifolds. 

Recall that a C* manifold Af of dimension » with boundary is given by an atlas 
{Ua. va}, where yo is a homeomorphism of Ua C Al either on R” or on the half-space 
H” = {(.0,,....2n) | 71 < 0} such that each avy! is a C’* map. The boundary JAI 
is an (rn — 1)-dimensional manifold. An oriented atlas {Ua, ya} (i-e.. one with all Paps. 
having positive Jacobian) induces an oriented atlas on OAT. For an n-dimensionat oriented 
manifold AJ and an n-form n on}! with cap +t sapport there is defined the integral 


§13. Further Results and Applications 363 


Say 7. A basic result due to Stokes asserts that if w is an (n—1)-form with compact support 
on an oriented manifold M of dimension n, and if QAI is given the induced orientation, 


then 
i, ioe | *(w). 
M aM 


where 7 : 0M -— M is the inclusion. 


(D.1)* (Brouwer degree between smooth manifolds) In what follows, AJ. N stand for (para- 
compact) oriented C™ manifolds without boundary of the same dimension n; U C AJ is 
open with compact closure U; f :U — N a C™ map; and b € N — f(0U). An open nbd 
V of b is called Euclidean if it is diffeomorphic to R” All differential forms on A/ are 
assumed to be of class C™ 

(a) Let 7 be a differential n-form with compact support on R” (or on a Euclidean 
nbd V). Show: There exists a differential (n — 1)-form w with compact support such that 
7 = dw if and only if fn =0. 

[For necessity, use the Stokes theorem. and for sufficiency. apply induction on n: cf. 
Nirenberg's lecture notes [1974], Lemma 1.3.3.] 

(b) Let V be a Euclidean nbd of b € N — f(0U), and let 7 be a differential n- 
form with compact support contained in V such that [ n 7 = 1. Prove: (i) The number 
deg(f,U,b) = Sy fn does not depend on the choice of 7; (ii) if deg(f,U, bo) 4 0, then 
there exists 9 € U such that f(zo) = bo. 

(c) Show: (i) If bp, 6; belong to the same component of N — f(QU), then deg(f,U, bo) 
= deg(f, U, b1); (ii) if N is connected and U = AM is compact, then deg(f) = deg(f. M. bo) 
is independent of bo. 

(d) Prove: If 7 is an n-form with compact support contained in the component of 
N — f(OU) containing bo, then 


I f'n = deg f,U, bo) I n- 


(We remark that this equality provides an equivalent definition of the degree.) 
[Use a C™ partition of unity on N.] 


(D.2)* (Properties of the degree) (a) Let b be a regular value of f (i.e., if f(x) = 6, then 
the derivative D f(x) of f at x is an isomorphism of the appropriate tangent spaces). Show: 


deg(f,U,b) = ) “sgn Df(z;), 
j 


where f—!(b) = {x1,...,.£,} and sgn Df(z,) is 1 or —1 according as Df(x,) preserves or 
reverses orientation. The Sard theorem implies that deg( f,U, 6) is defined for some b. 

(b) (Additivity) If U is the union of disjoint open subsets U; and U2, and if 6 ¢ 
f(U — (U; UU2)), then 


deg(f.U,b) = deg(f, U1, 6) + deg(f, U2. 0). 


(c) (General homotopy invariance) Let W C AI x I be open with compact closure, 
I >t & € N a continuous path, and F: W > Na C™ map. For t € I and any 
Sc Mx I, set S = {x € M | (x,t) € S}, and let F : (1), — MN be given by 
Fi(z) = F(z,t). Assume that b: ¢ F:((W’): — W4) for every t € I. Prove: deg( F}. W't.be) is 
independent of ¢t € I. In particular, if AJ is compact and N is connected, then deg(f. Af. 6) 
does not depend on b € N and ws tendi,.d sinpis Ly deg(f). 
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(d) Let P be an oriented (n+ 1)-dimensional C* manifold with oriented boundary 
OP = M,V an open subset of P with compact closure and F : V — N aC map. Set 
X =VOAl and f = FIN: X 4 N. Assume yo € N — F(OV). Prove: deg(f,X, yo) = 0. 
(In particular, this may be applied when V = P is compact; Milnor [1965].) 

(Use the Stokes theorem.] 

(ec) (Composition law) Let Al. N, P be oriented n-dimensional C™ manifolds without 
boundary such that AJ, N are compact and N, P are connected. Show: If M 2 NSP 


are (’* maps, then deg(gf) = deg(g) deg(f). 

[Use (d) of (D.1).] 

(f) (Multiplicatzvity) Let M, AI’, N, N' be oriented C* manifolds without boundary, 
dim AJ = dim N, dim Al’ = dim N’, and assume that U C AM, U’ C M' are open subsets 
with compact closures. Show: If the maps f : UV — N, f': U' — N’ are of class C™ and 
yo € N — f(OU). yg € N’ — f(OU’), then 


deg(f x f’.U x U’, (yo. yo)) = deg(f.U. yo) deg( f’.U", yo). 


7. Notes and Comments 


Bifurcation theory 


Theorem (1.10), due to P. Rabinowitz and M. Krasnosel'skil, is the basic 
classical result in bifurcation theory. Theorems (1.8) and (1.9), which appear 
in a slightly more general form in Nussbaum’s lecture notes [1985], extend 
the Krasnosel’skii -Rabinowitz theorem to maps in metric ANRs (e.g. cones). 

The “local bifurcation” result (1.10)(a) is due to Krasnosel’skii [1956]: 
(1.10)(b) was discovered by Rabinowitz [1971]; a remarkable feature of this 
result is that it provides information about global behavior from purely 
local data. The refinements of the Rabinowitz theorem given in (1.10)(c), (d) 
were found by Ize [1976]. All the above theorems were proved by using the 
Leray-Schauder degree theory. 

For a direct proof of the Rabinowitz theorem using the Leray—Schauder 
degree, the reader may consult the books by Chow-Hale [1974], Brown 
[1953], and Nirenberg’s lecture notes [1974]. For more general closely re- 
lated results for compact maps f : C x J — C, where C is a closed convex 
set in a Banach space, see Dancer [1974], Nussbaum [1975], and Turner 
[1974]. 

For some applications of bifurcation results to Sturm—Louville problems 
and eigenvalue problems for elliptic partial differential equations the reader 
is referred to Rabinowitz’s lecture notes [1975] and the books of Chow—Hale 
[1974] and Zeidler [1986], where further references can be found. 


Applications to nonlinear PDEs 


For (2.1) see Schauder [1927b]; the fact that the spaces C"(2) are not 
sufficient for the problem Su - f. :5;, + 0 was observed by Zaremba 
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[1911]; Holder spaces in the abstract setting were considered for the first time 
by Schauder [1927a], [1932]. Many applications of the Schauder theorem for 
proving the existence of classical solutions of partial differential equations 
are treated in the book by Pogorzelski [1966]; for other applications and 
further references see Krasnosel’skii’s book [1964b] and Griffel [1985]. 

The scheme outlined at the beginning of Section 3 in §7 and used in the 
proof of (2.2) and (2.3) is an explicit and abstract formulation of the general 
approach used by Schauder [1927a], [1927b]. Application of this scheme to 
(2.3) (carried out by Schauder in [1933]) was an important mathematical 
achievement; it involved the development of the theory of so-called Schauder 
estimates for linear second order elliptic operators (Schauder [1932]). The 
same general ideas were exploited by Schauder in another important direc- 
tion: for proving the existence of weak solutions of some nonlinear problems. 
This involved the study of the classes W*:?, the derivation of Schauder esti- 
mates for linear differential operators in this setting and finally application 
of topological arguments (Schauder [1934], where the case of quasi-linear 
elliptic equations with continuous coefficients in R? is outlined. and also 
Schauder [1935], where quasi-linear hyperbolic equations are treated). 

A detailed and modern exposition of the theory of Schauder estimates 
and its applications to nonlinear problems can be found in the books of 
Gilbarg-Trudinger [1977] and Ladyzhenskaya—Ural'tseva [1964]. 

The Leray—-Schauder method represents one of the most basic tools of 
nonlinear analysis; in Section 2 we indicate in a simple setting how this 
method may be used in the study of nonlinear partial differential equations. 

The first fundamental results on quasi-linear second order equations of 
eliptic type were obtained by Bernstein [1912]; further significant progress 
was made through the work of Schauder and Leray (cf. Schauder [1932]. 
[1933], Leray-Schauder [1934], Leray [1938], [1939]). In their joint memoir 
[1934] Leray and Schauder brought together a number of important ideas 
and developed a new method for solution of quasi-linear equations; their 
work, while embracing several preceding discoveries, provided also a general 
framework for the treatment of many other nonlinear problems. For an ac- 
count of historical beginnings see the surveys by Schauder [1936a], [1936b] 
and Leray [1936], where a number of references to older literature can be 
found. 

A modern presentation of the theory of second order quasi-linear elliptic 
equations, which has been brought to a significant level of completeness. 
can be found in the books of Gilbarg-Trudinger [1977] and Ladyzhenskaya- 
Ural’tseva [1964]. These books also present applications of the continuation 
method to the proofs of existence of generalized solutions of some nonlinear 
problems. Further literature can be found in Nirenberg’s lecture notes [1974] 
and the survey by Serrin [i97€:. 
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The Leray Schauder degree theory 


We first remark that in an infinite-dimensional normed linear space E, there 
can be no degree theory applicable to all continuous maps: for if U is the 
closed unit ball in E, then there is a retraction r : U — OU; since r|OU = 
id|OU, the normalization and homotopy properties would imply d(7,U) = 
d(id,U) = 1, giving the contradiction that r(x) = 0 has a solution in U. 
The class of maps for which a degree or index theory can be defined must 
therefore be restricted. 

In their 1934 memoir, Leray and Schauder singled out the class of com- 
pact fields f(x) = x — F(x) in Banach spaces and showed that a degree 
(preserving all properties of degree in R”) could be defined for maps in this 
class. Theorems (3.6) and (3.7) were established by Leray—Schauder [1934]. 
Theorem (3.8) is due to Krasnosel’skii~Perov [1959]. 

For a direct exposition of the Leray—Schauder degree theory, the reader 
may consult the books by Deimling [1985], Lloyd [1978], and Rothe [1986]. 


Fized point index in locally conver spaces 


The results of Section 5 are taken from Granas [1969], [1972]. The exis- 
tence of the index for compact (nonmetrizable) ANRs given in (5.9) was 
established earlier by combinatorial means and in a different form by sev- 
eral authors (Leray [1959], Deleanu [1959], Bourgin [1955], [1956a,b], and 
Browder [1960]). 

We remark that the Leray Schauder degree for compact fields in locally 
convex spaces (Leray’s survey [1950], Nagumo [1951b]) can be derived from 
the fixed point index as in the metrizable case (Section 3). 


Extensions of the Leray- Schauder degree 


We now list some of the numerous extensions of the Leray—Schauder degree 
theory that are not treated in this book. 
(i) Degree for condensing fields in Banach spaces (Nussbaum [1972], 
Borisovich-Sapronov [1968], Sadovskii’s survey [1972], and Krawce- 
wicz’s book [1997]). 

(ii) Degree for A-proper maps, motivated by the needs of the theory of 
monotone operators (Browder -Petryshyn [1969], Petryshyn’s survey 
[1975], and his book [1995]). 

(iii) Degree for monotone-like operators between a Banach space and 
its dual (Skrypnik’s book [1973], Browder [1983], Browder’s survey 
[1983b]). 

(iv) Degree for compact Kakutani fields (Granas [1959], Hukuhara 
[1967], Cellina—Laseta [1969], end \Ta [1972]). 
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Degree for generalized compact fields 


Let E be a normed linear space, X,¥' C E, and f : XY — Y a map. We say that f is 
a Rothe map (or simply an R-map) if it is of the form f(r) = A(r)x — F(x) for r € N. 
where F : X — E is compact and AX X — R is a continuous function satisfying 
0<m< X(z) < M for some some constants m, AJ and all 1 € X. By an R-homotopy is 
meant a family hi(x) = A(z. t)z + H(z, t), (x,t) € X x I, such that 0 << m < A(r.t) < M 
and H .X x I — E is compact (cf. Rothe [1939}). 

Let U be a bounded open subset of FE, b € E, and let f (U.OU) — (E. E — {b}) be 
an R-map. Observe that if 


1 aa b+ XG F(x), fo(r) = 2 — Folr). 


then Z(f —6b) = Z(fo —6). We then define the degree of f with respect to 6 by d( f.U,b) = 
d( fo, U, 6). It can be verified that the degree for R-maps has the same properties as the 
Leray-Schauder degree for compact fields. For details, see Rothe’s book [1986]. 


Fo(z) = 


Degree for maps having a diagonal representation 


If E, F are Banach spaces. a map g FE — F has a diagonal representation if g(r) = 
G(z,z), where G: E x E — F is such that for each fixed v € E, the equation G(u.v) = 0 
has a unique solution u = I'(v) defining a completely continuous map [: E — E. Maps 
of this type appeared first in Leray Schauder [1934]. For maps with a diagonal repre- 
sentation, the degree was developed by Zabreiko Krasnosel'skii [1967] and independently 
by Browder-Nussbaum [1968]. For details the reader may consult the book of Zabreiko- 
Krasnosel’skil and Browder [1968], [1976]: see also “Miscellaneous Results and Examples’ 


Coincidence degree 


Let E, F be normed linear spaces, and L E — F a fixed linear Fredholm operator of 
index zero. If U C E is open and bounded, and N : U — F is a compact map, one 
can define, for maps of the form L + N : (U.0U) — (F.F — {b}), the coincidence degree 
deg(L + N,U, {b}) with respect to U and b. This degree, developed by Mawhin [1972], 
retains the main properties of the Leray-Schauder degree. Extensions of the continuation 
theorems can also be established in this setting. For details, see Gaines Mawhin [1977]. 


Degree for Fredholm maps 


We now describe, in a simple setting, a direct extension of the Leray—Schauder degree to 
Fredholm maps due to Smale [1965]. We first recall some terminology. 

Let E, F be Banach spaces, U a domain in FE, and f:U—- Fa Cc! map. An element 
x € U is called a regular point for f if Df(r) € Y(E,F) is surjective, and a critical 
point otherwise. The image of a critical point is a critical value of f. An element y € F 
is a regular value of f if it is not a critical value. The map f is called Fredholm if each 
differential Df(x) is a Fredholm map, i.e., Df(r) € (£.F) for each r € X. Since U is 
connected, the index Ind Df(.r) is constant on U’; its value (denoted by ind f) is called the 
index of f. The set of all Fredholm C? maps of index n is denoted by $nC%. 

Given a domain U C E, we say that a map f (U,0U) — (E, E— {0}) is allowable if 
f is proper and fJ[U: U — Eisa C! Fredholm map of index 0. We let Go(U, EF’) denote 
the set of allowable maps f (U,QU) — (E, oo {0}). Call f.g € Go(U.E) homotopic 
(written f ~ g) if there exists a proper map h- 6 Ol. x I> (EB, E — {0}) such that: 
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(i) A|U x IT:U x I E is of class C?, 
(ii) Dh(r.t) € (Eb R, E) for all (2,1) EU x I, 
(iii) A(r,O) = f(r), A(a.1) = g(x) for all x € U. 
The main tool for defining the mod 2 degree for allowable maps is the following: 


THEOREM (Smmale Sard). If f € ‘Ga(U,E), then the subset of E— f(QU) consisting of the 
regular values of f{|U as open and dense in E — f(U). 


Let f € ‘%a(U.E) and y € E be a regular value for f|U with |ly|| < inf{||f(z)l | 
r € OU}. It follows that either f7'(y) = @or f7(y) — eee ry} C U. The mod 2 
degree deg( f:y) of f with respect to y is then defined to be, respectively, 0 or & mod 2. 
One shows that deg(f:y) does net depend on the choice of the regular value y and we set 
deg f = deg(f:y). The main properties of the degree are: 

(i) deg f #U => f(r) =0 for some r EU, 

(ii) f~g => deg f = degg. 
Using the mod 2 degree, one can extend the antipodal theorem to Fredholm maps: Let 
U Cc E be a bounded symmetric domain containing 0 and f € Gy(U.E) be odd (i.e., 
f(x) = —f(-.r) for x € UC). Then deg f = 1 (mod 2). For details the reader is referred 
to Smale [1965] and Elworthy Tromba [1970]; for a proof of the antipodal theorem see 
Geba- Granas [1983]. 


Degree for maps between Banach manifolds 


Let E be a Banach space, £(F) the Banach algebra of bounded linear operators on E. 
and GL(E) the multiplicative subgroup of invertible elements. Let “(E) C 2(E) be the 
set of completely continuous linear operators and “(E) and GL,(E) the subsets of 2(£) 
and GL(£), respectively, of operators of the form I +T, where T € # (EF). Then GL,(£) 
is a subgroup of GL(E). It is known that GL-(£) has two components (Geba [1968]. 
whiere references to earlier more special results of A. Schwarz and Palais can be found; see 
also the survey by Borisovich Zvyagin-Sapronov [1977], Isnard [1973], and “Additional 
References”) We denote the component containing the identity by GL (£) and the other 
by GL¢ (£). Given a Banach manifold Af, a c-structure on AJ is an admissible atlas 
{y;.U;} maximal with respect to the property: for any i,j, the differential d( a) at 
any point is in GL¢(£). The c-structure is orrentable if it admits a subatlas for which the 
differentials actually lie in GL*(£). An orientation is a subatlas maximal with respect 
to this property. A smooth map f : AJ — N between c-manifolds (i.e.. manifolds with 
distinguished c-structures) is a c-map if for any local representative 4°, fez of f the 
differential d(yp; fy, 1) at any point is in &(£). This implies that f is Fredholm of index 
zero. 

Suppose f is a proper c-map between oriented manifolds AJ. N with N connected. 
Then the orrented degree of f is defined: By the Smale-Sard theorem, f has a regular 
value y € N and f~1(y) C AL consists of a finite number of points. Counting these points 
with proper sigus gives the degree: 


deg f = ae sgn dfx. 


ref: (y) 


The above sign is determined as follows: Take any local representative y, fy; about xr. 
The differential d(y, fo, M at y, (x) is then in GL-(£), since + is a regular point. Define 
sgn dfx to be 1 if the differential is in GLt(E£), and —1 otherwise. This definition of degree 
obviously extends the finite-dimensional one and is due to Elworthy~Tromba [1970]. 


V. 
The Lefschetz—Hopf Theory 


This chapter is algebraic in character. We develop here the homological 
tools needed to formulate and prove some of the central results in topological 
fixed point theory: (i) the Lefschetz fixed point theorem for various classes of 
maps of non-compact spaces, and (ii) the Hopf index theorem expressing the 
relation between the generalized Lefschetz number and the fixed point index 
for compact maps of ANRs. The chapter ends with a number of applications. 


§14. Singular Homology 


In order to provide an appropriate framework for the main results of the 
chapter, we need first to extend simplicial homology to arbitrary topological 
spaces. One way of doing this is to approximate the space, in some sense, 
by polyhedra, and this method leads to what is known as “Cech homology”. 
The other way is to discard the idea of triangulation and substitute it by 
properly defined “embeddings” of a standard simplex into the space. This 
leads to what is known as “singular homology” and it is this approach we 
will take. 

In this paragraph we shall develop elementary parts of singular homology 
and only in such generality that is needed for the aims of the chapter. We 
remark that the proofs of several results of this paragraph are rather long 
and tedious; a reader primarily interested in fixed point theory may omit 
such proofs on a first reading and return to them if need be. 


1. Singular Chain Complex and Homology Functors 


From the intuitive point of view, the development of singular homology 
arises from the observation that topological spaces can sometimes be dis- 
tinguished from each other because every closed curve in one space forms 
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the boundary of a surface in that space (e.g., a great circle on a sphere) 
while this is not true in another space (a meridian circle on a torus-- a cut 
can be made without. breaking the surface into separate pieces; on more 
complicated surfaces, more than two cuts can be made without breaking 
the surface into separate pieces). To make this more precise for algebraic 
treatinent, the notion of an r-dimensional surface in R"t! is replaced by 
the notion of a linear combination of singular simplices in R"*+!. Geomet- 
rically, this is thought of as a surface built. up from simplices embedded in 
R"*! Thus, the main general idea of constructing singular homology is to 
transfer the algebraic notions developed in §8 to arbitrary spaces; this will 
be accomplished by transferring the algebraic operations with simplices onto 
the set of singular simplices. 


Categories and functors 


To formulate the above intuitive ideas in a precise formal way. we shall use 
the language of categories and functors. 

Recall that a category K consists of a class of objects, and for any objects 
A and B, there is a set K(A, B) (also denoted by [A, B]x) of morphisms 
f:A-— B from A to B with the following properties: given two morphisms 
f:A—-Bandg:B-—C, the composite morphism gf : A — C is defined; 
furthermore, the composition operation is required to be associative and to 
have an identity 14 in K(A. A) for every object A in K. 

For example, the class K of all sets, with K(A, B) being the set of all 
maps of A into B, and with the customary composition law, obviously forms 
a category Ens. Similarly, the class K of all topological spaces, with K(A, B) 
the set of all continuous maps of A into B and with the usual composition 
law, forms a category Top. There are many categories in which all ob- 
jects have some type of algebraic structure, such as the category Ab of 
abelian groups (in which all morphisms are homomorphisms) or that of 
vector spaces, or modules over a fixed ring, whose definitions are obvious. 

For any category K, the opposite category K* is that having the same 
objects as K, morphisms K*(A, B) = K(B, A), and the same composition 
law as in K. 

A morphism u : A — B in a category K is called an isomorphism if 
there is a morphism v : B — A in K with uv = 1g and vu = 1,; the 
morphism v is called the inverse of u, and is unique. Two objects A, B € K 
are equivalent (written A = B) if there is an isomorphism u: A — B in K; 
the relation is indeed an equivalence relation in K. These notions yield the 
customary concept of isomorphism in Ens, Top, and Ab. 

When several morphisms between various objects in a category are con- 
sidered simultaneously, it is convenient +o display the morphisms as arrows 
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in a diagram, such as 
A—>B 


v= | 


C—>7>D 


The diagram D is said to be commutative if uf = vg. The same terminology 
applies to more complicated diagrams. 

Let K, L be two categories. A covariant functor T : K — Lis arule that 
assigns to each object A € K an object T(A) € L and to each morphism 
u € K(A, B) a morphism T(u) € L(T(A), T(B)) so that: 

(a) T(14) = 17a) for each A € K, 

(b) T(uv) = T(u)T(v) whenever uv is defined. 

If K* is the opposite category, a functor T : K* — Lis called a contravariant 
functor (or briefly a cofunctor) on K; it can be interpreted as a functor on 
K that reverses the direction of each morphism when sent to L. 

A functor T : K — L transfers commutative diagrams in K to commu- 
tative diagrams in L. Moreover, if u is an isomorphism in K, then T(u) is 
an isomorphism in L; the converse is not necessarily true. 


We list two simple but important examples: 

(i) The functor F : Ens — Ab. For any set A, let F(A) be the free 
abelian group generated by A. The defining property of free abelian 
groups implies that if f : A — B is any function, then there is a 
unique homomorphism Ff : F(A) — F(B) with (Ff)i = jf, where 
7: A— F(A) and 7: B — F(B) are the inclusions. 

(ii) The functor Sy : Top — Ens. For a fixed space M, we define 
Sm: Top — Ens by 


Su(X)= Top(M,X), X € Top, 
and for f: A— B, Su(f) : Top(M, A) — Top(M, B) is given by 
[Su(f)](u) = fu, we Top(M, A). 


Let S,T :K — L be two functors. A natural transformation t : S — T 
of S into T is a function that assigns to each A € K a morphism ty € 
L(S(A),T(A)) so that for all A, B, u in K, the diagram 


s(A) 2@ 5(B) 
T(A) ap T(B) 


is commutative. The natural transformation t : S — T is called a natural 
equivalence of the functors S$ end T if each t is an isomorphism in L. 
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In the remaining part of this section our aim is to show that the singular 
homology assigning to each space X an abelian group H,(X), the nth ho- 
mology group of X, and to each map f : X — Y of spaces a homomorphism 
H,(f) : Hn(X) — Hn(Y) of groups is, in fact, a functor, called the nth 
singular homology functor from ‘Top to Ab. 


Singular simplices and singular chains 


We begin the description of singular homology by defining the notion of a 
singular simplex in a topological space. As preparation, for each dimension n, 
we select a definite geometric simplex in R"*} 

Given an integer i = 0,1,...,n7, let e; = (0,...,0,1,0,.. ,0) be the unit 
point of the ith coordinate axis of R”+}. The standard Euclidean n-simplez 
A” in R"+! is the simplex spanned by the points eo,...,€n. By definition, 


A” = { (toy sn) eR™| i =1, t; > o}. 


i=0 
For each i = 0,1,...,7 we let A? = {(to,...,tn) € A” | t; = 0} be the 
ith face of A” opposite the vertex e;. For points po,...,Pn (not necessarily 


distinct) in A%, we let the symbol (po... pn) denote the unique affine map 
A” — [po,---,Pn] sending e; into p;. With this notation, for the identity 
map id, from A” to A” we have id, = (e9... en). 


(1.1) DEFINITION. Given a topological space Y, a singular n-simplex in 
Y is defined as a continuous map T : A” —> Y; the set T(A”) CY is 
called the support of T and denoted by |T|. A singular n-chain in Y is 
a finite formal linear combination c = 5° n;7; of singular n-simplices 
in Y with coefficients in Z; the set |c| = U{|T;| | ni 4 0} is called the 
support of c. With addition of chains defined by adding coefficients, 
the n-chains in Y form an abelian group C,,(Y). Precisely, the group 
C,(Y) is the free abelian group generated by the set of all singular 
n-simplices in Y. 


Note that a singular simplex in Y is a map into Y and not a subset of Y, 
although much of the development can be motivated by regarding T as a 
simplex embedded in Y. Intuitively, an n-chain can be thought of as a kind 
of n-dimensional surface embedded in Y and built up from simplices with 
various multiplicities. 


(1.2) DEFINITION. Let X and Y be two spaces, and f : X — Y continuous. 
If T : A” — X is a singular n-simplex in X, then the composition 
foT: A” —Y is a singular n-simplex in Y denoted by fT. Forming 
an n-chain c = >) nT; in C,(X) and letting C,(f)(c) = > ni( fT;) 
we get a homomorphiriw C,,(f} :,(X) + C,(Y) induced by f. 
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Because C,(g 0 f) = C,(g) 0 C,(f) for any map g : Y > Z and C,,(idx) = 
ido, (x), the assignments X +> C,,(X), f + C,(f) yield the singular n-chain 
functor C,, : Top — Ab. 


Boundary homomorphism. The singular complex C,(X) 


The next step is to introduce an algebraic operation on chains that will 
represent in a natural way the geometric operation of taking the boundary 
of a surface. This should agree with the idea that the boundary of a surface 
is itself a closed surface. We already know from §8 what the boundary of the 
standard simplex is, so it is reasonable to take the boundary of a singular 
simplex T in Y to be the restrictions of T to the faces of A”. Unfortunately, 
these are not maps of the standard (n—1)-simplex A”—}, so we must transfer 
them so that they can be regarded as such maps. To this end, for each 
i= 0,1,...,n we define standard affine maps d; : A°-! — A” by setting 


d;(to, tety tn-1) = (to, ++) 6-1, 0, ti, az y»tn-1)- 
Note that d; maps A"—' onto A?, the ith face of A” opposite the vertex e;. 


(1.3) DEFINITION. If T: A” — X is a singular n-simplex, then the ith 
face of T is the (n — 1)-dimensional singular simplex 6;T = Td; : 
A”—1 _, X. For each n > 1, the boundary operator 


8 =O, : Cn(X) 4 Cy-1(X) 


is the homomorphism defined on each generator T' of C,,(X) by set- 
ting 


OT = 8,T = ) \(-1)°6,T. 
i=0 
It is straightforward to verify that any composition 0,0,41 is zero, which is 
equivalent to the statement that Im 0,41 C Ker 0,. Geometrically, this says 
that the boundary of any (n + 1)-chain is an n-chain having no boundary. 
It is this fundamental property that leads to the notion of the homology 
group. 

The kernel of On : C,(X) — Cn—1(X) is denoted by Z,,(X) and called 
the group of singular n-cycles of X; note that Co(X) = Zo(X). The image 
of Onai : Cn4i(X) — C,(X) is called the group B,(X) of singular n- 
boundaries of X, and the quotient group H,(X) = Z,(X)/Bn(X) is the nth 
singular homology group of X. The elements of H,(X) are called homology 
classes, the coset z+ B,,(X) being the homology class of the n-cycle z. Two 
n-cycles z,z’ belonging to the same homology class are called homologous; 
this will occur if and only if z — z’ = 0,41c for some (n + 1)-chain c. If the 
homology group H,,(X) is finitely generated, its rank is called the nth Betti 
number of X. 
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For a space X, the sequence C,(X) = {C,(X),On | n = 0,1,2....} is 
called the singular complet of X and the sequence 


{Hn (X)} = H(X) = H(C.(X)) = {Hn(C.(X))} 


is called the graded singular homology group of X. 

For a continuous map f : X — Y, let A.(f) = {Hn(f) : An(X) - 
H,,(¥)} be the graded homomorphism of singular homology groups induced 
by the chain map C,(f). The assignments X + H,(X), f > H,(f) define 
the singular homology functor H, : Top — GrAb from the category of 
topological spaces to the category of graded abelian groups. 


Some examples 
We calculate the singular homology of some simple spaces. 


EXAMPLE 1. In contrast to the simplicial case, observe that if X 4 0, then 
C',(X) 4 0 for every n > 0. However, we show that if * is a one-point 
space, then Ho(*) = Z and H;(*) = 0 for all 7 > 0. For there is exactly 
one singular simplex T? : A? — * for each p > 0. If p > 0 is even, then 
OT? = T?—', so that there are no p-cycles, and H,(*) = 0. If p > 0 is 
odd, then OT? = 0 and OT?t! = T?, so that every cycle bounds, and again 
H,(*) = 0. In the case n = 0, we have Zo(*) = cyclic group generated by 
T° and Bo(*) = OC;(*) = 0; therefore Ho(*) = Zo(*) = Z. 


EXAMPLE 2. An easy modification of the proof in Example 1 shows that 
Ho(X) = Z whenever X is path-connected. 


EXAMPLE 3. Let X C R? be a convex set. Then Ho(X) = Z and H;(X) =0 
for all i > 0. The first statement being evident from Example 2. we concen- 
trate on the second. We will show that H,(X) = 0 for n > 1 by constructing 
a chain homotopy D : C,(X) — Cyr41(X) (see 86); since C,,(X) is the free 
abelian group generated by the singular n-simplices T, it is enough to define 
DT € Cyn41(X) for each generator T: A? — X. 

Choose a point € € X; for each n > 0 and each T: A" — X set 


DT(ao,---,;2n41) 
Ly In+l 
roé + (1 — xo) T | ———,....———_ ]. l, 
o€ + ( 0) (2 rae ro F 
&. wo = ie 
This is the analogue of the cone construction with vertex €: on the face of 
A"*! opposite the vertex (1,0,...,0), we are setting 
DT(0,21,.--,2n41) =T(%1,---,Xny1) and DT(1,0,...,0) =€, 


then mapping each line segment in A"t? joining (1,0,...,0) to a point z 
on the face of A"t! opposite (1.0..... () Enearly onto the segment in X 
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joining € to Tx. The continuity of DT : A™+! — X is clear from this 
description; formally, DT is evidently continuous at all points except pos- 
sibly (1,0,...,0), and the continuity at (1,0,...,0) follows easily from the 
boundedness of the given T. 

By construction, we have 

(S0DT)(xo,..-,2n) = DT(0,20,...,£n) = T(0,---. En). 

Moreover, for 7 > 0, we have 

(6,:DT)(Zo,---,2n) 


= DT (20,...,2i-1,0,23,...,2n) 


Ly Lit Li ei 
Teo 6 eo (pest 
of + ( 0) = 1—<2 1—29 =A 
and 
(D6;-1T)(z0,..-,2n) 
Ho | In 
= —_ 6;1T 63 
ro§ + ( 10)|6 1 (=. =) 
r1 Lj-1 wi =O 
ee 1— T weep .U, -————"-...,, ’ 
oF + ( 10)| (=. ep 0 1— 2 =) 


so that 6; DT = D6;_1T for i > 0. Thus, 
ODT = 60DT — 6, DT +---+6n41DT 
= T — DooT +---+ DO, T = T — D(OT), 


so T = ODT + DOT and c = 0Dc+ Dac for every c € C,,(X). If cis a cycle, 
then Oc = 0, so c= ODe and every cycle bounds. This completes the proof. 


Relative groups. Long exact sequence 


A somewhat more general notion is needed to develop a theory, namely, 
that of relative homology. Here, chains on a certain subspace A C X are 
identified with 0. Thus, to be a cycle of X mod A a chain must have a 
boundary that is a chain on A, rather than have boundary zero. The groups 
Zn(X,A) can be expressed directly in terms of chains in X: Let 


2rd) = { ERAN BE Coils n> 8 


this is called the group of n-cycles of X mod A. Let 


B,(X, A) = Bn(X)+C,(A) 
= the subgrovp of C',4 8) xenerated by B,(X) and C,,(A); 
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this is called the group of bounding n-cycles of X mod A; clearly, B,(X, A) C 
Z,(X,A), and the quotient group 

H,(X, A) = Z,(X, A)/Br(X, A) 


is the nth homology group of X mod A. If the group H,(X, A) is finitely 
generated, then its rank, denoted by b,,(X, A), is called the nth Betti num- 
ber of (X, A). Let C,(X,A) = C,(X)/C,(A); note that if A = @, then 
Cr(X, 9) = Cp(X). 

Let A be a subspace of X. One of the characteristic features of homology 
theory is a long exact sequence that relates the homologies of X, A and 
X mod A. To define this interrelation, let 


ie : Hp(A) > Hn(X) 
be induced by the inclusion 7: A > X, and 
jx? Hn(X) > An(X, A) 

be induced by the inclusion j : (X,@) — (X, A), specifically, 

js: [2n + Ba(X)] > [Zn + Bn(X) + Cr(A)]. 
and let 0, : H,(X,A) — Hyn-1(A) be the homomorphism 

[Cn + Bn(X) + Cr(A)] 2 [Onen + Bn-1(A)]. 
It is straightforward to verify 


(1.4) THEOREM (Homology sequence of a pair). Let A be a subset of X. 
Then the homology sequence of the pair (X, A), 
ae AAA) > BX) 2 BX A) AA) 
ast Soo tae H(A) =? Ho(X) => Ho(X, A) — 0 
is exact. Moreover, a continuous map f : (X,A) — (Y,B) induces a 


homomorphism of the exact sequence of (X,A) into that of (Y,B), 
meaning that in the diagram 


-++——> H, (A) —> H,(X) —~> H,,(X, A) —> Hn-1(A) —-::: 


|i |. |. |v. 


--+——> H, (B) —> H,(Y) —~> H,,(Y, B) —> Hn-1(B) —::: 
each square is commutative. 


The proof uses the fact that if A C X, then the chain complex {C,,(A), 0} 
can be identified with a subcomplex of {C,,(X), 0}, leading to the quotient 
chain complex {C,(X)/C,{A\.2} 2 {<.C%..4), 0}; this gives the relative 
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homology groups H,(X,A) and the long exact sequence of (1.4) (see Ap- 
pendix, Section D). 

By regarding the exact sequence of (1.4) as arising from a chain complex 
and a subcomplex, we are led to a generalization: Starting with spaces A C 
BC X, we have the chain complex {C,,(X)/C,(A)} and a subcomplex 
{C,(B)/C,(A)}; the quotient complex is {C,(X)/Cn(B)}, so we obtain 
more generally the following result: 


(1.5) THEOREM (Homology sequence of a triple). Let AC BC X be 
topological spaces. Then there is an exact sequence 


-- + H,(B,A) > Hy(X, A) > Hn(X, B) 
5 Hy-1(B, A) > ++» > Ho(X, B) > 0, 


where all unlabeled homomorphisms are induced by inclusions and 8 
as the composition 


H,(X,B) & Hp-1(B) 23 Hp-i(B, A). 


Moreover, a continuous map f : (X,B,A) > (X, : A) induces a 
homomorphism of the exact sequence of the triple (X,B, A) into that 
of (X, B, A). O 


We remark that if A = @, then the exact sequence of (1.5) is precisely that 
of (1.4). 


REMARK. Within the framework of chain complexes, we can define, for a 
space X, the singular homology groups over an arbitrary abelian group or 
field G. For any such G, the finite formal linear combinations c, = )> 9;T; 
of singular n-simplices in X with g; € G form an abelian group C,,(X;G), 
which is a vector space whenever G is a field. The fia homomorphism 
On : Cp(X;G) — Cp_-1(X;G) is defined by 0,(cn) = >> 9:0T;, and is a 
linear map when G is a field. Again 0,0,41 = 0, so that {C,(X;G),0,} isa 
chain complex; the corresponding homology groups H,(X;G) are called the 
singular homology groups of X with coefficients in G. If G is a field, then 
H,,(X;G) (being the quotient of a vector space by a linear subspace) is a 
vector space. We remark that in this terminology, H,(X) is H,(X;Z), and 
in fact, the chain complex {C,,(X; G), 0,} is precisely {C,(X)®G,0, @ 1}, 
where ® is the tensor product. 

If (X,A) is a pair of spaces, the relative singular homology groups 
H,,(X, A;G) are defined analogously, as the homology groups of the chain 
complex C’,(X, A) @ G. 

We remark that singular homology with coefficients in a field will be 
used in this chapter as a basic tocl in Lefschetz theory. 
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We conclude this section by showing that singular homology has compact 
supports. This property, expressed in terms of direct systems of abelian 
groups (see Appendix), is given in the following: 


(1.6) THeoreM. Let (X,A) be a pair of spaces, and let {(Ka,La)}aep 
be the family of all compact pairs (Ky.LDa) C (X,A) ordered by in- 
clusion. Then the family {H.(Ka,La)} of groups, together with the 
homomorphisms induced by inclusions, forms a direct system, and 


H,(X, A) = lim H, (Ka, La). 


PROOF. We first consider the absolute case, when we are given a space 
X together with the collection {Ka}aep of all compact subsets of X. We 
are going to show that H,(.) & lim H,(Aq). For convenience we assume 
that there is a one-to-one correspondence a + Kg between the indices 
in D and the compact subsets of X; we write a < { whenever Ka C Kg, 
which makes D a directed set. We form the direct system of chain complexes 
{C.(Ka), tat}eagep: Where iag : C.(Ka) 7 C.(Ag). a X 2, is the inclu- 
sion. Let C’,(-X) be the singular complex of X, and fo : Cs(Na) ~ Ci(X) 
the inclusion. We note that the family {f,} is compatible and that both 
conditions (i) and (ii) of Theorem (D.3)(II) in the Appendix are satisfied 
(because the support of any chain in C',(X) is compact). Thus, by that the- 
orem, C,(X) & lim{C. (Ka), tap}- Now the asserted isomorphisin follows 
from the fact that the homology functor commutes with direct limits (see 
Appendix, Theorem (D.7)). 

The proof of the theorem in the relative case is analogous, and the details 
are left to the reader. O 


2. Invariance of Homology under Barycentric Subdivision 


In the singular homology of X mod A, chains on A are identified with 0. 
This suggests that removal of a set E C A should not affect homology. i.e., 


H,(X — E,A—E) & H,(X, A). 


This fundamental property will be established in Section 3 under the condi- 
tion E C Int A; this is to guarantee that certain simplices can be dropped. 
The technique consists in cutting down the size of the support of singular 
simplices so that any eleanent z € H,(.X,A) is represented by a relative 
cycle z, all of whose singular siinplices have their support either in A or in 
the conplement of E. The part on A can then be identified to zero, so z is 
represented by a relative cycle of X — E mod A— E. Cutting down the size 
of the singular simplices is done by means of the barycentric subdivision 2 
of the model A”; again it is a question of ideutifying the members of B(idn) 
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with singular simplices T : A" — A”, and the process has affinities with 
barycentric subdivision of polyhedra. 

In this section we establish the invariance of singular homology under 
barycentric subdivision. This implies that to compute singular homology we 
can confine ourselves to singular simplices with arbitrarily small supports. 


Presentability of the functor C,, 


In presenting the technique of barycentric subdivision, it will be convenient 
to use the notion of a presentable functor. Let T be any category and Ab be 
the category of abelian groups. A functor F : T — Ab is called presentable 
if there exists an object M in T and an element s € F(A/) such that for each 
X €T, the set {F(u)s | u € T(A/.X)} is a basis for F(X). In particular, 
then, whenever F' is a presentable functor, each F(X) must be a free abelian 
group; and the presentability condition states that there is a canonical way 
to specify a basis in each F(X); M is called the model object, and the couple 
(M, s) is called a presentation of F. 


(2.1) PROPOSITION. The functor C,, : Top — Ab is presentable and the 
pair (A”,idn) consisting of A” and id, € C,(A") is a presentation 
of Ch. 


ProoF. Indeed, given any space X, we find for each T': A” — X that 
Ci(T)(idn) = [T : A” — X] € C,,(X). Consequently, the set {C,,(T)(idn) | 
T € Top(A”, X)} is precisely a basis for C,,(X). This means exactly that 
C,, is presentable and (A”, id,) is a presentation of Cp. O 


Two important categorical properties of the functor C,, are given in 


(2.2) PROPOSITION. Let G: Top — Ab be any functor. Then: 
(i) for each g € G(A”) there is a unique natural transformation a: : 
C,, — G determined by setting a" (id,) = g and “transporting” 
g by a*Cy(T) idn = G(T)g, 
(ii) given any two natural transformations a, 8: Cp — G, the condi- 
tion a" (id,) = BA" (idn) implies that a = PB. 


Thus, to construct a natural transformation a : C,, — G we need only define 
a single element a“ (id,) € G(A™); on the other hand, to verify that two 
natural transformations a, 8: C,, — G are identical, it is sufficient to show 
that on the model A”, we have a(id,) = A(idn). 

The proof of (2.2), based on the presentability of C;, is left to the reader. 


Natural chain maps 


Let a, : C, — C, be a natural transformation, one for each n > 0. We 
say that a = {a,} isa naferal bean aap provided Oay = An—-10 for each 


380 V. The Lefschetz—-Hopf Theory 


n > 0; 0: Cy — Cp-1 is regarded here as a natural transformation of 
functors. 


(2.3) LemMMA. Let a = {a,} and B = {B,} be two natural chain maps. 
If a(ido) = B(idg), then there exists a natural chain homotopy D = 
{D,} such that 


(*) ODn + Dn-10 = On — Bn- 


PROOF. The method of proof goes by the name of “acyclic models” and is 
due to Eilenberg-MacLane. Since a(ido) — (ido) = 0, it follows that (*) 
holds for n = 0 with Do = 0. Assuming inductively that Dy : Cp — Cr+ 
has already been found for all k < n with 


(**) OD; + Dy_-10 = ak — Br 


we establish by induction the existence of D, : Cp — Cn41 for which the 
formula (*) holds. Consider the map yn : C, — Cp given by 


Yn = An — Bn - Dn-10 


(which exists by the inductive hypothesis) and denote by c, the chain in 
C,(A") given by cn = 74" (idn), where 72° is the A” component of 7p. 
Using the fact that a and £ are chain maps and the inductive hypothesis 
(under which (*«) is true for k =n — 1), we get 


OYn = 0an, ay OBn i OD, -10 
= 80% — Bn — [On-10 — Bn-10 — Dn—200| = 0. 


From this we conclude that the chain c,, is a cycle in C,(A”), and because 
A” is acyclic (as a convex set), it is a boundary, i.e., c, = Obn41 for some 
bn4i in C,41(A"). Letting now D,(idn) = bn41 € Cn41(A"), we observe, 
by presentability of C,,, that D, : C, — Cy+1 is defined (by transportation) 
and it is a natural map. Then, from the formula 


ODp(idn) + Dn—10(idn) = OBn41 + Dn—10(idn) = On(idn) — Br(idn), 


in view of naturality of the maps involved and again by presentability of Cy, 
we conclude that our assertion (*) is true for k =n. O 


Barycentric subdivision 


We shall now construct for each n > 0 a natural transformation 3, : Cr > 
C,, which for each space X replaces a chain in C,,(X) by a chain also in 
C,(X) with “smaller” simplices. Geometrically speaking, barycentric sub- 
division will be constructed as the cone of the subdivided boundary. So we 
begin by recalling the cone construction: 


§14. Singular Homology 381 


Let A’ be the standard simplex in R9*+, and {A,,(A%)} the subcomplex 
of {C,,(A%)} generated by the affine singular simplices in A’. Given a fixed 
point b in A’, the cone operator x assigns to a generator o = (pop -- - Pn) 
in A,,(A?) the affine simplex of one higher dimension, 


x(a) = bx o = (bpopi --- Pn); 


and so determines (by linearity) a homomorphism x : A,(A%) + An4i(A?). 
A straightforward verification gives 


(*) O(bx c)=c—bx Oc for any chain c € A,(A’). 


We are now ready to define the subdivision operator § and prove its 
properties. 


(2.4) DEFINITION. We define 8 = {Gn} : {C,} — {C,} inductively: 
(i) Po = id; 
(ii) if Brn-1 : Cr-1 —> Cy-1 is defined, then ae > Cy-1(A") > 
C,-1(A”) is also defined, and we let 


BS" (idn) = bn X Bn—1(Oidn), 


where b, is the barycenter of A”. Because C;, is presentable, the 
above formula defines a natural transformation B, : Ch — Ch. 
For any integer r > 1 we define the r-fold iterate GB" by letting 
f) = B and B" = Bo BT“! for r > 2. 


(2.5) THEOREM. The operations B and B" have the following properties: 
(i) B" ts a natural chain map for anyr € N. 

(ii) For each space X, 8" is naturally chain homotopic to the identity 
map of the singular chain complez into itself. 

(iii) For any space X, every cycle z € Z(X) is homologous to the 
cycle B"(z). 

(iv) For a given n € N and any 6 > O there exists an integer 
s € N (depending on n and 6) such that the support of any 
affine simplex s; appearing in the chain B*(idn) has diameter 
diam(|s;|) <6. 


ProoF. (i) Because every functor C;,, is presentable, to show that 6 = {6} 
is a chain map we simply need to verify that in the diagram 


C,,(A") > C,-1(A") 


| |e 


f 5 A, f 
Cri ay) \ +----> “ -] f_4”) 
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id, € C’,,(.\") transports around commutatively. This being true for n = 1, 
we use induction and (*) to find 


Dun (idn) = Onlbn X Br—19n(idn)] 

= Bn—19n (id) — bn Xx On—1Bn—10n (idn) 

= Bn-10n(idn) — by x Bn—19On~19p(idn) 

= p ~10n(idn), 
and the proof is complete. Since 7 is a chain map, so is 6” for any r > 1. 

(ii) Because 3" = {67} and the identity id = {id,} are both natural 

chain maps of {C,,} into itself and they agree in dimension 0, our assertion 
follows from Lemma (2.3). 


(iii) Let X be any space, n > 0 a fixed integer, and D” a natural chain 
homotopy joining the chain maps f” and id: 


BT id : {Cy(X)} > {Cp(X)}. 


Given any cycle z € Z,(X) we have z — $"(z) = D'0z + OD"z = OD"2; 
thus = and 6"(z) belong to the same coset of B,(X). and our assertion is 
proved. 

(iv) This follows clearly from (8.2.3). O 


Small simplices 


(2.6) DEFINITION. Let X be a space and V = {V) | A € A} a family 
of subsets of X whose interiors {V, | 4 € A} cover X. A singular 
simplex T': A" — X will be said to belong to V (or to be V-small) 
provided its support |7| lies in at least one of the sets Vj. 


By confining our attention to singular simplices that are V-small. we can 

introduce several notions which are strictly analogous to those of Section 1. 
We let CY(X) be the subcomplex of C,(X) generated by the V-small 

singular simplices. If A C X, we define CY(A) to be the subcomplex 

of CY(X) generated by the singular simplices that belong to VN A = 

{V. 0 A}aea, and CY (X, A) to be the quotient complex CY (X)/CY (A). 
Thus associated with V are three chain complexes 


CY(X), CY(A), CY(X,A), 
and the corresponding graded homology groups 
HY (X) = {Hy (X)}, HY(A) = {HY(A)}, HY (X, A) = (HY (X,A)}. 


(2.7) THEOREM. Let (X,A) be a pair and V = {Vy} a family of subsets 
of X whose interiors cover X. Then the injection 7 : CY(X,A) > 
C',(X,A) induces an isomorphism j, : HY(X,A) — H,(X,A) of 
homology groups. 
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PROOF. We first write the following commutative diagram of chain com- 
plexes with exact rows: 


0 —> CY (A) —+ CY (xX) —>CV(X, A) —>0 


| |= | 
0 ——~> C,(A) ——> C,(X) ——~>C,(X, A) —~0 
“A 2X 


(where 2“, 2* are the injections), and then the corresponding commutative 
ladder of homology groups: 


--»—> Hy (A) —> Hy (X) —> HY (X, A) > HY (A) > HY (X) > 


ee: 


++ <> H(A) —> Hq(X) —> HX, A) > Hq-1(A) > Hy-1(X) > --- 


We now observe that to establish our assertion it is clearly enough to consider 
the absolute case. For once we have proved that 74 and i* are isomorphisms, 
the invertibility of 7, will follow, with the aid of the 5-lemma, from the fact 
that the above commutative diagram of homology groups has exact rows. 
Thus we must show that 


i* : HY (X) = H,(X) 


or, in equivalent geometric terms, that each homology class in H,(X) is 
representable by a cycle having all singular simplices in V. 
We first prove that 


(x)  ifcis a chain in C,(X), then there is anr € N such that all singular 
simplices of the chain 67(c) belong to V. 


Clearly, it is sufficient to establish (*) for singular simplices. 

Let T : A" — X be a singular simplex in X. The family {T-!(V))} 
is an open covering of the compact set A”, hence has a Lebesgue number 
5 > 0: any set A C A” with diam A < 6 lies in one of the sets T~!(Vy). In 
particular, if r is sufficiently large, then every affine simplex s; appearing in 
the chain 67(id,) has its support |s;| in one of the sets T~*(V)). It follows 
that the support of any singular simplex appearing in 6’T (being the image 
of a geometric simplex with diameter < 6) will lie in a set of {Vy}. 

Now letting z be the given singular n-cycle, we can pick r so large that 
8" z has all simplices lying in V; in view of Theorem (2.5), this will be the 
required representative. Thus we have proved that i* is surjective: the proof 
that it is injective is left te the render. O 
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3. Excision 
As the main consequence of (2.7) we come to the following basic 


(3.1) THEOREM (Excision theorem). Let (X,A) be any pair of spaces, and 
let EC X be any subset such that E C Int A (i.e., E is “far from the 
boundary"). Then the inclusion map i: (X — E,A— E) — (X,A) 
induces an isomorphism in homology: 


i, : H,(X — E,A—E) © H,(X,A). 


PRooF. Consider the open covering V = {Int A. X — E} of X. 

(a) i, is epic. Let c be any cycle mod A; then c = )>n,T,, and by 
Theorem (2.7), we can assume that each T; is V-small. In particular, the 
support of each singular simplex is then either entirely in Int A, or entirely 
in X — E, or possibly in both. We break up c into two parts: c= cx-e+r 
by collecting all the simplices of c whose supports lie entirely in X — E, and 
letting r be the remaining part of c. We now claim that cx~—g£ is a cycle 
mod A -— £, and then |cx—¢ — c| = |r| C A, so c and cx_ ¢ are homologous 
mod A — E. Indeed, since X — E C X — E. the supports of the singular 
simplices of r cannot be entirely in X — E, and therefore |r| C Int A C A. 
Focusing on cy, we have 0cx,~ gz = Oc — Or. Now, since |cx_g| C X — E, 
we know that |Ocx— | C X — E; but this must be equal to |Oc — Or|, which 
is contained in A. Thus, |Ocx-2| C AN (X — E) = A - E, and therefore 
Cx-g is a cycle mod A — E. Because cx—~¢ and c are homologous mod A, 
it follows that 7,([cx—z]) = [c] © H,(X. A), and thus i, is epic. 

(b) i, 2s monic. Let zx_g € Z,(X — E,A-E) be a cycle homologous to 
zero in Z,(X, A); this says that -x- 2 = Ogx+@a,, where we can assume that 
all chains involved are V-small (by taking {7 on both sides if necessary). As 
before, we break up gx into two pieces gx = gx-e+Ta, getting zx_¢ —- 
Oqx-—ge = Ora + oa; the left side is in X — E, the right in A, so both are in 
A — E. Thus, zx~< is, in fact, bounding on X — E mod A — E, i.e., 7, is 
monic. O 


(3.2) DEFINITION. Let (A,B) be a pair of subsets of a space X with 
X = AUB. We say that the pair (A, B) is excisive if the inclusion 


(A, ANB) — (AUB, B) = (X, B) 
induces an isomorphism in homology. 


With this terminology, the excision theorem (3.1) can be put in another 
equivalent form, which is sometimes formally easier to use and involves sets 
whose interiors cover X (it resembles the usual group-theoretic isomorphism 
theorem). 

Below we write A for Int A and CA for Y — A. 
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(3.3) THEOREM. If A and B are any two sets with X = AUB= AUB, 
then the pair (A, B) is excisive. 


PRroor. Consider (X,B). The hypothesis gives X — A Cc B. Now, 4 = CCA, 


so CA =CA Cc B. Thus, by (3.1), we can excise CA, and it suffices to note 
that (X —CA,B-CA) = (A, ANB). O 


Conversely, (3.3) implies (3.1): suppose we have (X,A) with U c A. 
Then X = AU(X —U)?. Indeed, (X — U)° = CCU] = CU. so X -AC 
X —U =(X —U)?, proving the claim. 

Thus, by (3.3), 


H(X, A) = H(CUUA, A) & H(Cu, (CU) A) = H(X —U,A—U). 


This says that whenever X = AU B, then for considering (X,B), we can 
confine ourselves to A and remove all of B not in A. 


EXAMPLES. (i) Let A C S” be closed nonempty and assume * € S” — A. 
Then H,,(S" — A,*) = 0. Indeed, consider the exact sequence of the triple 
{x} C S"-—AC S”: 


-- + Hn4i(S", S"— A) % H,(S"— A, *) > H,(S".*) > H,(S",S"—- A) 
2 mile” =A, *) =e ni: *) ae 


Choosing any p € A, we find a factorization S" — A C S" — {p} CS” of 7: 
S"—A— S”; but S” — {p} is contractible, so 7, is the zero homomorphism, 
showing H,,(S" — A, *) = 0(Hn41(S", S” —A)). But Hy,41(S”", S"-— A) =0 
because dim S” = n, and the assertion follows. 

(ii) Let A C S” be closed nonempty and « € S" — A. Then 


H,,(S", es A) = Ay-1(S" — A, *) ® H,,(S". *); 
therefore: 
(a) H,(S",S” — A) always contains an infinite cyclic group. 
(b) If S" — A is contractible over itself (e.g. A = point), then we have 
H,(S", S" — A) = H,(S”. *). 
Indeed, from the exact sequence in (i), and because we have H,,(S”—A. *) = 
H,-1(S", *) = 0, we obtain the short exact sequence 


0 H,(S",+*) “3 Hp(S".S" — A) > Hn_1(S" — A.*) > 0. 
We note that the diagram 


H,(S", *) —1> H,(S", S" — A) 


at 


k. 
H.(S”.S" — {p}) 


j- 
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commutes; this implies that the above exact sequence splits, and our asser- 
tion follows. 

(iti) Let V C S” be open, and A C V nonempty and compact. Then 
inclusion induces an isomorphism 


e: H,(V.V — A) & Hy(S",S” — A). 


For write (S",S" — A) = (VU(S" — A), S” — A); by excision, this has the 
same homology as (V.\ VN (S" — A)) =(V,V — A). 


4. Axiomatization 


In order to get quickly to the essentials of the algebraic techniques we shall 
now present the axiomatic approach. 

There are many homology theories; the following description of what is 
to be meant by a homology theory has been given by Eilenberg-Steenrod. 

Each homology theory is defined on some category K whose objects are 
pairs (X, A) of topological spaces such that A C X. and whose morphisms 
are coutinuous maps of such pairs. The category K must contain the space 9. 
and we denote a pair (X,@) simply by X. 


(4.1) DEFINITION. A homology theory on K is a sequence h, = {hn}, 
n = 0,1,..., of functors from K to the category of abelian groups, 
together with a family of natural transformations 


On : hyn(X,A) — hn-1(A). 
one for each (X, A,n), such that the following axioms hold: 
(1) (Homotopy) If fo. fi : (X.A) — (Y,B) are homotopic, then 
An(fo) = hn(fi) for all n. 
(2) (Exactness) For each (X,A) € K, the sequence 
-> — hp(A) Ay (X) - ha (-X, A) 
5 in—1(A) > hy—a(X) > ++ 0 


is exact, where all unmarked maps are induced by inclusions. 
(3) (Strong excision) The inclusion e : (A,AN B) — (AUB,B) 
induces an isomorphism 


hy(e): hy(A.AN B) = h,(AUB,B) 
for all n. 


For a homology theory h,, the graded group {h,(*)}, where + is a one- 
point space, is called the group of coefficients of the theory. By an ordinary 
homology theory h, we shvll mean one with hn(*) = 0 unless n = 0; if 
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moreover ho(*) = G, then h, is called an ordinary homology theory with 
coefficients in G. 

The construction given in §8 shows that there exists an ordinary homol- 
ogy theory on the category of finite polyhedra. For the singular homology 
groups, because of (1.4), the exactness axiom is satisfied. The strong exci- 
sion axiom is not valid for all A, B, but in view of (3.2), it does hold for all 
excisive pairs (A, B); in particular (cf. (3.3)), the axiom is valid if A and B 
are open subsets of some space X. It is somewhat more delicate to verify, 
and will not be proved here, that if A, B are closed in AUB and ANB 
is a strong neighborhood deformation retract in A, then the pair (A, B) is 
excisive. The homotopy axiom can be verified in a manner essentially simi- 
lar to that in (8.7.4) (for another proof see (D.3) in “Miscellaneous results 
and examples”). Thus, singular homology is an ordinary homology theory 
on suitable pairs of topological spaces. 


Some consequences of the axioms 


We now derive some properties that follow immediately from the axioms, 
and are therefore common to al] homology theories. 

Recall that two pairs (X, A), (Y, B) are homotopy equivalent if there exist 
maps f : (X,A) — (Y,B) and g: (Y,B) — (X,A) such that gf ~ 1(x,4) 
and fg = lcy.z)- 


(4.2) PROPOSITION. If two pairs (X,A) and (Y,B) are homotopy equiv- 
alent (in particular, homeomorphic), then hn(X,A) = hn(Y,B) for 
all n. 


ProoF. If f : (X,A) — (Y,B) is a homotopy equivalence with homotopy 
inverse g, then go f ~ id, so that g, 0 f, = id. Similarly, f, og, = id. Thus 
fe : hn(X, A) — hn(Y, B) is an isomorphism with inverse 9,. O 


(4.3) PROPOSITION. If AC X is a deformation retract of X, then 
hn(X,A)=0  forallne Z. 
PROOF. Because the sequence 
hn(A) © hn(X)  hn(X, A) > hn-1(A) © hn-a(X) 


is exact and X is homotopy equivalent to A, our assertion follows clearly 
from (4.2). O 


(4.4) PROPOSITION. hpn(X,X)=0 for every X. 
(4.5) Proposition. If A is a retract of X, then 
h,(X) & h, CA\-:- yy (X, A). 
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PRoor. Let r: X — A be the retraction. Then roi = id, so that 7,07, = 1d; 
from this we see that i, : hn(A) @ hn(X) is monic and r, : hn(X) 3 hn(A) 
is epic. Moreover, Since i, is monic, the exact sequence 


0 — hya(A) 3 hn(X)  hn(X, A) 0 


splits as h,(X) & Imi, DKerr, & h,(A)@Kerr,. This shows that hy(X, A) 
= hy(X)/hn(A) = Kerr... completing the proof. O 


(4.6) PROPOSITION. If X is the disjoint union X = X,U---U Xx, then 
ha(X) & jay hn( Xi). 


PROOF. We prove this for n = k = 2, the general case following by induction. 
Assume that X = X, U X92: then X) is a retract of X, so 


ho(X) = he(X1) & ho(X1 U X2, X1), 


and by excision, the second term is isomorphic to he(Xe, 0) =ho(X2). O 


Reduced groups 


Let X be nonempty and r : X — * the unique map to a one-point space 
+ € X. Our first task is to find a relation between h,(X) and h,(X, *). 


(4.7) PROPOSITION. We have hy(X,*) = Ker[r. : hp(X) — hn(*)], with 
r, epic. In fact, 
hy(X) = ha(X, *) G hn(#). 


PROOF. Since + is a retract of X, our assertion follows at once from (4.5).0 


The groups h,,(X, *) are easier to work with, and are called the reduced 
homology groups of X. We have 


(4.8) THEOREM (Reduced exact homology sequence). For any pair (X, A) 
and « € A, the sequence 


--+ —> hy (A, *) — hyp (X,*) @ hyp(X, A) hpi (A, *) 2 3-30 
is exact. 
PROOF. We consider 
11> hp(A) > hy (X) > hy (X, A) > hn (A) = 
ee | 
-+-——> hy, (*) > h,,(*) —"> h,,(*, *) —— hn_-1(*) —>::: 
Since the squares commute, 


te TP: we 3) 
Kera — Ker 3 == Ker = Ker 6; 
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and since the top sequence is exact, we clearly have Im C Ker at each stage 
of the last sequence. The task is to show the converse, that Ker C Im for 
each pair. 

(i) Let  € Ker B, j(x) = 0. Then there is an a € h,,(A) with i(a) =z 
because of exactness. We have to show a € Kera. So, consider a(a); then 
Aa(a) = Bi(a) = Bx = 0, so a(a) € Ker \ = 0, and therefore a € Ker a. 

(ii) Let € € h,(X, A) = Kery, O€ = 0. Then there exists r € hy, (X) 
with jz = €. The problem is to pick such an x in Kerf. Let us see how 
far off we are with x. We find p(x) = yj(z) = 0, so Bx € Ker = Im), 
showing Bx = X(a’), and since a is surjective, Bx = Aa(a). Now consider 
x — ia. We have j(z — ia) = jx = € because of exactness; and we have 
B(x — ia) = Px — Bia = Bx — ra(a) = 0. Thus, the sequence is exact at 
hn(X, A). 

(iii) Let ¢ € Kerd, 7(¢) = 0. Then there is a € with 0€ = C, and clearly 
€ € Ker. 0 


We now consider the reduced groups for the special case where the space 
is contractible (i.e., id : X — X is homotopic, in X, to a constant map 
F:X — x). 


(4.9) PROPOSITION. Let X be contractible. Then h,(X,*) = 0. 


PROOF. We have X 4 * 4 X and clearly Fi = id.. But also iF ~ idx be- 
cause of the contractibility, and consequently, * being a deformation retract 
of X, our assertion follows from (4.3). 0 


(4.10) PROPOSITION. Let AC X be a subspace contractible in itself. Then 
hy(X, A) = ha(X, *). 


PROOF. 0 = hp(A,*) 3 hn(X,*)  An(X, A) @ hn_1(A, *) = 0, and the 
result follows. 0 


The final global mechanism that we seek is the Mayer-Vietoris theorem. 


(4.11) THEOREM (Mayer-Vietoris). Let A,B be any two spaces, and * € 
ANB. Then there ts an exact sequence 
1 hn (AN B, *) “2 hy (A, #) @ hn (Bo #) 22 hy (AUB, *) 

2, Rn-1(ANB,*) os, 
where 11, i2, 91, jg are induced by inclusions, and O is defined in the 
proof. 

PRroor. The excision 7: (4.49 2) — (AV B,B) induces a morphism of 
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the corresponding exact sequences: 
hag (A.A B)hn(ANB,*)25 hn(A.+)  &S tp(A, ANB) Shp 1(ANB, *)—> 
= tp Ji 7|< 
—hngi( AUB, B)— ha(B,+) 23hp(AU B,*)"3hn(AU B, B)> Rn-1(B.#) > 


in which every fourth vertical arrow ¥ is an isomorphism. It is a general result 
in the theory of exact sequences, easily established by diagram chasing (cf. 
the Whitehead-Barratt lemma in the Appendix), that in such a case the 
sequence 


1. + ha(AN B, +) “2 hy (A, #) @ hn B, #) UAB h,(AU B, *) 
2, tn—-1(AN B,*) +++ 0 
with 0 = 6y~!kg is exact. 0 


Homology groups of spheres 
We now give some applications and determine the homology of some simple 
spaces: 

(a) h,y(B", *) =0 in any homology theory. 

(b) hg(S”, *) = oe : - . 

We start with S” = S?.US®, where S?. S" are the “northern” and 
“southern” closed hemispheres of S$”. Then, by the Mayer-Vietoris theorem, 

++ —+ hg(S4., *) @ hg(S", *) + hg(S} US, +) 
— hg-1 (SENSE, *) — hg_1 (SZ. *) Bhg-1(S2.%) 

is exact. But Si and S™ are contractible. and therefore their homology 


groups are zero; SO 
hg(S", *) = hg-1(S"— Tx). 


We repeat this again to find 


hy—1(S"7), #) & ++» = ho(S"-4,%), qn 
hy(S",*) = ¢ hy (S°,*), g=n, 
hg—n(S°, *), g>n. 


Now, ho(S”~%, x) = 0, for we have 
ho( Sy s *) & ho(S2— 2 o> + ho(S49 us : ,*) — 0; 


since the direct sum is zero and @ is onto, ho(S"~4, *) = 0. 
Next, hygn(S°,*) = Rg—-n(p U ¥,*) & hg—n(p), and this proves the 
assertion. 
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Thus, in any homology theory, hyn(S".*) & ho(*). the coefficients. and 
nonvanishing h,(.S",*) can occur only for g > n: for all g < n. we have 
hg(S".*) = 0. 


5. Comparison of Homologies. Kiinneth Theorem 


In this section we derive a simple principle for the comparison of homology 
theories when they are both applicable to some space X: being primarily 
interested in polyhedra (where the simplicial homology is effectively com- 
putable) we will require X to have a system of subsets, called a structure, 
that behave as the subcomplexes of a complex. More precisely: 


(5.1) DEFINITION. A structure S on a topological space X is a lattice of 
subspaces (join is union, meet is intersection) containing 0, X and 
satisfying the descending chain condition: each strictly decreasing se- 
quence A; D> Ag D-- is finite. An element S € S is called indecom- 
posable if S# AUB, where A,BES and A#4S. BES. 


For example, if X is a finite polyhedron, then the set S of all subcomplexes 
of X is a structure, and the indecomposables are the closed simplices. 


Further examples of structures are provided by the general 


(5.2) Lemma. Let S be a structure on X, and let p: Z — X be any 
surjection. Then p—1(S) = {p~1(A) | A € S} is a structure on Z 
having {p~!(S) | S indecomposable} as its indecomposables. 


The simple proof of this lemma is left to the reader. 


Each structure S on a space X determines the structure category K(S) 
in which (a) the objects are all pairs (E, A) with E, A € S and E 3 A, and 
(b) the set of morphisms (£, A) — (F, B) consists simply of the inclusion 
map if both E C F and AC B, and is empty otherwise. 

The comparison theorem relates homology theories on a structure cat- 
egory K(S); observe that due to the simple nature of the morphisms, the 
homotopy axiom (4.1)(1) for a homology theory on K(S) is superfluous, and 
a natural transformation of functors is required to commute with the images 
of at most one morphism. 


(5.3) THEOREM (Dugundji comparison principle). Let K(S) be a structure 
category on a space X, and h., h two homology theories on K(S). 
Assume that there is a natural transformation t : h — h such that 
t(S) : h.(S) — h,(S) is an isomorphism for each indecomposable 
S €S. Thent(E, A) :h,(E, A) &h.(E.A) for every (E, A) € K(S), 
and in particular, t1X)-8.f¥) = h.{X). 
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PROOF. We argue by contradiction, supposing that t(/) is not an isomor- 
phism for some & € S. Then there exists an A 4 @ such that ¢(A) is not an 
isomorphism, but. ¢(B) is an isomorphisin for every proper subset B C A. 
Indeed, start with E; if there is some proper subset E, C E with t(£1) not 
an isomorphism, replace E with EF, and repeat the process with E;. This 
gives a strictly descending chain E D> FE, D E2 D---, which must be finite; 
the final term A is a set having the specified properties; and A 4 @ because 
of (4.1)(2). 

By hypothesis, A is not indecomposable, so A = BUC, where B,C are 
proper subsets of A; then BNC € S is also a proper subset of A, so we 
conclude that t(B), t(C), and t(B NC) are all isomorphisms. 


Using now the exact sequences for the homologies of (B, BNC) we have 
the commutative diagram 


+ —> hn(BOAC) — hna(B) — hn(B, BNC) > hn-1(BNC) — hn-1(B) —>--- 


[ene fue |usnc Jeane Jue 


+++ —> hy(BNC) > hn(B) — hn(B. BNC) — hy-1(BNC) — hn-1(B) 


Since t(B) and t(BNC) are all isomorphisms, the 5-lemma shows that all 
t(B,B MC) are isomorphisms. By strong excision and naturality, we find 


from 


h.(B. BNC) 22, 7B, BNC) 


|. +f 


h.(BUC,C) “BE. F(BUGC) 


that t(BUC,C) is an isomorphism. The 5-lemma applied to the exact se- 
quences for (B UC,C) now shows that all t( BUC) are isomorphisms. But 
this is a contradiction, because BUC = A. 

Thus, every ¢(A) is an isomorphism, and in particular, t(.X) :h.(X) = 
ha (X ). Moreover, using the 5-lemma once again for the exact sequences 
of any pair (E, A) shows all t(£, A) to be isomorphisms, and the proof is 
complete. O 


As an immediate application, we give another proof of the fact that the 
simplicial homology of a polyhedron depends only on the topology of the 
carrier, and not on the particular triangulation used; thus any convenient 
triangulation can serve for calculating the homology of a triangulable space: 


(5.4) THEOREM (Topological invariance of simplicial homology). Let P 
be a triangulable space and h,(P) its singular homology. Let H.(P) 
denote the simplicial homoloay of P, using some triangulation. Then 


§14. Singular Homology 393 


H,(K) = h,(K) for every subcompler K C P Because singular ho- 
mology is topologically invariant, simplicial homology is also topolog- 
ically invariant, and in particular independent of the triangulation 
used in its computation. 


PROOF. Let S be the structure on P formed by the subcomplexes in the 
triangulation being used. By (8.9.3), H has the strong excision property. 
and so also does h, since subpolyhedra are strong neighborhood deformation 
retracts; thus both singular and simplicial homologies are homology theories 
on K(S). On K(S), there is a natural transformation t : H — h induced by 
the chain transformation from simplicial to singular chains which sends each 
generator o = |po,.--,Pn| to the singular simplex T, : A" — P given by 
To(to,---,tn) = topo +---+tppn. The indecomposables of S are the closed 
simplices o, and we know that to(a) : Ho(o) = Z & ho(o) and A,(c) = 
0 =h,(c) for n > 0. Thus ¢t(c) is an isomorphism on each indecomposable 
of S, so by Theorem (5.3), t(£,A) : H,(£,A) & h(E, A) for every pair 
(E, A) € K(S). O 


We remark that in the same way as in (5.4) one can show that the 
homology of ordered chains is isomorphic to the homology of oriented chains 
on P. 


Kiinneth theorem and universal coefficients theorem (*) 


As another application of the comparison principle (5.3) we shall give a proof 
of the Kiinneth theorem concerned with the determination of the homology 
of a Cartesian product K x LD of two complexes in terms of the homology 
of each factor. Although AK x L is a complex, we will use singular homology 
throughout: by (5.4), this theory is isomorphic to the simplicial homology, 
and its use avoids working with an explicit triangulation of K x L. 

Each singular simplex T : A” — K x L is completely specified by its 
projections pxT, pT into the two factors; moreover, the face operators 6; 
also satisfy px6;T = 6,.pKT and pr6;T = 6;p~T. Now, for each n > 0, 
consider the free abelian group C, = C,(K) x C,(Z) generated by the 
S x T, where S, T are singular simplices in K and L respectively, with the 
boundary operator 0: C, — C,-1 given by 


8S x T) = (60S) x (60T) — (618) x (&:T) +--+ + (6nS) X (6nT) 


we obtain a chain complex C, = {C,,(K) x C,(Z). 6}. Since the correspon- 
dence T + prT xpzT yields an isomorphism C,(A x L) = Ch(4X) x Cr (LZ), 
calculation of the homology H,(K x L) is reduced to that of C.. 


(1) The reader may omit this s“bscction on + fret reading. 
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We now consider the two chain complexes (C,,(40).0«) and (C,(L). Oz) 
separately. Their tensor product D, has the grading 


Du = DOK) Cn AL) 


?=0) 


and the boundary operator 0: D,, — Dy-; given by 
AS, — Tn-i) = On o, 9 diay sa (—1)'S, ‘% OLTn 


The homology of the chain complex D, is denoted by H.(/ & L). 
A chain transformation 7: C, — D, can be constructed by setting, for 
each n > 0 and each generator S x T € C(I.) x Cn(L). 


T(S xT) =0, 0---06,5 &% T +6, 0---06,9 & byT 
+ 630---06,5 G0gT +--- +S GOT. 


Expressed directly in terms of maps, dp410--+- 06,5 @ OKT is the tensor 
product of the singular simplex A(ty.  .f,) = S(to.-.-. bc O aes 0). called 
the front /-face of S. with B(tg..  .tnhoe) = T(0.-.... OS eee t,—~). the 
back (n — k)-face of T. This transformation is natural. being defined in 
terms of the face operators, and a straightforward computation shows that 
Or = 70, so that 7 is indeed a chain transformation. 

Consider finally another chain complex E,, where 


E, = CAB) x Hn (L) 
1=0 
and 0: E, — E,_; is 0-1. Observe that since 021: C;(W) 2 Ay (L) 
Cy-1 (4) © Ay_j(L) for each n and i. it follows from the definition of ho- 
mology over an arbitrary abelian group that the nth homology of E, is the 
direct sum 


it] 
H,(E.) = QD AK. Hn ,(L)). 
1=0 
To construct a chain transformation 4: D, — E, we begin with the ob- 
servation that because B,—,(L) C Cy—1(L) is free abelian. there exists a 
homomorphism @ making the diagram 


By. l 
Va 
as 


y, l 


Cy, ——> Bn-1 —> () 


conunutative. Since Oa = 1, this implies C',(Z) = Ina @ kerd = Ima® 
Z2,(L). showing that the group of cycles is a direct summand of the group 
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of chains. Consequently. there is a homomorphism w, : C',(L) — H,y(L) 
obtained by projection into Z,, and then into the homology group. We now 
define A: D, — E, by setting, for each n > 0, 


(> 5; @ 73) = se SPS Wray nai 
i=0 i=0 


This is a chain transformation: for \0(S;%T,_;) = A[0S;2T,-;+5; 20T), -3). 
and because w annihilates boundaries, we get AO = (0 & 1)A as required. 
We can now establish a version of the Kiinneth theorem: 


(5.5) THEOREM. Let K and L be finite complezes. Then 


(Ar). : Hn(K x L) & €D Hi( Ks Hn—i(L)) 
i=0 
for each n > 0. 


ProoF. Let S be the structure in K x L determined by the sets {A,, x L}. 
where K, runs over the subcomplexes of K’. Define 


h,(E x LAx Ll)=H,(E x L.Ax L), 


hy(E x L,Ax L) = \~Hj(E. A; Hp-i(L)). 
7=0 


Clearly, h is a homology theory on K(S), and so also is h. since it is a direct 
sum of homology theories on K(S). The morphisms in K(S) being inclusions 
3 X 1, it follows that (AT), :h — h is a natural transformation of homology 
theories. We examine their behavior on the indecomposables of S. which are 
the sets of the form o” x L. We have h,(o” x L) = H,(o" x L) = H,(L) 
because for any vertex po € o” the subspace po x L & L is a strong de- 
formation retract of o” x L; and h.(o” x L) = @j_, Hilo": Hs-i(L)) = 
Ho(o"; H,(L)) = H,(L). It is easy to see that (AT), establishes this isomor- 
phism, so by (5.3), the proof is complete. O 


To get a more explicit form for the homology of AK x L, we establish a 
result in homological algebra: 


(5.6) THEOREM (Universal coefficients theorem). If C' is a free chain com- 
plex and G is an abelian group. then 


H,(C: G) = Hn(C) ® G @ Tor(Ay-1(C), G). 
In particular, if Q is torsion-free or a field of characteristic zero, 


then 
ALAC Q) = 4 tC) @ Q. 
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° ° 0 
PROOF. We factor the boundary homomorphism 0: C;, — Cp-1 as Ci — 


J se e e . e e 
By , — Cy-1, where j is inclusion, and consider the commutative diagram 


B, =. Cnt 


of boundary homomorphisms and inclusions. Because B,_; is free, there 
is, as we have seen before, a homomorphism a with Opa = 1: since 0a = 
(j09)a = j, the diagram with a is also commutative. Now take the tensor 
product of this diagram with G; the diagram is still commutative. Moreover, 
since the long row is exact and By_1 Is free, the tensored sequence remains 
exact. 


From (0) © 1) o (a @ 1) = 1, we see that @ @ 1 is monic and 
C, @ G = Ker(% @ 1) &Im(a@ 1). 
From j0p = O we find Ker(Q © 1) C Ker(0 © 1) = Z,,(C' ® G), so that 
Zn(C @ G) = Ker(O © 1) @ [Im(a © 1) N Ker(0 @ 1)]. 
Because dp0 = 0, we have B,(C ® G) = Im(d@ 1) C Ker(Q) so 


H,(C@G) = onl @6) _ Ker(0o @ 1) 


2nlC OG) _ 0 ; | 
(COG) mm(d-=1) & [Im(a @ 1) N Ker(9 ® 1)] 


It remains to simplify the expressions for the direct summands. For the first 
factor: by exactness, we have Ker(0o @ 1) = Im(z © 1); moreover, Im(8 @ 1) 
= Im[(i@1)0(k1)0(0+1)], which. because 0) @1 is epic, gives hn(0@1) = 
(t @ 1)[Im(k © 1)]. Observing that i @ 1 is monic, we find 

Ker(Q @1) | Im(i ® 1) Zn ®G 


~ 


Im(4@ 1) ~ ((@1)[Im(kK@1)] Im(k@1) 


Now, 0 — B,, Ban Zn — Hy — Ois exact, so B, @G a Zn@G — H,@G — 


0 is also exact, and therefore the first direct factor is Hy(C) @ G. 
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For the second factor, because a @ 1 and i @1 are monic. we have 
Im(a ® 1)N Ker(0 @ 1) = (a @1)(Ker[(0 @ 1) 0 (a @ 1))) 
& Ker(j @ 1) = Ker[(i@ 1) 0 (k @ 1)] 
~ Ker(k@ 1). 
Now, as Zp_1 is free, the exact sequence 0 — B,_) S Zn—-1 2 Hn- 1 — 0. 
when tensored with G, yields the exact sequence 
0 Tor(Hp_1,G) > Bn-1 @G *23 Z,_1 ® G > Hn1@G— 0. 


so that the second summand is = Tor(H,,_1.G), and the proof is complete. 
The second part is immediate, since Tor(A.Q) = 0 whenever Q is torsion- 
free, for any abelian A. () 


(5.7) COROLLARY (Kiinneth formula). Let K, L be finite complezes. Then 


n(K x L) = = aux ) ® Hn-i(L) © GD Tor(Hj_1(4). Hn-.(L)). 
1=1 


PROOF. Immediate, using (5.6) to simplify the formula in (5.5). C) 
EXAMPLE. By the Kiinneth formula, the homology of S? x S% for p # gq is 


Z ifn=0, p. gorptg, 
Pp q\ — 
H,(S® x 8") ‘0 otherwise. 


Similarly, the homology of the torus S! x S! is 


Z, n= 0, 
Z0OzZ, n=l, 
1 1\ ; 
HS" x S)=9 7 =o 
0, otherwise. 


6. Homology and Topological Degree 


In this section we illustrate the use of singular homology by presenting a 
homological approach to topological degree. 

We begin by a preliminary discussion which will lead us to an appropriate 
definition. 

One of the properties of the degree we have found is that it depends only 
on the boundary values. So the question is: if we know the boundary values. 
can we calculate the degree directly? _ = 

Let us start with the simple case of a map f : U — R", where U is 
some convex body, and with f—!(0) = A C U, ie. ANOU = @. We have 
OU = 5"-!, an (n — 1)-sphere, and we can consider the map 


wf : Sr ti, gt) owhere zit =r, |lz|] for x € R" — {0}. 
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Such maps have a well-defined degree, deg af, and in order to define this, 
we need a few preliminary remarks about orientation in R” 

Recall that two orderings of the vertices of a simplex are called equivalent 
if they differ by an even permutation. There are exactly two equivalence 
classes, and each class is called an orientation of that simplex. The order in 
which the vertices are written represents the selected orientation. 

If o = (pp. P1.---.Pn) is contained in R”, then the orientation of ¢ in- 
duced by the orientation of R”" represented by (e1,.  ,€n) is that class 
of orderings for which the unique affine map sending (po,71,-.-.Pn) to 
(0.e1,..-,€n) has positive determinant. This orientation of a depends, in 
fact, only on the orientation of R”, and not on the representation of that 
orientation. 

An orientation for S"~! is a definite generator b € Hp_1(S"—'); since 
Hn-1(S"—!) = Z. a sphere has exactly two orientations, b and —b. 

An orientation of R” induces an orientation of each UY"! C R® as 
follows: 

(a) Regard Z"—! as the triangulated boundary of an n-simplex o. 

(b) Take o = (po, p1,---,Pn) with the orientation induced by R” 

(c) The homology class b € Hy_1(£"~') containing O(pop ... pn) is the 

induced orientation. 

Let f : £"-! — S"—! bea map of oriented spheres, as considered above. 
The degree of f is the unique number deg f € Z with f.(b') = (deg f)b. 
Obviously, the degree is not uniquely determined until the orientations have 
been specified; changing both orientations does not change the degree, but 
changing only one of them does. However, if 5"-1 and S"—! are always 
both taken with the orientation induced by some orientation of R”, then 
the degree is uniquely determined, independently of the orientation chosen 
in #”, since the opposite orientation changes the sign of orientations of both 
spheres. 

Returning now to our map mf : ©"—! — S"—!, we find that it has a 
definite degree, and it depends only on the boundary values of f. 

It is instructive to calculate first the degree deg L of a nonsingular linear 


map L: (po..... Pn) — (L(po).---,L(pn)). For this, we first need orienta- 
tions of (p9,.--,Pn) and (L(po),- ,L(pn)). 

Assume (po... -, Pn) has the required orientation; then (L(po),....L(pn)) 
must have the induced orientation. so that we obtain £(L(po),..-.L(pn)) 
depending on whether the simplex has the same orientation as (eset Pn) 


or not. Thus, (7f), sends the generator O(po... Pn) to O(L(po).-.L(pn)), 
so we conclude that 


deg L = sign det L = [po,..-, Pn] [L(po).---, L(pn)]- 


Therefore, as far as linear transformations are concerned, we find that 
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deg L = d(Z,B(0.1)) as considered in §10. and at least for such linear 
maps. we have a determination of d(L. B(0.1)) simply and directly from 
the boundary values. 

We now analyze the process more carefully. trying to see what can be 
done if we are given f : U — R®, where U is not nee a convex body. 
We assume that U is compact and 0 ¢ f(QU); the set f-1(0) NU = AW is 
therefore a compact subset of Int U. 


We cane off with V— A 4, Rn {0} — S"-!, where V D Ny isa ball. 
giving (wf). : Hn1(V—K) > n—-1(S"—') in homology. Then we took the 
boundary V Cc V — K to get 


Hn—1(V) > Hn—i(V — K) 9? Hy (S"™), 
and set deg f to be the coefficient of the gencrator of Hy—1(S"—') in 
(7f).i(b), where b € Hy_-1(V). 

In terms of the original diagram, this can be interpreted as saying that 
we have selected a distinguished element y = i(b) of H,_,(V — A’) and let 
(7f)«(y) determine the degree of f 

This distinguished element y came about easily because 1 is an (n—- 1)- 
sphere, and so has a unique basic cycle. We cannot find y so easily if V is 
not a sphere, so we seek another way to get it. 

For this purpose, we consider the commutative diagram 


H,(V,V) Hn-1(V) 


J | 


H,(V.V — K)—2> Hy_-1(V — K) 


(7f)» (Ps (se) 
This is somewhat simpler, because the generator of H, (V, V) is simply 0” 
the top line is an isomorphism, so that i(b) = 0j(0"). Thus, the degree of F 
is determined by (7f),0j(o"). The distinguished element in Hn—i(V — kh) 
is Oj(o"), the image of the distinguished element j(o") in H,(V.V — fh). 
Thus, our problem will be settled if we can find a distinguished element. in 
H,(V, V — K). So we consider a further extension of the diagram: 


H,(S".S" —V)<—H,(T.V) 


H,(S") 


Y 
H,(S".S" — K)*>H,(V.T — hk) 


Now. | is an isomorphism, be ance S"- Vis contractible over itself, and e’ is 
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an isomorphism because it is an excision, as is also e. By commutativity, we 
find j(o") = ek(b’), so that the degree of f is determined by (7f)«0ek(0'), 
and this form does not explicitly use the fact that V is a ball. 

Indeed, if U is the closure of any open set and A’ C U is comrpact, then 


H, (U.U — K) & H,(S",S" — K). 


For since A’ C U, we have CU = CU CCK = Int CK, so we can excise CU to 
obtain the above isomorphism in homology. 
We are now prepared to define the degree using singular homology. 


(6.1) DEFINITION. Let f : U0 — R” be continuous with f—1(0) = K CU. 
The homological degree of f is the integer degy:(f..A) given by the 
image of the generator b € H,,(S”) under the composition 
H,(S") — H,(S".S" — Kh) - H,(U.U — Bh) 

— Hy-1(U — K) > Ha-1(R" — {0}) > Ay-1(S"™") = Z. 


Thus degyr(f. A) is given by (7f),.Ock(b) = degy(f. A) - 3. where 3 
is a generator of H,_;(S"~'). 


We note that the definition is formally applicable whenever the set f—'(0) 
is replaced by a larger compact set, and when U is cut down to any nbd of 
that set. 

We now state an important localization property of the degree. 


(6.2) THEOREM. JfH CBCV CU, ie., if K is enlarged and U made 
smaller, then 


degy (f, A) = degy-(f, B). 
ProoF. Since V CU andV-—-BCV-—K CU-—RK, we have a commutative 
diagram 


A,(S",S" oy B) — H,,(V, V- B) —> A, -1(V — B) 
Hf, (S") H,-,(R" — {0}) 


H,(S",S" — \') — H,(U,U — XK) —> Ay-\(U — Kk) 


so the images of b across the top and across the bottom must be the same, 
showing that deg,;(f,.A) is independent of the choice of U and K. O 


Theorem (6.2) is a handy computational tool, showing that if two maps 
agree on any ubd of f—1(0), then their degrees are the same. This tool will 
now permit us to prove the homotopy invariance of the degree (enlarging 
the compact sets is required here). 
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(6.3) THEOREM. Let f,g:(U,0U) — (R", R” — {0}) be homotopic. Then 
degy(f) = degy (9). 

ProoF. Letting h; : (U,OU) > (R", R” — {0}) be a homotopy joining f 
and g, set C = {x € U | h(z,t) = 0 for some t} = pyh~'(0). This set is 
compact, being the projection of a compact set. Moreover, f—!(0) C C and 
g_ (0) C C, so we can use U and C to compute the degree of both f and g. 

Now, hy : U—C — R”— {0} shows f|(U—C) ~ g|(U—C), and therefore 
they induce the same homomorphism H,-1(U—C) — H,-1(R"—{0}). This 
completes the proof. O 


Next, we show that the degree has the additivity property. This requires 
cutting down open sets. 


(6.4) THEOREM. Let U, and U2 be disjoint open sets in U, and K = 
f-*(0) = K, U Ke with K; C U;. Then 


degy(f) = degy, (f|Ui) + degy, (f|U2). 


PROOF. Because we can cut down open sets containing K, we need only 
consider f on U; UU>2. Now, 


Hy-1(U1 U U2 — (Ky U Ka)) = An-i(((i — Ky) U (U2 — K2)) 
= Hy-1(U, — Ki) ® An-1(U2 — Ka), 


since these are disjoint. So we have to show that the split parts of the 
distinguished element in H,-1(U;UU2—(KiUK2)) are each the distinguished 
elements. To see this, it suffices to consider the diagram 


H,(S", S" — K) —=—> H,, (U,U — K) 


| ; 


H,(S") ©; Hn(U;,U; — Kj) 


H,(S") © Hn(S") —~> ®; H,(S",S” — K;) Oo 
The next result follows at once from the definitions involved. 


(6.5) THEOREM. Jf 0 €U and the map f : U — Rr” is the inclusion, then 
degy(f) = 1. Oo 


The three theorems above indicate that if we assign to each f : (U,OU) 
— (R",R” — {0}) the integer degy(f), then the function f ++ degy(f) 
is precisely the same as the function f + d(f,U) that we obtained in an 
elementary fashion in Chanter TV In particular, we infer immediately that: 
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(1) if f : U — R" has isolated zeros, then the additivity reduces the 
calculation of the degree to calculating it at each of those isolated 
ZCYOS; 
(2) since we can use balls, the degree is particularly easy to calculate, 
as just the degree of a map of spheres. 
As a consequence, we obtain at once 


(6.6) THEOREM (Poincaré-Hopf). Let f : U — R" have isolated zeros 
Q1,.-+,Qn in U, where U is a convex body. Then 


Salf, a;) = deg(7f :0U — S"~') =d(f,U). 0 


i=1 
Thus, for convex bodies we can get the degree as the sum of the individual 
degrees, or directly from the boundary values (cf. (E.2)(d) in 813). 


7. Miscellaneous Results and Examples 


A. Categories and functors 
Throughout this section C stands for an arbitrary category and D for a directed set. 


(A.1) Let D = {a, B,...}. Show how to represent D as a category. 
[Regard elements a, B,... as objects with one norphism a — £ if a < B, and none 
otherwise.] 


(A.2) Identify all functors from a directed set D to a category C. 

[Any such functor F : D — C (called a direct system in C) consists of (i) objects 
F(a) = Fa in C, one for each a € D, (ii) morphisms F(a — 2)| = fag : Fa — Fg in C. 
one for each a < 3 in D, satisfying: 

(i) faa = id, 

(ii) fay = fe+foe for a x BX +. 


(A.3) Let C? be the category (called the category of direct systems in C) whose objects 
are functors from D to C and whose morphisms are natural transformations 7: F — G 
between such functors. Identify morphisms in the category ce 


(A.4) Let F D— C be a direct system in a category C. Let {vq : Fa — A} bea 
family of morphisms in C indexed by D. Call such a family compatible if va = ug fas for 
any a < f in D. A direct limit lim F of F is a pair (F ~,{ua}) consisting of an object 
F* € C together with a compatible family {ua : Fa — F™*} of morphisms in C (called a 
universal family) such that for any other compatible family {va Fa — A} of morphisms 
in C there is a unique morphism v™ : F*® — A satisfying v~ua = Ua for each a € D. 
Show: 

(a) If a direct limit of F exists, then it is unique up to isomorphism. 

(b) A direct limit operation exists in Ab and is a functor from: Ab” to Ab. 


(A.5) (Adjoint functors) Given categories C and D consider two functors F : C > D, 
G:D—C. We say that F is a left adjoint of G if there is a natural equivalence 


D(F(-),-) * C(-.G(-)) 


§14. Singular Homology 403 


of functors from C* x D to Ens, i.e., there is a bijective map 
n=17¢,D : D(F(C), D) — C(C.G(D)) 


which is natural in C and D (recall that C” is the opposite category of C). 

Let F Ens — Ab be the free group functor, which associates with every set .X the 
free abelian group F(X) generated by X: and let G: Ab — Ens be the forgetful functor 
which associates with every abelian group A its underlying set G(A). Show: F is a left 
adjoint of G. 


[Given X € Ens and A € Ab, define a transformation 


7=7x,A: (F(X). Alap — [X,G(A)lens 


by assigning to a homomorphism ¢: F(X) — A its restriction ¢|.X : X — G(A). This 
transformation is natural in both X and A, and the defining property of free abelian 
groups implies that 7x, is bijective.] 


(A.6) If D is a directed set, the constant functor 0% : C — C? is defined as follows: .” 
associates with every A € C the functor %4 : D — C that takes each a € D to A and each 
relation a < £ to la, and with every f € C(A, B) the obvious natural transformation 
Ka — Ag. Prove: The direct limit functor lim: C~ — C is a left adjoint of the constant 
functor # :C— CP 

[To show that the maps 


n= FA :(F™. Alc = [lim F, Alc & Nat[F. %4] 


are natural and bijective, observe that each natural transformation v: F — #4 is just a 
compatible family of morphisms {ve : Fa — A}.| 


(A.7) Given categories C and D let F: C— D be a left adjoint of G: D — C. Prove: 
F preserves direct limits, i.e., if H € C? is any functor such that lim H exists in C, then 
lim FH = F(lim #). 

[By definition, for all D in D, we have 


[F(lim H), Dip & fim H.G(D)]c. 


Observe that a morphism lim H — G(D) corresponds to a compatible family of morphisms 
{H(a) — G(D)}, which, by naturality of adjointness, corresponds to a compatible family 
{FH(a) — D}. From this, using the universal property defining lim FH, deduce that 
lim FH = F(lim #).] 


B. Functor-chains 


(B.1) Let T be a category. A functor-chain C. = {Cn.On} on T is a sequence of covariant 
functors C;, : T — Ab for n > 0 together with natural transformations On : Cn > Cn-1 
for n > 1 such that 0,-10n = 0. For each X € T. we set 


Hn(X) = Hn(C.(X)) = Ker d% /Imo4y,. n>1 
Ho(X) = Co(X)/Im ay", 


and call Hn(X) the nth homology group of C.(.X). Prove: For each n > 0, the map 
X > Hn(X) is the object function of a covariant functor Hy :T — Ab. 
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(B.2) Define a natural transformation 09 : Co — Hy to be, for each X € T, the projection 
aH Co(X) + Co(X)/Im dx. Show: 


6) a 
Cy es + Cy + Co —> Hy - 0 


is also a functor-chain (called the augmented functor-chain) C.:T — Ab. 


(B.3) A functor-chain is said to be n-acyclic at X if H,,(.X) = 0. Show: For any functor- 
chain C, ‘T — Ab, the augmented functor-chain C'. : T — Ab is 0-acyclic for all X. 


(B.4) By a natural transformation T. : Cs — G. of two functor-chains from T to Ab is 
meant. a sequence of natural transformations 


3] 
2+) — > Cy —> Ch-1 —>++:—> Co 


rol foe Ir 


-++—> G, —> Gn-) —> +':—> Go 


where each square commutes. Show: 
(a) If S.,T. : C. — Gs are two natural transformations of functor-chains, then so 
are S. + TJ. (the meaning is clear, since values can be added in Ab). 
(b) R, o(S. — T,) = R.0oS,—R, oTe. 


(B.5) Two natural transformations S.,T. : Cs — Gs of functor-chains are called chain 
homotopic, written S. ~ T., if there exists a sequence Dn Cn — Gp+ of natural 
transformations such that Sp — Tn = dn41Dn + Dn—1On. Show: The chain homotopy is 
an equivalence relation in the set of natural functor-chain transformations from C, to G.. 


(B.6) Let Ss, T+ : Cs + Gs be such that S, ~ T,. Show: If Rs : Gs + G} and P, : C! — 
C, are any two natural transformations, then S, P, ~ T,P, and RS. ~ RaTs. 


(B.7) Let S..7% : Cs — Gs. Show: 
(a) For each n > 0 and X € T we have the induced homomorphism 


An(S+)(X) : Hr(C.(X)) = Hn(G,.(X)). 
(b) If Ss ~ Ts, then Hn(S»)(X) = Hn(Ts)(X) for all n and X. 


C. The acyclic model theorem 


(C.1) Let G. : T — Ab be a functor-chain and C - T > Ab be any covariant functor. 
Assume that: 

(1) C is presentable with model (A/, s), 

(2) G. is g-acyclic at A, i.e., the gth homology group of G, (Af) is zero. 
Prove: If S : C — Gg is a natural transformation with dg » S = 0, then there exists a 
natural transformation §:C > Gg+1 such that S = dg.) 0 S. 

[C being presentable with model (Af, s), consider d,(A/)S(A1)s. Show that there is 
9 € Go4i(M) with dg4i (Ag = S(M)s and let S(A)s = 9] 


(C.2) (Acyclic model theorem) Let Cs,Gs : T — Ab be two functor-chains such that: 
(1) for each n > 0, Cy, is presentable with model (Mn. Sn), 
(2) for each n > 1, G, is n-acyclic at Mn. 
Prove: 
(a) Every natural transformation S : Ho(C.) — Ho(Gs) extends to a natural S. : 
Cy =? Ge: 
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(b) Let S,T : Ho(C.) + Ho(G.) be two natural transformations such that S(Mp)[so] 
= T(Mpo)[sol, where [so] € Ho(C+(Mo)) is the class of so € Co(Afp). Then any 
extensions S,, 7, are chain homotopic. In particular, any two extensions of a fixed 
S are chain homotopic. 

[Consider the augmented functor-chains 


eee aH 2, Cys Ho(C.) —> 0 
| 
So S 


i= 5G, CoS HGS So 


and construct first So using the fact that Gy is O-acyclic for all X (see (B.3)). Then the 
construction proceeds by induction. The proof of (b) is similar.] 


D. Homotopy invariance of singular homology 


(D.1) Let C, : Top — Ab be the singular complex functor-chain and G. : Top — Ab 
any functor-chain. Show: To construct a natural transformation T. : Cs — Gs, we need 
only specify Tn(A”)sn € Gn(A”) for each n in such a way that the following diagram is 
commutative at sn for each n: 


Cn(A”) 28> Cn—1(A") 
To| rns 
Gn(A") 2 Gn-1(A”) 


(D.2) Let C, be the singular complex functor-chain and G, another functor-chain such 
that for each n > 1, Gs is n-acyclic at A”. Show: 
(a) To construct T, : Cs — G,, we need only specify T : Hp(C.) — Ho(G:). 
(b) Any two S,T : Ho(Cs) — Ho(G.) yielding the same value at [so] produce trans- 
formations S,,Ty : Cs — Gs such that S. ~ Ty. 


(D.3) (Homotopy invariance) Let C, : Top — Ab be the singular complex functor-chain. 
Define another functor-chain G, - Top — Ab by 


Gn(X)=Cr(X x1), Gn(f) = Calf x id) 


and two natural transformations ho»,hi. : Cs — G, corresponding to the natural homo- 
morphisms ho(X),hi(X) : Cn(X) — Cn4i(X x I) induced by the maps ho : z = (z,0) 
and hy : x +> (x,1) of X into X x I. Show: hos & his. 


(D.4) Let f,g : X — Y be homotopic maps. Show that the induced maps f,, g» of singular 


chain complexes are chain homotopic. 
[Given a homotopy H : X x I — Y, observe that f = H oho and g = Hoh, and 


apply (D.3).] 


E. Exact sequence of a triple 


In this subsection the homology groups are taken with rational coefficients and are there- 
fore considered as vector spaces over Q. Recall that given a pair (X. A), the Betti numbers 
bn(X,A) are defined by 


bn(X,A) = dim An( XA}. =0,1,2,..., 
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and the Euler characteristic is given by 
VX, A) = 50(-1)' dim H,(X, A). 


A pair (Y..1) is said to be of finite type if the graded vector space {Hn(X.A)} is of 
finite type. The Powncaré polynomial P(t, X, A) of such a pair is defined by P(t, .X, A) = 
> bal X, At" 

Let (V,¥Y.Z) be a triple of topological spaces, i.c., ZC Y C NX, and let 


On 


~ yey Ons - 1. * . aye 
so Ayyi(X.} ) ae HutlY,Z) > Hu (X,Z) 2 Hn(X,) ) > An-1(%Z) --:: 
be the corresponding long exact sequence of vector spaces. Let on(X,Y,Z) = dim Im Gp. 


(E.1) Let (X.¥.Z) be a triple. Establish the following relations between the vector spaces 
appearing in the exact sequence of (V.. 2): 


ba(¥. Z) = Onei (X.Y. Z) + dimImi,, 
bn(X, Z) = dim Imi, + dim hn j,, 
bn( X.Y) = dim Im js + on(X,¥. Z). 


- 3 Fe 
[Use the observation that if A “, B = C' is an exact sequence of vector spaces, then 
dim B = dim Ima + dim In /3.] 


(E.2) Let Z C ¥ C NX be a triple such that Z is a deformation retract of ¥ Show: 
Hr( X.Y) = Hp(X, Z) for all n > 0. 


(E.3) Let X C AC X‘ and Y CB CY" be two triples such that Y’ C Y Assume that 
X (resp. Y) is a deformation retract of ’ (resp. Y’). Show: bn(¥,-X) < bn(B.A) for all 
n> 0. 


(B.4) Let ZC Y C NX be a triple such that the pairs (.Y.¥°) and (¥. Z) are of finite type. 
Show: 

(a) The pair (X, Z) is of finite type. 

(b) bn(X.Y) + bn(¥.Z) = bn(X,Z) + On(X.¥.Z) + engi (X.Y Z). 

(c) bn(X.Z) < bn( X.Y) + bn(¥.Z) for all n > 0. 

(d) \CX.Z) = (X.Y) + (45 Z). 

(e) P(t, X.Y) + P(t, Y,Z) = P(t, X.Z) + (1+ t)Q(t..X..Z), where Q(t, N.Y, Z) = 

> Ont.( X.Y Z)t" 

[For (e), use (E.1) and the fact that o9(.X.¥.Z) = 0.] 


(B.5) Let Xo C Xy C--- C AX, be a finite increasing sequence of spaces such that each 
pair (X,,X,-1) (j = 1,....8) is of finite type. Show: 
(a) b;(Xs,Xo) < pee bj(-Xj,X)~1) for each i. 
(b) \(Ns.N0) = 0, VN). N5-1)- 
(c) DF P(t, N,..Xj,-1) = P(t, Xs. Xo) + (1+ t)Q(t). where Q(t) is a polynomial with 
nounegative coefficients. 


F. Abstract critical point theory 
Let \ be aspace and J: X — Ra real-valued function. For any a € R, we let 
(J Sa) = {xe X | I(r) < a}, (J <a) = {xe X | J(x) < a}. 


Below, the homology groups Hg are taken with rational coefficients and regarded as vector 
spaces over Q. We say that J: Y -- Rik an b-fers tion if; 
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(h.1) for any g € N and z € Hg(X). x # O, there exists c € R such that 
x €Im[Hg(J <c) > Hg(X)] but 2 ¢Im[Hg(J <c) — Ag(X)). 
(h.2) for any g€ N,a€ Rand z€ Ho(J < a), c #0, there exists c < a such that 
xz €Im[Hg(J <c) — Hg(J <a)] but x ¢Im[H,(J <c) — Hg(J <a). 


(h.3) for any q € N, any a € Rand any z € Ker[Hg(J < a) + H,(X)], x # O, there 
exists c’ > a such that 


x € Ker[Hg(J <a) - Ha(J <c’)| but 2 ¢ KerlHy(J <a) > Ha(J < ¢)}. 


(F.1) (Critical levels) A level a € Ris an ordinary level of J if Hn(J <a.J < a) =0 for 
alln € N. A level c is critical if it is not ordinary; it is g-critical for some g € N provided 
Hg(J <c,J <c) #0. 
Assuming that J is an h-function, show: 
(a) If Hg(X) #0, then J admits at least one ¢-critical level. 
(b) If Hg(J < a) # 0 for some a € R, then J admits at least one g-critical level c 
with c < a. 
(c) If Ker[Hg(J < a) — H,(X)] # 0 for some a € R. then J has at least one 
(q+ 1)-critical level c’ with a < c’. 


(F.2) (Type numbers of critical levels) If c € R is a q-critical level of J, then we let 
maq(c) = dim Hg(J < c, J <c) and define the q-type number of J by Mg = >>. mq(c). 

Let q € N and assume that for each a € R the h-function J has only a finite number 
of q-critical levels c < a. Show: bg(X) < Mg. 


(F.3) (Morse inequalities) Assume that for any j = 0,1,....q+1 the h-function J admits 
only a finite number of j-critical levels. Show: If the type numbers Alo. Ay,.... Afg41 are 
finite, then so are the Betti numbers bo(X), b1(X),...,bg(X). and 


qt+l1 ; qg ; q 
(-1)9 IM, < S\(-1)977b(X) < So(-)9 FAL. 


j=0 


(F.4) (Critical points) Let J : X — R be continuous and A C X. A deformation d : 
AxI — X of A into X is a J-deformation provided J(d(a,t)) < J(a) for all (a,t) € Ax I. 
A subset Z C X is said to be the set of critical points of J if: 

(d.1) Z is discrete in X, 

(d.2) for any a € R, there exists a J-deformation d: (J < a) x I — X satisfying 


d(z,t) =z forz€ ZN(J <a), 
J(d(xz,1)) < J(z) for r€ (J <a)N(X — Z), 


(d.3) for each a € R there exists a 8 > a such that (J < a) is a deformation retract 
of (J < £). 
We say that J: X — Ris a d-function provided it is continuous and bounded from below. 
the sets (J < a) are compact for all a € R. and J admits a nonempty set of critical points. 
Assuming that J is a d-function, show: 
(a) J is an h-function. 
(b) For any z € X, let Xz = (J < J(z)) and mq(z) = dim Hg(XzU {=}. Xz). Then: 
(i) If mg(z) # 0, then z is a critical point of J. 
(ii) mg(c) = D{m9(2) Fst = +} 
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[For (a), use the fact that singular homology has compact carriers: for any x € Hq(X, A), 
there is a compact pair (X’, A’) C (X,A) such that 2 € Im[Hg(X', A’) Hq(X, A)).] 
(The above results are due to Eilenberg [1950].) 


G. Selected problems 


(G.1) Let X be aspace and A C X aclosed strong deformation retract of some open nbd 
U of A (over U). Show: 

(a) Hn(X, A) = Hn(X/A, *). 

(b) The above isomorphism is induced by the identification p : (X, A) — (X/A, *). 
[For (a), first from A C U C X and H,,(A) & Hn(U), using exactness and excision, deduce 
that Hn(X, A) = An(X,U) & Hn(X — A,U — A). Then, using (B.6) of §11, observe that 
ps»: Hy(X —A,U — A) = Hn(X/A — *,U/A — *), and thus 


Hn(X, A) © Hn(X/A — *,U/A— *) © Hn(X/A,U/A) © Hn(X/A,*)- 


For (b), consider the diagram 


(X= AU — A) —2 > (xX, 0) <2 (x, A) 
: 
(X/A — +,U/A — +) +> (X/A,U/A) <* (X/A,*)] 
(G.2) (Relative homeomorphisms) A map f : (X,A) — (Y,B) is a relative homeomor- 
phism if f maps X — A homeomorphically onto Y — B. 

Assume that (X,A) is a compact pair such that A is a strong deformation retract of 
some closed nbd N of A and let f : (X,A) — (Y,B) bea relative homeomorphism, where 
B is closed in Y Show: fsx : Hn(X,A) = An(Y,B) for all n. 

[Let d: Nx I 4 N bea strong deformation retraction of N onto A. Letting N = 
f(N) UB, prove that d: N x I 4 N given by 

d(b,t) =b forbe BL tel. 
d(y,t) = fd(f-*(y).t) for y€ f(N). te I. 


is a strong deformation retraction of N onto B. Conclude the proof by showing the com- 
mutativity of the diagram 


Hn(X, A) —> Hn(X, N) <—— Hn(X — A,N—A) 


f.| |= 


HY, B) => Hp(Y, N) <= Hn(Y — B.N - B)] 


(G.3) (Mayer-Vietoris homomorphism) (a) Consider the commutative diagram of abelian 
groups and homomorphisms 
Ay 


in which both horizontal and vertical lines are exact and k, and kg are isomorphisms. 
Show: 27; and j; are monic and G = i; (Hy) +t. j,(G»). 
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(b) Let (A,B) be an excisive pair and consider the Mayer-Vietoris homomorphisms 
Ap : Hn(AU B) > Hp(AUB, B) © Hn(A, ANB) & Hp-1(ANB). 
Aa: Hn(AUB) > Hp(AUB, A) & Hn(B, ANB) & Hy-1(ANB), 


and the following commutative (hexagonal) diagram: 


H,(AU B) 

aoe 

Hy(AU B, B) Hn(AUB, A) 
Sk ee 

e|& An(AU B, ANB) “le 

ee aais ee, 

H,(A, ANB) Hn(B, ANB) 
Pra. a 

H,-,(ANB) 


in which the diagonals are exact. Show: The homomorphisms from top to bottom along 
the edges differ in sign, i.e., Ag(a) = —A,(a) for a € Hp(AU B). 
[First, using (a), observe that 


Hn(AUB, ANB) & Hp(A, ANB) @ Ha(B, ANB). 


Then, taking a € Hn(AU B), write the direct sum decomposition of its projection into 
H,(AU B,AN B); push that down into H,-1(AN B) to get zero; then commutativity 
gives the images along both sides.] 


8. Notes and Comments 


Singular homology 


Singular homology in its present form is due to S. Eilenberg. The reader in- 
terested in studying the theory in full detail may want to consult the books 
of Dold [1980] and Vick [1973]. The axiomatic treatment of the ordinary 
homology (and cohomology) theories is due to Eilenberg and Steenrod and 
appears in their book [1952]. General homology and cohomology theories 
were introduced by G.W. Whitehead [1962]; for details and other refer- 
ences, the reader may consult Switzer’s book [1975]. The reader interested 
in historical details is referred to the book of Dieudonné [1989]. 

The comparison of homology principle given in Theorem (5.3) is due to 
Dugundji [1966]. 


Cohomology theories 


Cohomology can be axiomatized in the same way as homology. Let K be 
a category whose objects are pairs (X, A) of topological spaces and whose 
morphisms are continuous maps of such pairs 
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A cohomology theory on K is a sequence h? = {h” | n = 0,+1, £2,...} of 
contravariant functors hi” :K — Ab and a family of natural transformations 


Oo" > h"(A) — h™*1(X, A) 
such that the following axioms hold: 


(1) (Homotopy) If fo, fi : (X,A) — (Y, B) are homotopic, then h” (fo) 
= h"(f,) for all n. 
(2) (Exactness) For each (X,A) € K, the sequence 


-o W(X, A) A? (X)  hP(A) S HEX, A) S AMHNX) Ge 
is exact, where all unmarked maps are induced by inclusions. 


(3) (Strong excision) The inclusion e : (A, ANB) — (AUB, B) induces 
an isomorphism 


h"(e): h"(AUB, B) = h"(A, ANB) 
for all n. 


For a cohomology theory h*, the graded group {h”(*)}, where * is a one- 
point space, is called the group of coefficients of the theory. By an ordinary 
cohomology theory h* is meant one with h"(*) = 0 unless n = 0; if moreover 
h®(*) = G, then h* is called an ordinary cohomology theory with coefficients 
in G. 

As in the case of ordinary homology, any two ordinary cohomology the- 
ories with the same coefficient group coincide on the category of polyhedra. 

Both the Cech cohomology theory and singular cohomology theory sat- 
isfy the above axioms and are in fact ordinary cohomology theories on suit- 
able pairs of topological spaces. These two cohomology theories differ for 
some pairs (X, A). 

For notational convenience we use the symbol H* to denote an ordinary 
cohomology theory. 


Singular cohomology 


Let X be a space, C,(X) = {C,(X),0,} the singular chain complex of X, 
and G a fixed abelian group. Given an abelian group A, write Hom(A, G) for 
the set of homomorphisms from A to G and note that the assignment At 
Hom(A, G) defines a cofunctor Ag : Ab — Ab. Just as in the construction of 
singular homology H,(X;G) with coefficients in G, instead of using the ten- 
sor product @ G. we can apply the cofunctor Ag to the singular chain com- 
plex C,(X) to obtain a cochain complex Hom(C,(X),G) = {C"(X),6"}, 
where C”(X) = Hom(C,,(X), G) and 6" f € Hom(C;,4;(X), G) is defined by 
(O"f)(c) = f(Onzic), CE Caf). The cohomology groups of this cochain 
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complex are by definition the singular cohomology groups of X with coef- 
ficients in G and are denoted by H"(X;G). In a similar way, one defines 
the singular cohomology groups H"(X,A;G) for a pair (X, A); it is in fact 
a cofunctor from the category of pairs of spaces to the category of abelian 
groups. Singular cohomology is an example of an ordinary cohomology the- 
ory on suitable pairs of topological spaces. 

Although the behavior of cohomology groups resembles that of homol- 
ogy groups, cohomology in general has a considerable advantage over ho- 
mology in that it is possible to define a product of elements of H*(X, A) = 
& H%(X, A), and thus to convert H*(X, A) into a ring; in the context of 
Lefschetz theory, this ring structure frequently permits one to obtain more 
refined fixed point results than could be obtained without it. 


Cech homology and cohomology 


We outline the Cech method of defining the homology and cohomology 
groups of a space Y with coefficients in a group G. Let a = {U(i)}iez 
be an indexed open cover of Y. For each (q+ 1)-tuple s = (59, 51,..., Sq) of 
elements of the index set I we let |a(s)| = (){U(s;) |i =0,1,...,q}-. 

Let N(a) be the nerve of the cover a, i.e., the realization of an ab- 
stract simplicial complex with g-dimensional simplices N,(a) = {s € I?*? | 
|a(s)| 4 0}. The g-dimensional cochain group C%(a) is {f | f : Ng(a) - G}, 
and the usual coboundary operator from C%(a) to C4+!(a) defines the co- 
homology groups 4(a) of the cover. 

The set D(Y) of all open covers of Y is directed by refinement: a cover 
B= {V(j)}j;e7 in D(Y) refines a if V(z) C U(o;) for some suitably chosen 
function 9 : J — I. We call 9 a refining function. Being defined on vertices, 9 
induces a refining map from N,(f) to N,(q@), which in turn induces refining 
homomorphisms rgq : H,(@) — H,(a) and r®? : H4(a) + H4(G). These 
homomorphisms do not depend on the choice of the particular refining func- 
tion 9. Using the directed system D(Y) we define the Cech homology and 
cohomology groups of Y with coefficients in G by 


H,(¥;G)= lim {H,(a),rga}, HY;G)= lim {H%(a),r%"}. 
a€D(Y) aéD(Y) 


A detailed exposition of the Cech theory can be found in Eilenberg- 
Steenrod’s book [1952]. 


Vietoris homology and cohomology groups 


Let Y be a space and D(Y) the directed set of all open covers of ¥’. partially ordered by 
refinement. With each cover a € D(Y’), we associate an abstract simplicial complex V(a) 
(called the Vietoris complex) defined as follows: the vertices of V(a) are the points of Y’, 
and q+ 1 points of Y form a g-simples of 4.2) if {hey are contained in a common open 
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set. of a. The qg-dimensional chain group C,(V(q@)) is the free abelian group generated by, 
the ordered g-simplices of V(a); the boundary operator 0g : Cg(V(a)) - C-1(V(a)) is 


defined by 
q 


O((zo.---1q)) = D(—1) (wos. Bis-- a): 


i=0 


where (7p,.-.,2j:--+.2g) is the g-tuple obtained by deleting +;. Then H,(V(q)) is defined 
as the homology of the chain complex (Cy, 0g). 

When a cover 3 € D(Y) refines another cover a € D(Y) (we write a < #), then 
V(B) C V(a), so that the inclusion igg : V(/3) + V(a) induces a natural homomorphism 
(ig3)* : Hg(V(B)) — Hg(V(a)). The g-dimensional Vietoris homology group is defined as 
the inverse limit 

H(Y)= lim {Hq(V(a)), (tag)+}- 
aeD(Y’) 


For compact metric spaces. this group was introduced by Vietoris [1927]. 

To define the Vietoris cohomology of a space Y with coefficients in an abelian group G, 
let a € D(Y). We define C4(V(a)) = Hom(C,(V(a)),G) and let the coboundary map 6? 
C1(V(a)) + C9F(V(a)) be defined by (57f)(c) = f(Og41¢), where f € C7(V(a)) andc € 
Cy+1(V(a)). The cohomology groups of this cochain complex are denoted by H4(V(a):G). 
If the cover 8 € D(Y) refines a € D(Y), then the inclusion Cg(V(B)) — C,(V(a)) 
induces the dual homomorphism C%(V(a)) —~ C%(V(()), and therefore the homomorphism 
igg : H9(V(a);G) — H4(V();G). The q-dimensional Vietoris cohomology group of Y 
with coefficients in G is defined by 


HU(Y;G))= lim {H4%(V(a):G),igg}- 
a€D(Y) 


A special feature of the Vietoris cohomology is that it coincides with the Alexander- 
Kolmogoroff cohomology (called also by some authors the Alexander-Spanier cohomol- 
ogy): for details see the books of Spanier [1966] and Hilton—Wylie [1960]. 


THEOREM (Hurewicz-Dugundji-Dowker [1948]). If a space Y is paracompact, then the 
Vietoris and Cech cohomology groups of Y are isomorphic. 


Proor (1) Let U be an open nbd of the diagonal A = {(y,y) | y € Y C Y x Y}. For 
each xr €Y, let Ur = {y € Y | (x.y) € U} be the z-slice of U and denote by U* the cover 
{Uz | x € Y}; we note that the space Y itself is the indexing set for the cover U* Using 
paracompactness of Y, one can prove that every open cover of }° has a refinement which 
is of the form U*; in other words, the set of covers of the form U* is cofinal in the directed 
set D(Y) of all open covers of Y The class of open nbd's of A is directed by inclusion, and 
we see that if U C V are such nbd's, then the cover U™ is a refinement of *; moreover, 
there is a natural choice of the refining function which carries the index set Y of U* into 
the index set Y of V“, namely, the identity. The set N,(U“*) of g-simplices of the cover 
U* is in fact a subset of Ng(V"), and the induced refining map C4(V*) — C9(U*) is 
the restriction, that is, the image of f € C%(V*) is f|Ng(U*). It follows that the Cech 
cohomology group H?(Y) is isomorphic to the direct limit, under the homomorphisms 
induced by restriction, of H9(U*) for all neighborhoods U of the diagonal in Y x Y 


( 1) This proof is due to J.] . Kelley 
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§15. Lefschetz Theory for Maps of ANRs 


In this paragraph we return to the consideration of homological methods 
that we first encountered in §9 devoted to the Lefschetz—-Hopf theorem. 
Now that we have singular homology available as a tool, we shall be able to 
extend the Lefschetz-Hopf theorem to various classes of maps of ANRs. 

We first establish a Lefschetz-type theorem for compact maps of ANRs: 
this involves a suitable notion of the generalized Lefschetz number. The 
relevant preliminaries are presented separately before we proceed to the 
proof. In Sections 5-7 we introduce and study four classes of noncompact 
maps arising in asymptotic fixed point theory. For maps from each of these 
classes, an asymptotic Lefschetz-type theorem is established. 

In the last section we introduce the periodicity index of a map and using 
this invariant we establish a version of the Lefschetz theorem that conveys 
information about the existence not only of fixed points but also of periodic 
points. 


1. The Leray Trace 


One of the main tools of Lefschetz theory is an algebraic refinement of the 
factorization technique, based on the notion of the Leray trace and the 
generalized Lefschetz number. 

Let f: Y —~ Y bea map and suppose f factors through a space P: 


Y 


LI 
p—2.y 


Then, if af : P — P has a fixed point, so also does f; this information is 
conveyed by the commutative diagram 


p—-+y 


A 


and the fixed point question for f is now thrown into the same question for 
an associated map of another space. 

Just as polytopes—specifically, maps into nerves—provide a bridge be- 
tween algebraic and topological methods, so also the factorization technique 
serves as a bridge in fixed point theory. For consider the case where P is a 
finite polytope; then, for the above factorization, we know that a6 will have 
a fixed point whenever its Lefechetz wumtic: A(@@) is nonzero. 
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On the other hand, if we take singular homology over a field, then 
H,()') = {H,(¥)} need not be a graded vector space of finite type. So 
our first task is to define the generalized Lefschetz number A(f) of f in 
such a way that whenever the factorization exists, we have A(f) = A(af). 
This requires a suitable definition of trace for appropriate endomorphisms 
of arbitrary vector spaces. 

We begin by recalling some properties of the ordinary trace that will be 
needed. In what follows all the vector spaces are taken over a fixed field K. 
For an endomorphism y : E — E of a finite-dimensional vector space E, we 
let try denote the ordinary trace of y. 


The following are the two basic properties of the trace function tr: 


(a) (Commutativity) Let 


E' ee ee E" 


LY | 


E' —> E" 


be a commutative diagram of linear maps of finite-dimensional vector spaces. 
Then try = tr 7; in other words, tr( fg) = tr(gf). 


(b) (Additivity) Let 


f 9 


0—> BE’ > E—*> fp" —>0 


“| | “| 
0——> pi’ —D> p—L> A _>9 
be a commutative diagram of linear maps of finite-dimensional vector spaces 
with both rows exact. Then try = try’ + try”. 


(1.1) DEFINITION. Let E be an arbitrary vector space. An endomorphism 
p:E = Eis called nilpotent if p” = 0 for some n, where yp” : E — E 
is the nth iterate of y; more generally, y is called weakly nilpotent 
provided for every x € EF there is an integer n, (depending on 2) 
such that y”*(z) = 0. 


(1.2) PROPOSITION. If dim E < co and the endomorphism yp: E > E is 
nilpotent, then try = 0. 


PRroorF. By assumption, Kery" = E for some n. Write the commutative 
diagram 
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Ker gy —~ Ker yp? —~--- > Kery”7! C__> Ker yp” a E 


‘oan rma 


Ker p —> Ker y? C—+...C_+ Ker py"! C__-» Ker y” me 5 


in which all vertical arrows are contractions of the endomorphism yp. Since 
Yo = 0, by applying commutativity of the trace repeatedly, we see that the 
trace of every vertical arrow is zero. In particular, try = 0. O 
The category of endomorphisms and the functor “~” 

We introduce some terminology to simplify the exposition of basic facts on 
the Leray trace. 

Denote by V the category of vector spaces and by End(V) = E the 
category whose objects are pairs (E,) consisting of a vector space EF and 
an endomorphism y : E — E, and whose morphisms from (E’,y’) and 
(E”,y") are linear maps f : E’ — E” such that py” o f = f og’. Let Emono 
be the full subcategory of E whose objects are pairs (£, y) with vy injective. 
The category E (respectively Emono) is called the category of endomorphisms 
(respectively the category of monomorphisms). 

Let y : E — E be an endomorphism of a vector space E. The kernels 
Kery C Kery* C --- form an increasing sequence of y-invariant linear 
subspaces of F, and hence their union 


Ny = U Ker py” = {z € E| y"(x) = 0 for some n} 
n>1 
is a y-invariant linear subspace of &. Consequently, the formula 
Pir+Ny,)=y(z)+N,, «rE, 
defines an endomorphism ¢ : E — E on the factor space E = E/No. 
(1.3) PROPOSITION. For everyy: E — E, the map ¢ : E- Eis injective. 


PROOF. Clearly, it is sufficient to prove that p~'(N,) = Ny. Ifx € y7' (Ny), 
then y(z) € No, i.e., for some n, we have y"(y(x)) = 0 = y"t!(z); hence 
z € Ny. Conversely, if x € Ny, then y"(z) = 0 for some n; thus y"(y(z)) 
= 0, and hence y(z) € Ny, ie., zx Ep "(N,). O 


Thus, to each object (E,y) in E we have assigned an object (E, ~) 
in Emono- We note that if f : (E’,y’) — (E",9") is a morphism in E, 
then f : E’ — E” maps Ny into Ny, and therefore determines a linear 
factor map f: E' = E" by r+Ny te f(z ) + No vw. It is easily seen that 
fog =G"o f, and thus f ie 2 merphism fom (E’,g') to (E".G") in BE. 
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(1.1) PROPOSITION. The assignments (E,y) (E, p) = (E,@) and f rf 
define a functor “~" from E to the subcategory Emono- 


Proor. An easy verification that ~ is a functor is left to the reader; the 
fact that ~ sends arbitrary endomorphisms to monomorphisms was already 
established in (1.3). O 


Using (1.4), the reader can easily verify the following 


(1.5) PROPOSITION. Assume that the diagram 
f 


0—> BF’ —> E—4> E" —>0 


a ae 


0—> fF! —> E—*> FE” —>0 


has exact rows and commutes. If dim E' < 0, then the corresponding 


diagram 
0—> p> 4 gr —-0 
1d ol 
0—> p> g— gr —0 
has the same property. O 


The Leray trace 


(1.6) DEFINITION. Let F be an arbitrary vector space. An endomorphism 
yp: E£ — E is called admissible whenever dim E < oo. For such a YP. 
the endomorphism ¢ : E — E is an isomorphism, and we define the 
Leray trace Try by putting Tr y = tr¢. 


We first show that the Leray trace is a generalization of the ordinary trace 
function. 


(1.7) PROPOSITION. Let yp : E — E be an endomorphism. If dimE 
<%, then Try = try. 


PROOF. Write a commutative diagram with exact rows 
0Q0—> No —_—> Ff —> E —>0 


11 


: ee ———> FF —-—> BE —> 0 


0 
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By additivity of the trace, we have try = try’ +tr@. Since dim E < x, we 
have N, = Ker y” for some n, i.e., p"(Ny) = {0}. From this we infer that 
try’ = 0 (because y’ is nilpotent), and hence try = trp = Try. O 


Two basic properties of the Leray trace are given in the following 
(1.8) THEOREM. 
(A) (Commutativity) Let 


FE! a es E" 


| 4 
FE! an ee E" 


be a commutative diagram in the category of arbitrary vector 
spaces. If one of py, w is an admissible endomorphism, then so 
also is the other, and Try = Try. 

(Additivity) Let 


B 


f 9 


0—> fF’ ~> E—*> gE" +0 


4 4 o 


0 —> fF! > E—*> Ff" —>0 


be a commutative diagram in the category of vector spaces with 
both rows exact and such that one of the following conditions 
holds: 

(i) y is admissible, 

(ii) vy’ and yp" are admissible. 

Then all three endomorphisms are admissible, and 


Trp =Try’+Try”. 


PRoorF. In view of (1.4), property (A) follows from the commutativity of 
tr; the proof of additivity of Tr, based on (1.5), is left to the reader. O 


We now give some examples of admissible endomorphisms: 


(1.9) PROPOSITION. Every weakly nilpotent endomorphism yp : E — E is 
admissible and Try = 0. 


Proor. If y : E — E is weakly nilpotent, then E = N,, E = 0, and the 
conclusion follows. O 
(1.10) PROPOSITION. Let py: E — E be an endomorphism, Eo C E an 


invariant subspace, and assume that for each x € E there is a natural 
Nz such that p™= (x) € Fy. betsy: Fo -> Ep be the contraction of yp. 
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If one of yo, yp is an admissible endomorphism, then so also is the 
other, and Trp = Ty go. 


PROOF. Since Ey C £ is invariant, we may write the following commutative 
diagram with exact rows: 


Q ——> Ey —> FE —> E/ Ey —~ 0 


“| | | 
0 ——> Ey ——> E—> E/Ev ——0 


Let + Ep be an arbitrary element of E/E 9. By assumption there is an 
integer n such that y"(x) € Eo, and hence yf (x + Eo) = y" (x) + Eo = Ep. 
Consequently, by (1.9), y; is admissible and Try, = 0. This, in view of 
the additivity of the Leray trace, implies both of our assertions (i) and (ii), 
because Tr y = Tryo + Try. oO 


(1.11) COROLLARY. Any of the following conditions implies that an endo- 
morphism yp: E — E is admissible: 
(i) dimy(E) < x, 
(ii) dim y"(E) < 00 for some n, 
(iii) there is an invariant finite-dimensional subspace Eg C E such 
that for each x € E there is ann with p"(r) € Ep. O 


2. Generalized Lefschetz Number 


We recall that a graded vector space {Eq} is of finite type if (i) dim Fy < x 
for all g € N and (ii) E, = 0 for all sufficiently large g. We now consider 
a class of graded endomorphisms of degree zero for which a generalized 
Lefschetz number can be defined. 


(2.1) DEFINITION. Let y = {vq} be an endomorphism of a graded vector 
space E = {E,}, and let ¢ ~ = {Pq} be the induced endomorphism on 
the graded vector space F = {Ey}. We say that yp is a Leray endo- 


morphism if E is of finite type. For such a y we ae the generalized 
Lefschetz number A(y) by 


Ag) = 90 (-1)9 Trg = S0(-1) tr Fy, 
q q 
and the Euler number \(y) by 
x(y) = x(E) = $0(-1)" dim Ey. 
q 
If B= {Eg} is of finite type then clearly A(y) = A(y). 
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The following propositions express two basic properties of the generalized 
Lefschetz number: 


(2.2) THEOREM. 
(A) (Commutativity) Let 


E' me E" 


Aas 
E' ie ae E" 
be a commutative diagram in the category of graded vector spaces. 
If one of vy, wb is a Leray endomorphism, then so also is the other, 
and A(p) = A(p). 
(B) (Additivity) Let 
f 


0 —> Ff! +> F—*> Ff —>0 


‘| | “| 
0—> p'—4> F—2> pr" _>0 

be a commutative diagram in the category of graded vector spaces 
with both rows ezact and such that one of the following conditions 
holds: 
(i) y is a Leray endomorphism, 
(ii) y’ and y” are Leray endomorphisms. 
Then vy’, y, and ip" are Leray endomorphisms, and 


A(y) = A(y’) + A(y"). 


PROOF. Clearly, this is an obvious consequence of the definitions and of the 
additivity and commutativity of the Leray trace. 0 


(2.3) THEOREM. Let a = {a,}, b = {bg}, c = {cg} be endomorphisms 
of the graded vector spaces A = {A,}, B = {Bg}, and C = {C,}, 
respectively, and assume that the following diagram in the category of 
vector spaces is commutative and has exact rows: 


,6) i j 0, 
——> C441 an A, —*> B, —+> CG, —4 Ag_| —~>- 


6) 7 j 6) 


t j 
——> C941 a Ay —> By —*+> Cy —> Ag-1 —>** 


If any two of a, b, c are Leray endomorphisms, then so also is the 
third, and A(c) = Afb) — Ala}. 
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PROOF. Set 
Ay = Im0y41 = Kerig, A’ = {Aq}; 
Bi = Imi, = Ker jq, B’ = {B,}, 
Ci, = Imjq = KerQ, C" = {C;}. 


By assumption, we have the following commutative diagrams with exact 
rows: 


0 —> A, —_> A, —> B, ——-0 


kf | 


0 —> A, —_> A, —_> B, ——>-0 


| eo 5 ees ¢ eames Oar 


Kok k 


0 —> B, —-> B, —> C; ——~-0 


0 —> C, —_> C, —> Aj_1 —— 0 


/ / 
Cc 
re | q fs. 


0 —> C, —> C, —_> A,_1 ——>-0 
In the above diagrams aj, b,, c, are the evident contractions of ag, bg, Cg, 
respectively, and we let a’ = {a,}, b’ = {b,}. c’ = {cg}. 
By examining the above diagrams and taking into account Theorem 
(2.2), we easily verify (i). To prove (ii), we note that from the first and 
second diagrams we get, using additivity, 


A(a) = A(a’) + A(b’), —-A(b) = A(B') + Alc’), 


and from the third (because of the shift in dimension), A(c) = A(c’) — A(a’). 
Consequently, A(c) = A(b) — A(a). 0 


3. Lefschetz Maps and Lefschetz Spaces 


Consider the category Top? of pairs of topological spaces and continuous 
maps, and let H, be the singular homology functor from Top? to the cat- 
egory of graded vector spaces over K. Thus, for a pair (X,A) of spaces, 
H,(X,A) = {H,(X,A)} is a graded vector space, H,(X,A) being the q- 
dimensional relative homology group with coefficients in K. For a map 
f : (X,A) — (Y,B), H.(f) is the induced linear map f, = {fag}, where 
Seq : Hq(X,A) — H,(Y, B?. 
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A map f : X — X is called homologically trivial provided that the 
induced homomorphisms f,, : Hy(X) — Hg(X) are trivial for all g > 1 and 
Ho(X) = K, the scalar field. A space X is said to be acyclic if (i) Ho(X) = K 
and (ii) H,(X) =0 for all qg > 1. 

Given a map f : (X,A) — (X,A) we denote by fx : X — X and 
fa:A-—A the evident maps defined by f. 


(3.1) DEFINITION. A map f : (X,A) — (X,A) is called a Lefschetz map 
if f. : H.(X,A) — H,(X, A) is a Leray endomorphism. For such an 
f we define the generalized Lefschetz number A(f) by A(f) = A(f.) 
and the Euler number by x(f) = x(f.)- 


Clearly, the property of f to be a Lefschetz map depends only on the ho- 
motopy class of f; and if A(f) is defined and f ~ g then A(f) = A(g). 
Some simple examples of Lefschetz maps are given in 


(3.2) LEMMA. Let X be a pathwise connected space and f : X — X a map 
such that for some n > 1 one of the following conditions is satisfied: 
(i) f":X — X is homologically trivial, 
(ii) f" :X 4 X is nullhomotopic, 
(iii) f"(X) is contained in an acyclic subset A of X, 
(iv) X is acyclic. 
Then f is a Lefschetz map and A(f) = 1. 
PROOF. (i) Let g > 1; since (f")sq = 0, it follows that f,g is nilpotent, 
and hence Tr f+, = 0 by (1.9). From this, because X is connected, we get 
A(f) =1. 
(ii) Because f” is homotopic to a constant map, ff, = 0 for each q > 1, 
and therefore A(f) = 1 as in (i). 
(iii) This case reduces to (i) by observing that f” factors as 


X 3 AXX, 
and since j, = 0, we get ff, = 0, again giving A(f) = 1; (iv) is obvious. O 


We are now ready to state the basic properties of Lefschetz maps and 
generalized Lefschetz numbers: 


(3.3) THEOREM. 
(i) (Commutativity) Let 


(X, A) > (Y, B) 


| 7 | 


Xj L> (YB) 


qt 
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be a commutative diagram of pairs of spaces and maps. If one of 
the composites go f, fog is a Lefschetz map, then so also is the 
other, and A(go f) = A(f o4@). 

(ii) (Additivity) Let f : (X,A) — (X,A) be a map. If any two of 
f, fx. fa are Lefschetz maps, then so also is the third, and 
A(f) = A(fx) — A(fa). 


PROOF. To prove (i), we apply the functor H, to the above diagram and 
obtain the commutative diagram of graded vector spaces 


H,(X, A) 2+ H,(Y.B) 


won| a | se 


H,(X, A) —> H.(Y, B) 


Now our assertion follows clearly from the definitions involved and Theorem 
(2.2). 
To establish (ii), write the commutative diagram with exact rows 


+++» Hq(A) 2» Ho(X) > HX, A) t> Hy-1(A) —> 


| ae | [sade 
s+ ——> Hy(A) > Hg(X) > Hy(X A) t> H(A) —> + 
(= the endomorphism of the homology sequence of the pair (.X, A) induced 
by f). Now our assertion follows from the definitions involved and (2.3). 0 


(3.4) DEFINITION. A map f : X — X is called strongly Lefschetz provided 
(i) A(f) is defined and (ii) A(f) 4 0 implies that f has a fixed point. 
A space X is said to be a Lefschetz space if any compact map f : 
X — X is strongly Lefschetz. 


With this terminology, we have two simple general results that are frequently 
used: 


(3.5) LEMMA. Leta: K > X andB: NX — K. Then Ba: K — K is 
strongly Lefschetz if and only if so is aj}: X — X. In other words, 
given the commutative diagrams 


K xX 
ue | and ye |r 
X—G> kK K—3>X 


we have: f is strongly L. chet: == 7 1s strongly Lefschetz. 
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PROOF. Our assertion follows at once from (3.3) and (0.4.1). O 


(3.6) Lemma. Let K be a compact space and assume that f: K + WN 
factors through a Lefschetz space X, i.e., there are maps a and 3 


making the diagram 
YY 


xX er Te Kk 
commutative. Then f is strongly Lefschetz. 
PROOF. This is an obvious consequence of (3.5). O 


We now describe two simple ways of forming new Lefschetz spaces from 
old ones. 


(3.7) THEOREM. If X is a Lefschetz space, then so is every retract of X. 


PROOF. Let r : X — A be the retraction and i : A — X the inclusion. 
Consider a compact f : A — A; then ifr: X — X is also compact. Letting 

=i:A— X and B = fr: X — A, we have af = ifr and Ba = f. 
Because af is, by assumption, strongly Lefschetz, (3.5) implies that so is 
Ba = f; since f was arbitrary, our assertion follows. O 


(3.8) THEOREM. Let K be a compact space such that every f: K = K 
factors through a Lefschetz space. Then K is a Lefschetz space. 


PROOF. This is an obvious consequence of (3.6). O 


4. Lefschetz Theorem for Compact Maps of ANRs 


The Lefschetz theorem for compact maps of ANRs, which will be established 
in this section, includes several known fixed point results, both in topology 
and in nonlinear analysis. 

First, by combining the Lefschetz—Hopf theorem for polyhedra with the 
approximation theorem (12.3.1) we obtain the following preliminary result. 


(4.1) THEOREM. Any open subset of a normed linear space is a Lefschetz 
space. 


Proor. Let U be open in a normed linear space E, and let f: U —~ U 
be compact. We first show that f is a Lefschetz map. Applying (12.3.1) to 
the map f, choose a positive e < dist(f(U),0U) and an €-approximation 
f.:U —U of f such that f,(U) C Ke C U, where K, is a finite polytope 
and f, is homotopic to f. 
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To prove that f is Lefschetz, consider the commutative diagram 


with the obvious contractions of f-. Since H,(K-) is of finite type, f2 is 
Lefschetz, and hence by (3.3), so also is f,, and A( ft) = A(f-). Because 
f ~ fe, we infer that f is Lefschetz and 


A(f) = A(fe) = ACfe). 


Assume now that A(f) 4 0. Then A(f2) # 0, and applying the Lefschetz- 
Hopf Theorem (9.2.4) to f2 : Ke — Ae, we get a point xq € U such that 


to = f2(xo0) = fe(xo). Because ||f (zo) — roll = |lf(z0) — fe(z0)|| < €. Zo is 
an ¢-fixed point for f. Since f is compact and € was arbitrary, this completes 
the proof. OC 


(4.2) THEOREM. 
(a) Let K be a compact metric space and suppose that f: K —- K 


can be factored as K > X us K, where X is an ANR. Then f 
is strongly Lefschetz. 
(a)” Let X be an ANR and suppose that F : X — X can be factored 


as X A K 5 X. where K is a compact metric space. Then F 
is strongly Lefschetz. 


PRooF. In view of (3.5), it is clearly enough to establish (a). To this end 


consider the diagram 
j ee 
K 
We 
We : 

Kk 
a | 

V* B 


xX —>K 


E<—~U 
| 
| 
| 


where X is an ANR, EF = ra is the Hilbert space, and s : A — K isa 
homeomorphism of A’ onto K C E with inverse s7! : K - — KA. Since X is an 
ANR, there is an extension y : U — X of the map as” : K — X over an 
open nbd U of Xin E, ice., pj = as—', where j: k — U is the inclusion. 
Now consider the composite 


Ras oa 
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We have (fy)(js) = B(yj)s = B(as—')s = Ba = f Thus, in view of (4.1). 
f factors through a Lefschetz space, and hence by (3.6), we infer that f is 
a strongly Lefschetz map. O 


As a special case of (4.2)(a*) we obtain the first main result of this 
paragraph: 


(4.3) THEOREM. Any ANR is a Lefschetz space. O 
(4.4) COROLLARY (Lefschetz). Any compact ANR is a Lefschetz space. 0 


(4.5) COROLLARY (Browder-Eells). Any Banach manifold and more gen- 
erally any Fréchet manifold is a Lefschetz space. 0 


As a direct consequence of (4.3) and (3.2) we have 


(4.6) THEOREM. Let X be a connected ANR and, in particular, a con- 
nected metric space in one of the following classes: 
(i) fintte-dimensional manifolds, 
(ii) Banach or Fréchet manifolds, 
(iii) finite unions of closed conver sets in metrizable locally convex 
spaces. 
Assume furthermore that f : X — X is a compact map such that for 
some n > 1 one of the following conditions is satisfied: 
(a) f?: X — X is homologically trivial, 
(b) f":X — X is nullhomotopic, 
(c) f"(X) is contained in an acyclic subset A of X. 
Then A(f) = 1, and f has a fized point. CO 


5. Asymptotic Fixed Point Theorems for ANRs 


In Sections 5-7 we develop some fixed point theorems for ANRs in which 
the existence of a fixed point of a map f is established from assumptions 
on the iterates f" of f. In the next section we shall define and study the 
following four classes of locally compact maps arising in asymptotic fixed 
point theory: 

Hey = the class of eventually compact maps, 

Ha; = the class of asymptotically compact maps, 

Ha, = the class of maps of compact attraction, 

Keo, = the class of compactly absorbing maps. 
For convenience, any of these classes is called basic, and a map belonging to 
a, basic class is simply called a basic map. With this terminology. our goal is 


to establish the following general Lefschetz-type theorem: If X is an ANR 
and f: X — X isa basic ure: theu fis « strongly Lefschetz map. 
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We begin by introducing some terminology and notation. 
Given a map f :X — NX and asubsct A CX, we let 


Cp=(\rr(X) and Ox = L) f"(4): 
n>! n>1 
the set C‘p is called the core of the map f, and Ox is said to be the orbit of 
Kv under f. If A = {.r} consists of a single point . € VY. then O, = Ox is 
the orbit of the point .. A set A CX is invariant if f(A) C A. Clearly, the 
core C'y and all the orbits Ox, A’ CX. are invariant subsets for f. 


(5.1) DEFINITION. Let f : X — X be a map, and let A and A’ be two 
subsets of VY. We say that: 
(i) A absorbs W if f"(\) C A for all sufficiently large n, 
(ii) A attracts a point r € VY ifO,NAFO. 
(iii) A is an attractor for f if it attracts all the points in -Y. 
(iv) Ais a stable attractor for f if: 
(a) A is an invariant compact attractor for f. 
(b) A admits arbitrarily small open nbds U D A such that 
f(U) CU and f/U: U — U is a compact map. 


(5.2) PROPOSITION. Let f : X — X be a map. If the orbit O, of a 
point r € X is relatively compact, then the core C's is nonempty and 
attracts the point xr. 


Proor. Set A = O,: since by assumption, A’ is compact. it follows that 
f(K) C AK. This, in turn, implies that A D f(W) D--- D f"(K) D--- 
is a descending sequence of compact sets. so (),>, f"() is nonempty and 
contained in both A’ = O, and C'r. O 


(5.3) PROPOSITION. Let f : X — X be a map andU an open invariant set 
for f that absorbs every point in X. Then U absorbs every compact 
set in X. 


PROOF. By assumption. for cach .« € X there is an integer n(.r) such that 
f?™(r) € U. By continuity, there is an open neighbourhood U, of zx in 
X such that. f")(y) € U for all y € U,. Let AK be a compact subset 
of \. Then there is a finite covering {U,,..... U,,} of K. Forn > N= 
max{n(.ry),.... n(r1)} and wx € WK we have f"(x) € U. O 


6. Basic Classes of Locally Compact Maps 


We are now ready to describe the basic classes of maps %y, Hs, Zot 
and An. 
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A map f : X — Y between topological spaces is called locally compact 
provided each x € X has a nbd U, such that the restriction f|U, : U; - Y 
is compact. 


(6.1) DEFINITION. Let X be a regular space and f : X — X a locally 
compact map. 

(i) f is called eventually compact, written f € %.. provided the 
iterate f” : X — X of f is compact for some n > 2. 

(ii) f iscalled asymptotically compact. written f € .%4;, provided the 
core C’; is relatively compact and all the orbits O, are relatively 
compact. 

(iii) f is said to be of compact attraction, written f € %,. if f has 
a compact attractor. 

(iv) f is called compactly absorbing, written f € <q, if there is an 
open set U C X satisfying: (a) f(U) C U. (b) U absorbs compact 
sets in X, (c) fy: U —U is a compact map. 


We shall now establish several connections between the basic classes of 
maps and the class .%. These results, though more general than required in 
the context of ANRs, are stated explicitly for future use. 

To relate compact and eventually compact maps we need the following 


(6.2) LEMMA. Let X be a regular space and f : X — X a locally compact 
map such that f* : X — X is compact. Then there is an open set 
UcX satisfying: 
(i) FU) CU, 
(ii) fu: U -U is a compact map, 
(iii) f2(X) CU, 
(iv) Fix(f) CU 


PrRooF. We shall use the following elementary observation: if K C X is 
compact and U is a nbd of K, then by the regularity of X there is a nbd W 
of K such that W CW CU. 

Consider the compact set AK = f?(X) and note that f(A) C K, because 
f(f2(X)) C f2(X) and by continuity f(K) = (FX) c FOO = K. 
Since f is locally compact, there is a nbd Vo of K such that f(Vo) = L is 
compact. By the above observation we can find an open set Wo such that 


KcWy coc wh. 


Letting V, = f~1(Wo), we observe that since A C f~1(K) and f?(L) C Wo, 
we have 


(*) FViizte Wo fthicn. 
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We now choose an open set W, such that 
KUf(L)\CWCWCN, 


and letting }5 = f—!(W41) we obtain, by a similar argument, 


(##) f(V2)CV, KULCYW. 
We define U = Vg NV, N V2 and show that properties (i) -(iv) are satisfied: 
indeed. using (*) and (**) we get 


f(U) C F(MIAFM) A f(V2) CLAN FM) F(V2) 
CVanvyny =U, 


and thus (i) and (ii) are established. From f?(X) C K C U, it follows that 
(iii) and (iv) are also satisfied. O 


Repeated application of this lemma leads to a result relating compact 
and eventually compact maps: 


(6.3) THEOREM. Let X be a regular space and f : X — X an eventually 
compact map. Then there is an open set U C X such that 
(i) f(U) CU, 
(ii) f"(X) CU for some n > 2, 
(iii) fy : U — U is a compact map, 
(iv) Fix(f) cU O 


We relate maps of conipact attraction and eventually compact maps in 


(6.4) THEOREM. Let X be a regular space and f : X — X a map of 
compact attraction. Then there is an open set U C X satisfying: 
(i) f(U) CU, 
(ii) U absorbs compact sets in X, 
(iii) fu :U -U is an eventually compact map. 


PROOF. Let A be a compact attractor for f. Since f is locally compact, 
there is an open set V containing A such that f(V) = K is compact. For 
each r € X, there is a nbd U, and an integer n(:r) such that f"()(y) EV 
for all y € U,. Take a finite covering {U,,,....Uz,} of the compact set K 
and put N = max{n(z,) |1<i< k}. 

Now we define 


U=Vuf(V)u...uf-A-Y(V) u frN(V). 


Since for each y € K we have y € f—"*)(V) for some n(x) with 0 < n(z) 
< N, we infer that A CU. 
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We show that U is the required open set: we have 
fU)cf(V)UVU FV) U...U f-8— (7) 
CKUVUfV)U...Uf-N-Y(V) CU. 


Next, since U is invariant and V C U, it follows that U absorbs points in X: 
consequently, by (5.3), U also absorbs compact sets. 
Finally, in view of the inclusions 


FNP) C PAEV)U FEV) UFY-M(V)U...U FV) 
Ef (HU..0UK CU, 
we infer that f%+!(U) is contained in the union of a finite number of com- 
pact sets, and hence fy is eventually compact. 0 
As an immediate consequence of (6.3) and (6.4) we obtain 


(6.5) THEOREM. Let X be a regular space and f : X — X a map of 
compact attraction. Then f is compactly absorbing. O 


(6.6) COROLLARY. Let X be a regular space. Then every map f :X — X 
of compact attraction has a stable compact attractor. 


PROOF. Let Ag be a compact attractor for f. By (6.5) there is an invariant 
open nbd U of Ap such that f(U) C U is compact. Letting A = Ag U f(U) 
C U, we have f(A) C A; and if V C U is a smaller open nbd of A, then 
f(V) c f(U) C AC V, thus showing that A is a stable compact attractor 
for f. O 


We now summarize the preceding discussion in the following 


(6.7) THEOREM. Assume that all topological spaces under consideration 
are regular. Then the basic classes of maps and the class XH are re- 
lated by the inclusions 


KH CHAGC ToC C Aa: 


PROOF. The second inclusion is obvious; the third follows from (5.2), which 
implies that if f € 4s, then Cy is an attractor for f. Finally, the last 
inclusion was already established in (6.5). 0 


7. Asymptotic Lefschetz-Type Results in ANRs 


The proof of the main result of this section relies on the following property 
of Lefschetz maps: 


(7.1) LemMA. Let X be a space, AC X, and f : (X,A) — (X,A) a map 
such that A absorbs corpa* sets in S. Then: 
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(i) f is a Lefschetz map with A(f) = 0, 
(ii) if one of the maps fx, fa is a Lefschetz map, then so is the other, 
and in that case A(fx) = A(fa). 


PROOF. To prove (i), consider the induced endomorphism f.q : H_(X,A) > 
H,(.X, A) for some g > 0. Since A absorbs compact sets and singular ho- 
mology has compact supports (see (14.1.6)), it follows that f,, is weakly 
nilpotent, and hence by (1.9), Tr f.qg = 0. This being true for every g > 0, 
our assertion follows. 

To establish (ii), assuming that one of fx and f, is a Lefschetz map we 
conclude by (i) and (3.3) that so also is the other, and A(f) = A(fx)—A(fa). 
Since A(f) = 0, the assertion follows. O 


We are now ready to establish a general asymptotic fixed point theorem: 


(7.2) THEOREM. Let X be an ANR and f : X — X a compactly absorbing 
map. Then f is a strongly Lefschetz map. 


ProoF. Let U be as in (6.1)(iv). Since U is an ANR, it follows, because of 
(6.1)(iv)(c), that A(fy) is defined; consequently, by (7.1), f is a Lefschetz 
map and A(f) = A(fy). If A(f) 4 0, then A( fu) 4 0; since fy : U -~U 
is a compact map of an ANR, we get by (4.3) a point zg € U such that 
f(z0) = Zo. Oo 


(7.3) COROLLARY (Browder). Let X be an ANR, and let f : X — X be 
asymptotically compact. Then f is a strongly Lefschetz map. O 


(7.4) COROLLARY (Fournier). Let X be an ANR and f : X — X a map 
of compact attraction. Then f is a strongly Lefschetz map. O 


To give some applications, we first establish the following 


(7.5) LEMMA. Let X be a pathwise connected space and f : X — X a map 
such that one of the following conditions is satisfied: 
(i) there exists an acyclic set A C X that absorbs all compact sets 
KCX, 
(ii) for each compact set K C X there exists an acyclic set Ax C X 
such that f"(A) C Ax for all sufficiently large n. 
Then f ts a Lefschetz map and A(f) = 1. 


PROOF. Since singular homology has compact supports, condition (i) implies 
that for each q > 1 the map f,g is weakly nilpotent, so Tr f,g = 0, and 
because f,9 is the identity on Ho(X) & K, and hence Trf,) = 1, the 
conclusion follows. 

The proof under assumption (ii) is left to the reader. O 


With the aid of (7.5) and by taking into account general properties of 
ANRs, we obtain a general result embracing mimerous fixed point theorems. 
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(7.6) THEOREM. Let X be a connected ANR and, in particular. a con- 
nected metric space in one of the following classes: 
(i) finite polyhedra, 

(ii) finite-dimensional manifolds, 

(iii) Banach or Fréchet manifolds, 

(iv) finite unions of closed conver sets in metrizable locally convex 
spaces. 

Assume furthermore that f : X — X is a basic map such that one of 

the following conditions is satisfied: 

(i) there exists an acyclic set A C X that absorbs all compact sets 
AKCX, 

(ii) for each compact set h C X there exists an acyclic set Ax C X 
such that f?(.) C Ax for all sufficiently large n. 

Then A(f) =1 and f has a fired point. O 


8. Periodicity Index of a Map. Periodic Points 


In this section the singular homology groups are taken over the field Q of 
rational numbers. Let X be a pathwise connected space and f:. Y —- Xa 
Lefschetz map. We recall that in this case we consider the automorphism 
f. = { feq} of the graded group H,(X) = {H,(X)}, and the Lefschetz 
number of f is A(f) = \M fx), while the Euler number of f is \(f) = 
pe oy dim H,(X). 

We are concerned with the problem of detecting from f itself whether 
some iterate of it has Lefschetz number different from 0. We know that 
A(f) can be expressed using only the eigenvalues of the automorphisms fegi 
indeed, from (9.1.2) we find that each tr fo appearing in X( fe ) = A(f) is 
simply the sum of the (possibly complex) eigenvalues of So: It is therefore 
natural to introduce another algebraic invariant using only the number of 
eigenvalues that each fz has (rather than their sum) and ask whether it 
too has a bearing on the fixed point problem for f. 

For this purpose, let 


Ey = {Agi | i= 1,23057(@); q 2 0} 
be the set of nonzero complex eigenvalues (counted with multiplicities as 


roots of the characteristic polynomials) of all maps is (where n(0) = 1 and 
of course, Ag) = 1). We find that 


n(q) 


Afr) =D 2a 
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or more generally that 


n(q) 


A(f*) = ACF) = ae 1) De 


q=0 

(8.1) DEFINITION. For each cigenvalue 4 in the set &,, let 
ne(A) = the number of times A is an eigenvalue for an Foe. 
No(A) = the number of times is an eigenvalue for an aoter 


and 
B(f) = card{A € Ey | ne(A) — no(A) F 0}; 
B(f) is called the periodicity index of the map f. 


We now extend Theorem (9.3.3) and prove a general result about exis- 
tence of periodic points. 


(8.2) THEOREM (Bowszyc). If the periodicity index 3(f) is nonzero, then 
A(f") £0 for some n < f(f). 


PROOF. We begin with the rational function 


rare) n(q) i 
Ls(z) = Se). a ae 
q=0 i=] qe 


_ | | | 
1-2: 1—A\1= 1 — Ayn) 


va| pene ey ee cee eee eee 
1— A212 1- A222 1— Aan(2)= 
It is clearly analytic around = = 0 (certainly for |z| < min(1/|Ag:|)), so it 
has a power series expansion 
x 


Ls(=) = > /(-1)%n(q) + STAC 2" = H0F) + AP", 


g=0 n=] n=1 
since n(g) = dim H,(X) = the number of nonzero eigenvalues in dimen- 
sion q. 
Now let us look at Zy(z) in another way, this time gathering terms 
according to distinct eigenvalues, to get 


e(A) = No(A) p(z) 
Lyle) = Yr Mela nel) _ wl2) 
He ya at) 


with deg p < degg = [(f). 
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If G(f) 4 0, then for at least one 4, we have ne(A) — no(A) # 0, so 
Ls(z) 4 0, because it has a pole at 1/ and therefore at least one A(f”) 4 0. 
To estimate the least n with this property assume 


Ls(z) =agp + A(f")z" +--- = a9 + 2"(r(z)), 
where r is analytic and r(0) = A(f”) 4 0. Then 
p(z) — aoq(z) = 2" r(z)q(z); 
the polynomial on the left has a zero of order n at z = 0, so since it is 
nontrivial, 


ae deg qg if ag # 0, 
— | degp<degq if a g=0. 


Thus n < 6(f). O 


We remark that the periodicity index is more efficient than the Euler 
number in detecting periodic points. For although x(f) # 0 clearly implies 
that 6(f) 4 0, the converse is not true: the reader is advised to construct 
amap f : S?"+! _, §2n+1 of degree d(f) different from 0 and 1 for which 
A(f) #0 but x(f) = 0. 


We now draw a few consequences of Theorems (7.2) and (8.2). 


(8.3) THEOREM. Let X be a connected ANR and f : X — X a compactly 
absorbing map. If x(f) #0 or B(f) #0, then f has a periodic point 
with period n < B(f).- O 


(8.4) COROLLARY. Let Y be a connected ANR with all odd-dimensional 
homology groups Hon+1(X;Q) zero. Then every compactly absorbing 
f :X —X has a periodic point. 


PROOF. We have x(f) > 1, since there are no offsetting negative terms. UO 


(8.5) COROLLARY (Fuller). Let X be a connected compact ANR with Euler 
characteristic x(X) #0. Then: 
(a) Every f : X — X homotopic to the identity has a fixed point. 
(b) Every homeomorphism h: X — X has a periodic point. 


ProoF. In case (a) we find A(f) = A(id) = x(id) = x(X) # 0; in case (b) 
we have x(h) = x(id) = x(X), which completes the proof. 0 


We conclude by presenting a simple reformulation of the Lefschetz the- 
orem (obtained in a purely formal manner) that also conveys information 
about the existence of periodic points. It involves the integral group ring 
Z(C) of the additive group © of .crmplex numbers. 


4134 V. The Lefschetz-Hopf ‘Theory 


We recall that Z(C) consists of the formal finite linear combinations 
>>, [Ag], m € Z, Az € C; addition in this ring is the usual addition of linear 
combinations, and multiplication is defined by 


(So ni[d) (S>jlu))) = be nym;[dj + py]. 


We denote by ¢ : Z(C) > C the evaluation map defined by setting e([A;]) = 
A; on generators and extending by linearity. 


(8.6) DEFINITION. Let f : X — X be a Lefschetz map, and let {Ag; | 7 = 
1,...,2(q)} be the set of all eigenvalues (counted with multiplicities) 
of the endomorphisin f,. We let 


n(q) 
to(AI= > Pel. [ACF] = S3(-) Mtg F)] € Z(C). 
i=1 q 


(8.7) THEOREM. Let X be a connected ANR and f : X — X a compact 
(or more generally a basic) map. Then: 
(i) af [A(f)] 4 0, then f has a periodic point of period at most the 


length of [A(f)), 
(ii) af [A(f)] ¢ Kere, then f has a fixed point. 


PROOF. (i) We observe that 


[A(f)] = $2 (me(As) — Mol As)) Dal, 


and this implies that the length of [A(f)] is equal to the periodicity index 
B(f). The assertion now follows from (8.3). 

(ii) By definition of e we have e({A(f)]) = A(f) 4 0, and thus f has a 
fixed point by (7.2). 


9. Miscellaneous Results and Examples 


A. Formal power series 


Throughout the first two subsections all vector spaces are taken over a fixed algebraically 
closed field K. We denote by A[z]] the integral domain of all formal power series s = 
Deo Anz” with an € K. 


(A.1) Let s = }\ anz” be a formal power series. Show: 

(a) s is invertible if and only if ag 4 0. 

(b) If s=1—Az, then s7) = 1°, "2" 
(A.2) Let K[z] C K'[z]] be the ring of polynomials and assume s = Tanz” = uv}, 
where u,v € K[z}, u,v # 0 and degu < degu = k. Prove: There is no gap of length k in 


x wn 
n=0 Ent 
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[Assume that there is such a gap: uv! = [a9 +---+asx*] + [as4ng i rete +--+); 
letting ps = [ap + --- +asx*], observe that the polynomial u— vps has 0 as a root of order 
not less than s + k +1, and thus deg(u — ups) > s +k + 1; from this get a contradiction 
by showing that deg v > k + 1.] 


(A.3) Let d - K[[z]] — K|[z]] be the ordinary derivation. and for an invertible s € 
K|[z]}, let D(s) = s~'d(s) be its logarithmic derivative. Show: If s1,..., Sz. 8 € A|[z]] are 
invertible, then 

k 


k 
D( IIs) = 5" D(s;) and D(s~!) = -D(s). 
i=] 


i=1 


(A.4) Given a rational function s(x) define the conjugate s* of s by 


*77) = 4,(1 
s (x)= s( ). 
Show: 


(a) If s= uv}, where u = ye, Qnz", v= eames bnz™, and bo, by 4 0, then 


k-1 k 4 
ge ( y, anz*1-") ( a baa”) 
n=0 n=0 
(b) If s1,..., 5m have conjugates. then so does their sum, and (}>;~, $3)* = 0, 57. 


B. The Lefschetz power series of a Leray endomorphism 
Recall that for an endomorphism y : E — E of a vector space E we let 9 : EE be 


induced by y on E = E/Ny, where Np = U,>) Ker y”: if y is admissible (i.e., dim E 
< oo), then ¢% is an automorphism, and we let w(¢) be its characteristic polynomial. 


(B.1) Show: y is admissible if and only if y” is admissible for some natural n. 


(B.2) Let y : E — E be an admissible endomorphism. Show: All the roots 41....,Am 
(m = dim E) of w(@) are different from zero, and for any natural n we have 


Tr(e") = tr(B") = D7. 
j=l 


[Using Jordan's theorem, choose a basis in E in which y has a triangular matrix form.] 


(B.3) Let y = {yg} be a Leray endomorphism of a graded vector space E = {Eg}; we 
recall that in this case E = {E,} is of finite type, the Lefschetz number A(y) of y is A(y) = 
dy g~0(—1)? Try, and its Euler number x(y) is x(v) = x(E£) = dg=0(—1)? dim Eg. 
Show: 

(a) y is a Leray endomorphism if and only if so is y” for some n. 

(b) If y is a Leray endomorphism, then x(y) = x(y”) for all n. 


(B.4) (Rationality of the Lefschetz power series) Let y = {yg} be a Leray endomorphism 
of E = {Eq}. The Lefschetz power series L(y) € K[[z]] of y is defined by 


Ly) = x(v) + D> AW")2” = D> MB) 2" = YO [| (- 1) ee) ] 2”. 


n=1 ue na=0 g=0 
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and the characteristic rational function of is given by 


Co 19 
w=w(y) = [J uy, 
g=0 


where wg is the characteristic polynomial of Gg. Show: L(y) = (D(w(y)))* = uv ?, where 
u and v are some relatively prime polynomials with deg u < deg v (if u 4 0). 

[Denote by Ag, (j = 1,.--, dim Ey) all the roots of the characteristic polynomial wg 
of %g. Using (A.1)-(A.3) and observing that wg = Il, (x — gj), establish and compare 
the following formulas: 


(Dw)? = (S(-%(e — Ag?) = (1) = gg), 


9.) 9.J 
Lip) = S MB")2” = D> YO (1)? tr(BG) 2" 
n=0 n=0 g=0 
= oH 99552" = SO) - gga)" 
n=0 qj 9.3 


(B.5) Let y = {yg} be a Leray endomorphism and L(y) = uv! a rational representation 
with relatively prime polynomials u and v as in (B.4). Denote by P(y) the degree of v. 
Show: 
(i) x(~) #0 implies P(yp) # 0. 
(ii) P(y) 4 0 if and only if A(y”) # 0 for some natural n. 
(iii) If P(y) = k # 0, then for every natural m, one of A(pmt?y, ..., A(y™**) is 
different from 0. 


(B.6) Let y = {yg} be a Leray endomorphism and assume that the characteristic rational 
function w of y has the form w = yz}, where y, 2 are relatively prime polynomials. Let 
a and b be the numbers of different roots of y and z, respectively. Show: 


x(y) =degy—degz and P(y)=a+b. 


(The above results are due to Bowszyc [1969].) 


C. Lefschetz-type results for LC” -spaces 


Throughout this subsection only metric spaces are considered. A space X is n-locally 
connected if for each x € X and each nbd U of z there is a nbd V C U of x such that 
every f : S™ — V, m < n, has an extension F : K™+! —. V The class of n-locally 
connected spaces is denoted by LC” We recall that for a space X, we write dimX <n 
if each open covering {U} of X has an open refinement {V} in which no more than n+1 
sets V have a nonempty intersection. 

The proof of the main theorem in this subsection is based on the following results: 


(Kuratowski-Dugundji theorem) For a space Y and some n > 0, the following properties 
are equivalent: 
1° Ye Lc". 
2° If AC X is closed and dim(X — A) < n+1, then each f : A— Y can be extended 
over a nbd U of A in X 
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(Bothe embedding theorem) For every n = 1,2,... there exists a compact (n + 1)-dimen- 
sional absolute retract X. (m) such that every separable metric space of dimension < n has 
an embedding into x) 

[For a proof, see Dugundji [1963] and Bothe [1958}.] 
(C.1) Let K be compact with dim K < n and assume that f : K — K can be factored 


as K 3 X iz K, where X is an LC”-space. Prove: f is a strongly Lefschetz map. 


[Using Bothe’s theorem, embed K in the compact absolute retract x) with dim 5 a 
= n+ 1. Consider the diagram 


x?) <y<—1_ 5 
| s 
P| K 
la 
iw 
>, Coe ob 54 


wheres: K > Kisa homeomorphism of K onto Kc x?) Observe that since X is LC” 
and dim(X “ —K) < n+1,themapas7?: K = X extends (by the Kuratowski-Dugundji 
theorem) over an open nbd U of K in xe toa map »y:U — X. Verify that f factors 


through U, and conclude the proof using (3.5) and the fact that U (being an ANR) is a 
Lefschetz space.] 


(C.2) Let X be an LC"-space and suppose F : X — X can be factored as X e KX, 
where K is a compact space with dim K < n. Show: F is a strongly Lefschetz map. 


(C.3) Let X be an LC”-space, and let F : X —+ X be a compact map such that 
dim F(X) < n. Show: F is a strongly Lefschetz map. 


10. Notes and Comments 


The Leray trace and generalized Lefschetz number 


The theory of generalized trace and generalized Lefschetz number is due to 
Leray [1959]; using this generalization, Leray was able to extend his fixed 
point index theory for convexoid spaces to compact subsets of such spaces 
without requiring that the subsets have cohomology of finite type. 

The presentation of the Leray trace theory given in the text is close to 
that in the lecture notes [1969-1970] and [1980] of Granas. For the notion 
and properties of the relative Lefschetz number, the reader is referred to 
Bowszyc [1968]. 


The Leray functor 


We now briefly comment on some refinements of the Leray trace theory. Let E = End(V) 
be the category of endomorphisms and Emono C E (respectively Eis. C E) the subcat- 
egory of monomorphisms (respectively ikofmorhixm~ in V; let A; : E + Emono be the 
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functor ~ given in (1.4). Given a monomorphism y : EF > E, let [p = Neo yp" (F) be the 
generalized mage of yp and observe that p(y) C Ip. Given now a pair (E£,y) in Emono, we 
let A2((E.¢)) = (E.G P), where E is the generalized image of y and G(.r) = p(x) for z € Ip. 
It is easily scen that ¢ is an isomorphisin, and we define the Leray functor L : B — Ejgy 
as the composition Ag o A}. 

The main property of the Leray functor (which can be regarded as an extension of 
(1.8)) is given in the following: 


THEOREM. Assume that we are given a commutative diagram as in (1.8), which can be 
rephrased as the commutativity of the diagram 

(B!.g!) > (B",9") 

| g tt 
? ¥ 
: f 

(EN yp!) —> (E". 9") 
in the category E. Then L(f) and L(g) are invertible, and L(E’.y’) and L(E”.y") are 
isomorphic. 


The Leray functor appearing in Mrozek [1989] has found applications in the Conley 
index theory (Mrozek [1989] and Mrozek-Rybakowski [1991]). 


Lefschetz theorem for ANRs 


Lefschetz [1937] extended the Lefschetz—Hopf theorem for polyhedra to com- 
pact ANRs, and in his 1939 book also to the class of quasi-complexes, which 
contains the compact ANRs. 


F. La Salle... Blake an. S. Lefschetz, 1961 
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We give a direct and simple proof of the result for compact ANRs (as given in 
Hurewicz's lectures), based on the fact that every compact ANR is e-dominated by a 
finite polyhedron. Let (X,d) be a compact ANR, f : X — X, and e > O. There is a 
diagram 


Pe 


At 


eX. 


where Pe is a finite polyhedron, d(gk(z), f(x)) < € for z € X. and f ~ gk. Assuming 
Mf) = A(gk) = A(kg) # 0, we have kg(p) = p-p for some p € Pz; hence gkg(p) = g(p). 
and so d( f9(p), 9(p)) < €, ie., f has an e-fixed point. Since e > 0 is arbitrary, the desired 
conclusion follows. 


The proof of the Lefschetz theorem for compact maps of ANRs given in 
the text follows that of Granas [1967]; Jaworowski-Powers [1969] gave an 
independent proof of the same result, similar to the above proof of Hurewicz. 
Some more special but closely related results were established earlier by 
Gohde [1964], Browder [1965b], and Eells (see his survey [1966]). 


Asymptotic fixed point theory 


The first results in asymptotic fixed point theory are due to Leray [1945b], 
Berstein [1957], Bourgin [1957], and Deleanu [1959]. Later, the theory was 
developed by Browder [1970], [1974], Palais (unpublished), Nussbaum [1971], 
[1972], Fournier [1975], and Eells-Fournier [1976]. The notion of the core 
of a map in the context of compact spaces appeared for the first time in 
Leray [1945] and was later used by Deleanu [1959]. The classes of eventually 
compact and asymptotically compact maps were first studied by Browder 
[1965], [1970], [1974]. Maps of compact attraction and the Lefschetz theorem 
for such maps are due to Fournier [1975]; compactly absorbing maps are 
implicit in the proof of the above theorem presented in Granas’s lecture 
notes [1980]. The presentation of the results in Sections 5-7 is close to that 
of Fournier [1975] and of the above-mentioned lecture notes. 

The notion of an attracting fixed point goes back to Schreier-Ulam (Stu- 
dia Math. 5 (1935), p. 155) and that of a compact attractor to Gohde [1964]. 
The notion of a stable attractor was introduced by Nussbaum [1971]. 


Existence of periodic points 


The periodicity index defined in (8.1) and Theorem (8.2) are due to Bowszyc 
[1969]; Theorem (8.2) contains Theorem (9.3.3) as a special case. Theorem 
(8.7) is due to the authors and appears here for the first time. 

There exists a related approach to periodicity based on using the Lef- 
schetz zeta function. Let V lt aspave and f:X — X a Lefschetz map. By 
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the Lefschetz zeta function Cy of f is meant the formal power series 


Cy(2) = exp (> ar). 


7 
n=1 


where A(f”) is the generalized Lefschetz number of f” (we use the singular 
homology with coefficients in Q). 


THEOREM. If f : X — X is a Lefschetz map, then the Lefschetz zeta 
function of f is a rational function, and 


Cy(z) = [] det(I - fegz)-O™, 


g=0 


where { feo} is the endomorphism induced by {fxg} on the graded vector 
space {H,(X;Q)}, and n satisfies H,(X;Q) =0 forg>n. 


For various versions and special cases of this result the reader is referred 
to Smale [1967], Halpern [1968], Kelley-Spanier [1968], Franks [1980], and 
Fadell’s survey [1970]. 


Lefschetz theory and cohomology 


If P is a polyhedron, then H,(P;Q) and H"(P;Q) are dual vector spaces 
over @. This implies that given a map f : P — P, we may use cohomology 
with coefficients in Q to compute the Lefschetz number of f. In some cases, 
to detect fixed points of a map, it is preferable to use cohomology rather 
than homology, because the former has a ring structure. 


Consider the complex projective space P”(C) with n even. With integer coefficients, 
the cohomology of P”(C) can be shown to be a graded polynomial ring on a generator 
B € H2(P"(C); Z) with Bt! = 0. Given a map f : P"(C) — P”(C), there is an integer 
b such that f*(8) = 6G in H?(P"(C); Q). From the ring structure of H*(P"(C);Q) it 
follows that 

Mf) =14+b4+b°4+---4+0" 
Since for n even, the polynomial 1+ 2 +2? +---+2” has no real roots, we find that 
A(f) # 0, implying that f has a fixed point. 


For more details and other examples the reader is referred to Lopez 
[1967], Bredon [1971], and Fadell’s survey [1970]. 

We remark that the main results of this paragraph remain valid if in 
their formulation we use singular cohomology instead of singular homology. 
Moreover, in any category where the Cech and singular theories are naturally 
equivalent—such as ANRs—the Cech Lefschetz numbers and Cech Lefschetz 
spaces (defined using either the Cech homology or cohomology) coincide with 
the corresponding notions using the singular homology and cohomology. 
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In Chapter IV we developed fixed point index theory in arbitrary ANRs. 
Our aim in this paragraph is to complete the above theory by establishing 
its relation to the Lefschetz number. Precisely, we are going to show that if 
X is an ANR and f : X — X is a compact map, then its index I(f) is equal 
to the generalized Lefschetz number A(f) of f. The general result will be 
reduced to the special case in which X = K is the closure of a polyhedral 
domain in some R” and the map f has only isolated fixed points. The proof 
of this special case will be based on the original approach of H. Hopf. 


1. Normal Fixed Points in Polyhedral Domains 


In this preliminary section we will deal only with a polyhedral domain U C 
R” and a continuous map f : U > R” with Fix(f|OU) = 0. We have 
I(f,U) = d(id —f,U). The approach to the index theorem we take requires 
reduction to the case where f has isolated fixed points in U or, in other 
words, id —f has isolated zeros. 

Let p be an isolated fixed point of f, and let V C U be an open set 
containing p and no other fixed point of f. 


(1.1) DEFINITION. The multiplicity I(f,p) of the fixed point p is given by 
I(f,p) = I(f,V). 


Clearly, by excision, I(f,p) is well defined. 
As we have seen in (14.6.6), the use of spherical nbds of p gives: 


(1.2) Proposition. Let f : U — R” have an isolated fized point p, and 
let V CU be a closed ball centered at p and containing no other fixed 
point of f. Then the multiplicity I(f,p) of p is the Brouwer degree 
d(F,) of the map F, : OV — S"—" given by 


at — f(z) 
F(x) = —————_, 
= Te Fal 
where OV is the boundary of the ball V. O 


Because we will use the notion of multiplicity for polyhedra, it is more 
convenient to use simplices rather than balls. We shall denote a closed sim- 
plex by V (with a dimension superscript if needed), its interior by V, and 
its boundary by V 

Whenever the behavior of f around an isolated fixed point p satisfies 
a mild condition called normality, I(f,p) can be calculated directly from 
f itself rather than from the associated field, a matter important in our 
subsequent work. 
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We now first show that f can always be converted, by a small defor- 
mation, to one having the required behavior around p, and then give two 
methods for calculating I(f,p) for such maps. 


(1.3) DEFINITION. An isolated fixed point p of f : U — R” is called 
normal if there is an n-simplex V C U with p € V and containing no 
other fixed point of f, such that Vn f(V) =9. 


Normality requires essentially that the vectors f(x) —.r on V all point away 
from V A small deformation of f can always convert an isolated fixed point 
to a normial fixed point without changing its multiplicity. 


(1.4) PROPOSITION. Let f : U — R” have an isolated fired point p. and 
let 1" be any open nbd of p. Let V C W' be any n-simplez containing 
p in its interior, with f fixed point free on V — {p}. Then there is a 
homotopy fr: U — R” of f such that: 
(1) fi(c) = f(r) for all re U—-W andte I, 
(2) p is an isolated fixed point of each fy (Fix(f:lV) = {p}). 
(3) VOfi(V) =@ and I(f.p) = I(fi,p).- 


Proor. Let 5 be the diameter of V, and let A(s) = || f(s) — s|| for s € V. 
By hypothesis, A(s) is never zero, so V being compact, hence closed in U 
Tietze's theorem assures that there is a continuous y : U — [0,2<) such that 


_ f£36/Ax), 2 eV, 
eo) i: ré{psu(U - IW). 


Define f; : U — R” by 
filx) = [-ty(x)]x + [1 + ty(z)] f(z). 

which pushes f(x) along the ray f(x) away from xr. Clearly fo = f and 
f(x) = f(z) for all t and all x € {p} U(U — W); in particular. fi(p) = 
f(p) =p for allt Ee I. 

Each f; is fixed point free on V — {p}: if f,(x) =r for some xr € V’ and 
t € J, then x = [-ty(x)]x + [1 + ty(z)] f(x), and therefore [1 + ty(x)]z = 
[1+ t(x)] f(x); since 1+ty(x) > 1, this shows that x = f(x), and therefore 
r =p. Thus, f; is a homotopy of f that is fixed point free on V — {p}. so in 
particular, (1.2) shows that I(f,p) = I(fi,p). 

To see that p is a normal fixed point of f;, we note that if s € V, then 
Ils — pll < 4. so 


Ilf:(s) — pil 2 Ifi(s) - sl] — Ils - all = 1 + 9(s))I1F(s) — sll - 6 
= [1 + 36/X(s)]A(s) — 6 > A(s) + 26 > 26, 


which shows f}(s) ¢V_ Thus. VC f;(1") = 0. and the proof is complete. 0 
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If p is a normal fixed point for f : U — R”, then an n-simplex 1 CU 
with p € V’ such that (1) Vn f(V) = 0 and (2) f is fixed point free on V—{p} 
is called a normal simplez for f at p. We give two ways for calculating If. p) 
directly from the behavior of f itself on a normal simplex. The first involves 


FV: 


(1.5) PROposITION. Let f :U — R” have a normal fixed point p, and let 
V be a normal simplex for f at p. Let pf :V — S"' be defined by 


_f(z)-p_ 
7 a 


Then I(f,p) = (—1)"d(mpf). 


PROOF. Because f(s) ¢ V whenever s € V. we have f(s) #(1-t)s + tp for 
alls €V andte TI, so 


rev. 


[(1 — t)r + tp] — f(z) 
I[(2 — t)z + tp] — f(z)]| 


gives a homotopy ® : V > S"~! of F, (see (1.2)) to —a)f. The degree 
of the antipodal map a : S"—! — S"~! given by r+ —2 is (-1)". Thus 
ao, =7)f, so from I(f.p) = d(F,) = d(®;) = d(a)d(a,f) the conclusion 
follows. O 


P(x) = 


The second description of I(f.p) on a normal simplex is more important 
for our purposes; its formulation requires some preliminary notation. 

Consider R” embedded as the hyperplane rn4; =0 in R"*! Given an 
n-simplex V C R” and a point pe V, let A be the cone over V with vertex 
p” = (p,1), so that VUA = 2” can be visualized as a space homeomorphic 
to S” attached to R" —V along the “equatorial (n—1)-sphere 1" The map 
of 5" into itself which. for each s € V. maps the segment ps linearly onto p* s 
and the segment p*s linearly onto ps, is a homeomorphism (corresponding 
to the reflection of S” in its equatorial (n — 1)-plane), and defined to be the 
identity map on R” — V, gives a homeomorphism 9: R° UL" — R"UL" 
We also observe that the radial retraction r : R” — V from p extends, by 
letting it be the identity on A, to a retraction 


r:R™UA> LS" =VUA. 


Now let f : U > R” have a normal fixed point p. and let V(p) = V be 
a normal n-simplex for f at p. Attaching the cone A to V, we have UU A 
open in R” U A, and we define the normal eztension f: VUA— R°VUA 
of f to be 
-1 
~ , jo fo(z) rea. 
f(z) = Past réeu. 
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Since f(a r) ¢ V whenever x € V, the two definitions of f agree on ANU = V, 
so that fi is continuous. 


(1.6) Proposition. Let f : U — R” have a normal fixed point p, let 
f: UUA — R"VUA be its normal extension, and let r : R"VUA = x” 
be the radial retraction from p. Then d(rf flo") = d(,f). 


PROOF. Let f s=rf f[Z". Using reduced homology groups, we first observe 
that because H,(A) = 0 for i > 0, the homology exact sequence for (1, A) 
shows that j. : H,(2") = H,(2”, A); by excision we find that 


H,(", A) = H,y(VU A.A) <A, (VV 0A) = HV, V), 


and finally, again because Hi(V) = 0 for i > 0, we conclude that O : 
A, (V, V) = Ay-1(V). 
Now consider the diagram 


H,(") —*> H,(E", A) <£ H,,(V, V) —2> An-1(V) 
| ve. ew] at.| 
H,(&") > Hy(E", A) <= H,(V.V) —2> Hn-1(V) 


Since all the horizontal isomorphisms are induced by inclusions or boundary 
homomorphisms, this cere: is commutative. Note that if b is a generator 
for H,(”), then c = Oe7 jx (0) is a generator f for Hp—1(V); now the com- 
mutativity shows that if ( fr)«(b) = d-b, then (f fs|V).c = = d-c, and therefore 
d(fs) = d(rf|V). Letting gy: V - S"-! be the homeomorphism 


> ic a — P 7 
lz - pl 
we have 
tf =ypo(rf|V), 
and so since d(y) = 1, we find d(mpf) = d(rf|V) = d(rf|Z"). O 


In view of (1.5) and referring to the definition of the degree of a map 
S”" — S”, this result permits an interpretation of (—1)"J(f, p) as essentially 
the algebraic number of times that f(V) covers a given point x € V — {p}. 


2. Homology of Polyhedra with Attached Cones 


Let U be a polyhedral domain in R” and K = U. Our approach to the 
index theorem for a map f : kK — K is based on an idea of Hopf; it relies 
on enlarging K to a polyhedron K,. by attaching suitable cones and relating 
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the Lefschetz number of the given f to that of a suitably chosen extension 
fo: Ke — Ke. In this section we derive the homological properties that will 
be needed. 

Let o = (p0,--.,Pn) be a closed n-simplex in K. Choose a vertex p* in 
Rt! — K, and recall that the cone |A] over |c| consists of the simplices 
{p” - Oo} together with all faces of such simplices (see §8, Section 5). The 
simplicial complex K U |A| is topologically |K| with a cone over |o|; the 
subcomplex |A|U|o| is denoted by ©” and is homeomorphic to S”. Choose 
a point p € |d|: then the reflection 2” — X” that interchanges (|c|.p) and 
(|A|,p*), defined as in the previous section, extends to a homeomorphism 
o:(KUL", L") — (KUL, LZ”) by taking it to be the identity on K -—Z”: 
in fact, if a central subdivision of |o| with p as vertex is extended to a 
subdivision of K, then o is a simplicial homeomorphism of the resulting 
complex. 

Letting A represent the chain p” - dc in K UZ", we have 0A = 00 — 
p* -00c0 = Oo, so that the chain A — a is an n-cycle in K UZ". 

In what follows, we work exclusively with homology over the rational 
field Q; to simplify the notation, we denote H,(K;Q) simply by H(A). 


(2.1) THEOREM. Let K = KU” be the polyhedron obtained by attaching 
a cone to K on the boundary of some n-simplex. Then 


(kK) — H,(k), 2 # n, 
Precisely, the homology class [A—o] of the cycle A—o is a generator 


of H,(K). 
Proor. Noting that 
H(K UE", K) = Hi(K UA), K) = H(lA|, 14]. K) = 4;(|A].1A)) 
by excision, and that |A| is homeomorphic to an n-ball, we deduce that 


H;(K U2", K) = 0 for i # n, and is generated by A for 1 = n. The exact 
homology sequence for the pair (A UX”, K’) therefore decomposes to 


H(KUL")/{2H(K), i#nn-1, 
and because H,,(K) = 0, 
0 H,(KUS") 5 H,(KUS",K) 
8, H,_y(K) > Hy-(K USE") > 0. 
Consider now [A — a] in H,(K U 2"); since 
j.[A -— 0] = (4-0) + [Br(K UE") + C2 (4)] 
= 1+/1R,(N. ©"1+C,(A)] 
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and .\ generates H,( US". ly), it follows that 7, is an isomorphism: hence 
0 is the zero homomorphism and Hy-1(4.) = Hp-1( Kh U 2”). oO 


We now examine the behavior of certain maps on the generator [A — g] 
of H,(A US"). 


(2.2) CoroLuary. Leto: KAUL" — KUL" be the reflection. Then 
o+[A —o] = -[A — o]. 


PROOF. We have already remarked that 0 is simplicial if A is taken with 
a suitable subdivision, Sd A. Since 9,(A —Sdoa) = Sdo — A, we conclude 
that o.(A —o] = —[A —-o]. 0 


To study tle behavior of arbitrary continuous maps g: AUX" — KUL", 
we begin by observing that because |o| is an absolute retract. there is a 
retraction A’ — |o|; this clearly extends, via the identity map on 2”, to a 
retraction r: A UX" > LL". 


(2.3) COROLLARY. Letg: KUL" —~ HAUL” be any continuous map, and 
let gs = g|X". Then 


9x(A _— o] —s d(rgs)(A = a}. 
where d(rgs;) is the degree of rg: 5" + LX”. 


PROOF. We certainly have g,([A—o] = g[A—o] for some g € Q. To determine 
the value of q. consider the retraction r : AUL”" — 0”. We have r,{[A—o] = 
[A —o], since r|L” = id. Thus, 7.9,[A — 0] = gr.[A —o] = q{A —o], so that 
q = d(rgz). 0 


Repeated application of these results leads immediately to the main re- 
sult, in the form we shall need. 


(2.4) THEOREM. Let {|o;| | j = 1,...,.N} be a pairwise disjoint family 
of closed n-dimensional simplices in a polyhedron kK. Choose a point 
p; €|o;| for each j, and let Kw = KU, U---UZy be the space K 
with cones attached on each |c,|. Then: 

(1) If 0; : L; — DL; is the reflection, then the map 0: K, — Kh; 

defined by 

ress 
da) = {ee oe Us) 

is consistently defined and continuous. 
(2) For eachi#n, we have H;(K,) = H;(K). 
(3) The vector space H,(K,) has the basis {{A,—o;] | j =1,...,N}- 
(4) For anyg: Ke--W... if the endomorphism gy : Hy( Ke) Hy(Ke) 
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is expressed in this basis. then 


N 


gx(A; — 91] = 9° d(rjg|Zi)[A; - 23). 
j=l 
where r; : K, — 3; is the retraction ('). 0 


3. The Hopf Index Theorem in Polyhedral Domains 
We are now ready to prove the basic 


(3.1) THEOREM. Let Ky be the closure of a polyhedral domain U in R", and 
assume that a map f : K — K has finitely many isolated fixed points 
P1,---+DPs lying in different open simplices of dimension n. Then 


A(f) = >° I(f.p;)- 


j=l 


Proor. According to (1.4) by a small modification of f confined entirely 
to an arbitrarily small neighborhood in the simplex containing it, each p; 
can be enclosed in a small simplex normal for f at p;, in such a way that 
the family of those normal simplices is pairwise disjoint. Taking K with a 
subdivision that does not disturb those simplices. we can therefore assume 
that the family of simplices {;} containing the {p;} is pairwise disjoint. 
each contains exactly one p;, and each o; is a normal simplex for f at p;. 

For each p; and oj, attach the cone A, to K, to get the space K, = 
KU U---UJS';. Because each simplex is normal for f at p;, the map 
f : K — K has a normal extension over each A;, leading to f: Kea Ke 
the only fixed points for f are the p; and the vertices p; of the cones. Let 
o: K. — K- be the reflection map of (2.4)(1): it follows that of has no 
fixed points, and therefore Mof) = 0. 


We now relate Mof) to A(f). Because for all dimensions 7 < n we have 
Osi = idy,(K.), and hence tr:(of) = tr[(of)si] = tr; f. we need to worry 
only about dimension n. By (2.4)(3), {{A1 — o1],.--, [As —os]} is a basis of 
Hy, (K-). 

By (2.4)(4), for each j = 1,...,8, 


(of)[A; — oj] = d(rjof|Z;)[Aj — 25). 


(1) This retraction is the composite of the obvious retraction Ke — K US, and a 
retraction 9 from K UZ; onto Z; obtained by extending the radial retraction from p; of 
K onto o, over K US; by lettins ¢ A, = ids . 
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Thus, 
trn(of) = So dlrsof 3; )= Salryefl,). 

j=l j=l 
Now, letting 0; = 0/2; : 2; — 2X; we have rjof|3; = 0,7 f|2;, so this is 
the composition 

yp, Wp &, yp, 

j j ji 
since d(9;) = —1 by (2.2), we find 
d(rj0f|Z5) = —d(r5 f|Z)). 


Moreover, since fis a normal extension, (1.6) and (1.5) show that 
§ 
ttn(of) = ~LoasAle) = Latent = —(-1)" )1(f.73). 
j=l 


Thus, by taking the alternating sum of traces, we find 
n~ net n~ ~ 
0=Mof) =) -(-1)' tri(of ) + (-1)” tra(of). 
i=0 

We now claim that tr; f = tri(of) for 7 < n: indeed, if 1: K < K; is the 
inclusion and r : K, — K the obvious retraction, it follows by (2.4)(2 )t that 
l,; is an isomorphism. From rl = idx we get r4i = is , and from f = ro fl we 
obtain f.; = rsi(e Files = = ls (e FP) siledi thus the desired conclusion follows. 

From this and because tr, f = 0, we get 


0= of) = y(-1) —1)'tri(of) = A(f) - "oC F.p9) 
i=0 j=l 
this gives \(f) = I(f,K) = I(f,U) = 0%_, I(f.y). oO 


4. The Hopf Index Theorem in Arbitrary ANRs 


We can now prove the basic normalization theorem, which we first establish 
in the following form: 


(4.1) THEOREM. Let U C R” be open and F: U =U a compact map. 
Then 


I(F,U) = A(F), 


where A(F) is the (generalized) Lefschetz number of F and I(F,U) 
is the fixed point inder of F 
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PROOF. We begin by showing that A(F) is well defined. By taking a smaller 
open set if necessary, we may assume that U is a polyhedral domain. Let 
0 < € < dist(OU, F(U)); we can then find a polyhedral domain V with 
K =V such that B(F(U).e€) CV CK CU. Let j: K OU; then 


I(F,U)=I[jF,U] (since U Le pa U) 
= I[Fj,j~-*(U)| = I[F|K, K]. 


Moreover, because A(F) = A(jF) = A(Fj) = A(F|K) = \(F|A), A(F) is 
defined. 

For any 6 < €, every 6-approximation of F': AK — K has values in Ff. 
Now, let f =id-—F: K — R” There is a 6-approximation fs of f having 
finitely many zeros, and with d(fs,K) = dlid-—F,K] = I(F,K); we can 
assume that the zeros of fs are all in the interiors of n-simplices of A. 

Consider now Fs = id —f5; since Fs is a 6-approximation to F’, we have 
Fs : K — Ky; and for sufficiently small 6, also Fs ~ F Furthermore, by 
deanition 

I(Fs, K) = dlid—F5, K] = d(fs,K) = 1(F, 4). 


Now by (3.1) the assertion of the theorem holds for Fs, so we get 
I(F,U) = 1(F, A) = 1( Fs, K) = A(Fs) = A(F|AK) = A(F). 0 
We are now ready to prove the main result. 


(4.2) THEOREM. Let X be an arbitrary ANR and F : X — X a compact 
map. Then I(F,X) = A(F), where A(F) is the (generalized) Lefschetz 
number of F and I(F,X) ts the fized point index of F 


Proor. Assume first that X = U is an open subset of a normed linear 
space &. Given a compact map F:U — U let 0< € < dist(F(U), OU), let 
F.:U — U be a Schauder e-approximation of F' with values in a finite- 
dimensional subspace E” of E, and let U, = UN E; clearly, F, is compact 
and F-. ~ F 

Consider the following commutative diagram in which all the arrows 
represent either the obvious inclusions or contractions of the map F: 


By the definition of the index, (4.1), and (15.3.2), we have [(F,U) = 
I(F!,Un) = A(FY) = A(F,). Since F, = F, this gives I(F,U) = A(F), and 
the proof is complete. 
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Assume next that X is an arbitrary ANR and F': X — X is compact. 
Then there is an open subset U of a normed linear space E and maps 
r:U—>X ands: X —U withrs = lx. By definition, I(F, X) = 1(sFr,U), 
and by the above special case, I(sFr,U) = A(sFr); because A(F’) = A(sFr), 
the conclusion follows. O 


5. The Lefschetz—Hopf Fixed Point Index for ANRs 


In this section we return to the consideration of the fixed point index for 
ANRs and examine the concept from the viewpoint of algebraic topology. 

We summarize now the main results of Chapters IV and V, and state 
the fundamental theorem on existence and uniqueness of the Lefschetz—Hopf 
index for compact and compactly fixed maps. 


(5.1) THEOREM. Let ¥ be the class of maps defined by the condition: 
f € F if and only if f € F(U,X), where f is compact, X is an 
ANR, and U is open in X. Then there exists a unique inder function 
I: ¥ — Z assigning I(f) = I(f,U) to each f € F(U,X) and 
satisfying the following properties: 

(I) (Strong normalization) If U = X and f : X — X is in F¥. 

then I(f, X) = A(f). 

(II) (Additivity) For f € F and any disjoint open Vi, V2 C U, if 
Fix(f) C Vi UVa, then I(f,U) = I(f,Vi) + 1(f, Va). 

(III) (Homotopy) If hy: U — X is a compact and compactly fixed 
homotopy, then I(ho, U) = I(hi,U). 

(IV) (Commutativity) Let X, X' be ANRs,U C X,U' C X"' open, 
and f:U — X',g:U' =X continuous. Consider the maps 


of :V=fl(U)oX, fg: Vi =g(U) > Xx’ 


If both gf and fg are in ¥ and f is compact, then I(gf,V) = 
I(fg,V"). 


PROOF. The existence of J is an immediate consequence of (12.5.2) and (4.2). 
We now show that the function J: ¥ — Z is in fact uniquely determined 
by properties (I)--(IV). 

Let Cp denote the category of open sets of finite-dimensional normed lin- 
ear spaces, and 9 the class of all maps f € ¥(U, X) with X € Co and UCX 
open. From Theorem (12.1.2), it follows that the function Ip: Ap Z, 
Ip = I|Fpo, is uniquely determined by properties (I)-(IV) (in fact, even by 
properties (I) -(III)); consequently, Jg also has the excision and contraction 
properties as in (12.2.1). 

Let C, denote the category of open subsets of normed linear spaces and 
F, the class of all maps f © .F(l’N) with X € C; and U C X open. 
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Assume that I; : #, — Z has properties (I)-(IV). Since J, has the excision 
property (by additivity), it follows by commutativity that J; also has the 
contraction property (the argument is similar to that in Section 12.2). Since 
every compact map is compactly homotopic to a finite-dimensional map, it 
follows by homotopy, excision, and contraction that J; is completely deter- 
mined by its values on maps in ¥o. Thus, in view of the uniqueness of Jp, 
the function J; must coincide with the Leray-Schauder index. 

Lastly, let J be defined on ¥ and have properties (I)-(IV). Let f € 
F(U,X) (X is an ANR, U C X open), and let V be an open set in a 
normed linear space that r-dominates X with s : X —~ V,r:V— X, 
rs = 1x. By commutativity applied tos: X 3 V, fr:r7}(U) — X (note: 
fr and sfr are compact), we get 


I(frs,s-tr—!(U)) = I(f) = I(sfr,r—"(U)). 


Thus, if J has the commutativity property, then it is completely determined 
by its values on maps in ;. Consequently, if J also has properties (I)-(IIJ), 
it is necessarily the unique extension of the Leray-Schauder index from .F; 
to F. O 


We now state the main theorem on the index for ANRs in a closely 
related and in fact equivalent setting of compact maps that are fixed point 
free on the boundary. 


(5.2) THEOREM. Let # be the class of maps defined by the condition: 
f € & if and only if f € Hau(U,X), where X is an ANR and U 
is open in X. Then there exists a unique index functioni: H — Z 
assigning i(f) = i(f,U) to each f € #au(U,X) and satisfying the 
strong normalization, additivity, homotopy, and commutativity prop- 
erties. 


ProorF. This follows easily from (12.6.2) and (5.1); the details are left to 
the reader. O 


6. Some Consequences of the Index 


We give a few consequences and applications of Theorem (5.1). 


Relative Lefschetz theorem for pairs of ANRs 


Given a pair (X,A) of spaces, a map f : (X,A) — (X,A) is said to be 
compact if both fx : X + X and fa: A — A are compact. 


(6.1) THEOREM (Bowszyc). Let (X,A) be a pair of ANRs, and let f : 
(X,A) — (X, A) be @ corsa map. Then: 
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(a) the relative Lefschetz number A(f) = A(f.) of f is defined and 
A(f) = A(fx) — A(fa), 
(b) A( f) 40 implies that f has a fixed point in X — A. 


PROOF. (a) follows at once from (15.3.3) and (15.4.3). 

(b) Assume that A(f) 4 0 and f has no fixed points in X — A. Then 
Fix( fx) C X —-X —A=U =Int A. By strong normalization and excision, 
A( fx) =1(fx.X) = I(fx.U). 

On the other hand, because Fix(f) C U, 
I(fx.U) =I(fa.U) = I(fa. A) = A(fa). 
Thus we get A(f) = A(fx) — A(fa) = 0. a contradiction. 0 


(6.2) CoRrOLLARY. Let X be an acyclic ANR, A = Uj, A, a disjoint 
union of ARs, all closed or all open in X, and f : (X,A) — (X.A) 
a compact map. For eachi € [n] define 7(i) by f(Ai) C Ary) and set 
k =card{i|7(i) =z}. If k #1, then f has a fized point in X — A. 


PROOF. Since A(f) = 1—k, the assertion follows from (6.1). 0 


(6.3) COROLLARY. Let X be an acyclic ANR, and U the union of open sets 
U1....,Un, n > 2, whose closures are ARs and are pairunse disjoint. 
Let f : X —U — X be a compact map satisfying f(OU;) C U; for 
each i € [n]. Then f has a fixed point. 


Proor. Let A = Uj_, U;. In view of (6.2.5), there exists a compact map 
g : (X,A) — (X,A) such that g(r) = f(x) for all r € X — U. Since 
A(g) =1—n 0, we infer from (6.1) that there is some r € _¥ —-A=X-U 
such that x = g(r) = f(z). O 


The mod p theorem 


The second consequence is a version of a result due to Steinlein—Krasno- 
sel’skii—Zabreiko. 


(6.4) THEOREM. Let X be an ANR, f : X — X a compact map, and p a 
prime. Then 


I(f.X) = A(f) = A(f?) = I(f?,X) mod p. 


PROOF. In view of (5.1) we need only show that A(f) = A(f?) mod p. As- 
sume first that X = U is an open subset of a normed linear space E. Apply- 
ing (12.3.1) to f, choose a sufficiently small ¢ > 0 and an €-approximation 
fe: U —U of f such that f(T). P. CU. where P, is a finite polytope 
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and f, is homotopic to f. Consider the commutative diagrams 


P, —>U P, —>U 
|Z } el / bs 
P, —> U P, —+U 


and note that 7 a 
Mfe)=A(fe), AFP) = A(FP) 
by (15.3.3). Since (fe) = A(fP) mod p by Theorem (9.3.4), this gives 
A(fe) = A(f?) mod p, 


and because f ~ f,, the assertion follows in the special case U = X. 

For an arbitrary ANR X, take an open set U in a normed linear space 
that r-dominates X, and let s: X —U,r:U — X with rs = 1x. Observe 
that by (15.3.5) we have 


A(f) = A(sfr) and A(f?) = A(sf?r) = A((sfr)?) 


(since (sfr)? = (sfr)o---o(sfr) = sf?r). Now, because by the estab- 
lished special case of the theorem, A(sfr) = A((sfr)?) mod p, the assertion 
follows. O 


Repulsive and attractive fited points 


We now give two direct applications of the index to the study of repulsive 
and attractive fixed points. 

Given a space X and zo € X, we let V(xo) denote the set of all open 
nbd’s of x in X. 


(6.5) DEFINITION. Let f : X — X, ro € Fix(f) and U € V(z9). We say 
that xo is a repulsive fized point of f relative to U if for any V € ¥(zQ) 
there exists a positive integer np such that f"(X —V) Cc X -—U 
whenever n > No. 


The main results in the remaining part of this section rely on 


(6.6) LEMMA. Let X be a metric space, f : X — X amap, and A a closed 
f-invariant subset of X (i.e., f(A) C A). Assume that W is an open 
nbd of A in X such that f™(W) C A for some m > 1. Then there 
exists an open subset Y of X such that ACY CW and f(Y) CY. 


ProoFr. Choose open sets Vo, Vi,...,; Vin—1 satisfying 
AC Vm-1C Tre Ce CV CVU CHEW. 
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It is straightforward to verify that 
Y=Waf(V)N---A(f" 7)" (Vin-2) 
has the desired properties. O 


(6.7) THEOREM. Let X be an ANR, xo € X, and f : X — X be compact. 

Assume furthermore that: 

1° xo is a repulsive fixed point for f relative toU € V(zo), 

2° f is fixed point free on OU, 

3° there exists a V € ¥(x9) with V C U such that the inclusion 
ji: X—-V —X induces an isomorphism j, : H.(X —V) — Hs(X) 
(where H, is the singular homology with coefficients in Q). 

Then: 

(a) A(f) = a(f.X - 0), 

(b) 2(f.U) =0. 


PROOF. (a) We begin by reducing the problem. Take V € ¥(2xo) as in 3° 
and choose no € IN such that 


(1) P(xX-V)CxX-UcCX-V  foralln =n. 


Let A= (X —V)Uf(X — V)U---U f?°—!(X — V) and note that A is closed 
in X and f-invariant; since x9 € VN Fix(f), we see that xp ¢ A, and hence 
there exists a nbd O € ¥(zo) such that OO CV CU and AC X - O. 
Furthermore, since Xo is repulsive, we can find a positive integer mo > no 
such that 


(2) f\((X-O)CX-UCX-VCACX-O  foralln> mo. 


Define W = X — O and observe that (since A C W, f"(W’) C A for 
n > mg, and f(A) C A) the assumptions of Lemma (6.6) are satisfied for f. 
Applying (6.6) to the compact map f : X — X, we find an open subset Y 
of X satisfying: 

(i) X-VCACYCKX-O, 

(ii) f(Y) CY, 

(iii) fy : Y — Y is compact. 
= We can now start the proof. Choose a prime p > mpg > no: denote by 
fP:X —V — xX —V the map determined (in view of (1)) by f? Observe 
that by (1), (2), (i)-(iv), the following diagram of graded homology vector 
spaces is commutative: 


H,(X) <2 H,(X -V) +> H,(Y) 
un] | Ca |v. 
H(X) SX =) BY) 
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Because j, is an isomorphism and X, Y are ANRs. it follows that all three 
vertical arrows in the diagram are Leray endomorphisms and 


A( f?) = A((f?)«) = A((f?)«) = A((FP)*) = ACEP). 
From this, in view of Theorem (6.4), we infer that for every sufficiently large 
prime p, 
A( f) = A(f?) = A(f¥-) = A( fx’) mod p. 
implying that 
A(f) = A( fy). 
Now, by strong normalization and excision, we get 
A( fy) = i(fy, Y) = ify. X —V) =i(f,X -V) =i(f,X - 0). 


and thus A(f) = i(f,X —U). 
To complete the proof, we observe that (b) follows from (a). O 


Attractive fixed points 


(6.8) DEFINITION. Let X be a space, f : X — X. xp € Fix(f). and 
U € ¥(zo). We say that xo is an attractive fixed point of f relative 
to U if for any V € V(x) there exists a positive integer ng such that 
f"(U) C V for all n => ng. 


(6.9) THEOREM. Let X be an ANR, ro € X, and f : X — X a compact 
map. Assume furthermore that: 
1° xo is an attractive fixed point of f relative to U € V (x0), 
2° f is fixed point free on OU, 
3° there exists W € V(x9) with W CU and an acyclic subset K of 
X such thatW CK CU. 
Then i(f,U) = 1. 


PROOF. We begin by reducing the problem. Take W as in 3° and choose 
V € ¥(xo) with V C W and a positive integer no so that f"(U) C V for all 
n > no; observe that f"(W) C V C W by 38°, and therefore f? : W > W is 
compact. Let O = VN f—}(V)/N---Mf—"9(V) and note that O € ¥ (x9) and 
f"(O) CV for all n > 0. Using 1° and 3°, select a positive integer mp > no 
such that 


(*) f?(W)c f*?(U) CO  foralln > mp. 


Let A = O and observe that A _is closed in X and f-invariant. Moreover, 
since f”(O) C V forn > 0 and V CIV, we see that A C IW’, and therefore 
by (*). 

(x) f(WriaOcA fer allan > mo. 
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Now, applying Lemma (6.6) to the compact map f : X — X we find an 
open subset Yo of XX satisfying: 
(i) ACY CHW, 

Gi) fOX) CY, 

(iii) fy : 1° — Y is compact. 

We can now start the proof. Choose a prime p > my > my. Because 
f(K) CW CR, fo(W) CY CW. f?(Y) CY and f?(AK) C Y. we have 
the commutative diagram 


K<Ly 


we ft Ts 
El ~s |i 


K </) 


where ffi. fi, f% are determined by f?. Because K is acyclic and ff = 
(fy )?. where fy : Y — Y is the contraction of f, we have 


1 = A(f?) = A(fR.) = A(f2) = A(fy) mod p. 


This being true for all sufficiently large primes p, it follows that A(fy-) = 1, 
and hence i(fy,Y) = 1 by strong normalization. Lastly. by excision. we 
obtain i(f,U) = i( fy, Y) = 1, and the proof is complete. oO 


7. Miscellaneous Results and Examples 


A. Some applications of the Mayer Vietoris functor 


Throughout this subsection \ is a metrizable space, o&/ = {-A, | ¢ € [n]} is a family of 
subsets of VY, and A = Ui_, A,. We denote by A/(.«/) the smallest lattice of sets containing 
all members of «/, and by N(.s#) the nerve of «/. 

Given a multi-index J = (ji,-.-. jx) with jy < --- < jp and |J| = k < n, we let 
Ay = A), N-+-N Aj,. If f : A— Ais a map such that f(A;) C A, for all 7 € {n], we let 
fa: Ay — Ay be the obvious map determined by f. We say that the family © is excisive 
if for any X1, X2 in M[(0/), the pair {X,, X2} is excisive (cf. (14.3.2)). 


(A.1) Let .«/ be an excisive family, f : A— Aa map with f(A,) C -4, for all i € [n], and 
assume that for each multi-index J with |J| <n the map fy: Ay — Ay determined by f 
is a Lefschetz map. Prove: f is a Lefschetz map and .1(f) = (1) 411 fy). 


(A.2) Let X be an ANR and «/ = {A, }"L, an excisive family of closed subsets of such 
that all members of the lattice Af(«/) are ANRs. Let f : (X,A) — (X,A) be a compact 
map satisfying f(A;) C A; for t € [n], and denote by fy : XY — X and f4:A—A the 
miaps determined by f. Prove: 

(i) ACF) = A(Fx) — Dy(-D Pt Af). 

(ii) Ifeach Ay is either empty or acyclic, then A(f) = A(fx) — y(N(.0’)). 


(iii) A(f) 4 0 implies that f has a fixed point in Y — A. 
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(A.3) Let X be an ANR and sf = {A;}%, a family of open subsets of X. Let f : 
(X,A) — (X,A) be a compact map such that f(A,) C A, and each fy : Ay — Ay is 
compact. Prove: 
(i) A(f) = A(fx) — Dy(-1)" "7 A(f,). 
(ii) If each Ay is either empty or acyclic, then A(f) = .\(fx) — \(N(«/)). 
(iii) A(f) 4 0 implies that f has a fixed point in VY — A. 


(A.4) Let X be an AR and A=\)_, A, (n > 2) a disjoint union of ARs that are either 
all open or all closed in X. Let f : (X,A) — (X,A) be a map such that (a) f(4,) C A, 
for all i € [n] and (b) fx : XY — X and all the fy: Ay — Ay are compact. Show: f has 
a fixed point in X — A. 

{Observe that A(fx) = 1 and x(N(.«/)) = n, and hence by (A.2) or (A.3), .A(f) = 
1—n #0] 


(A.5) Let X be a compact AR and U the union of n > 2 open sets U, such that U;:NU, = 0 
and each U; is an AR. Assume further that f : X -U — NX is a map satisfying f(0U,) C U, 
for all i € [n]. Prove: f has a fixed point. 


B. Common fized points 


Let X be a space. A family .7y = {f} of maps f : X — N is divisible if for any 
ti, fe € Fx there exists h € Fx such that fj = h™ and fo = h"? for some ny, ng € Zt 


(B.1) Let Fx = {f} be a divisible family of compactly fixed maps, each having a fixed 
point. Show: (){Fix(f) | f € Fx} 4. 
[Prove that the family {Fix(f) | f € #x} has the finite intersection property.] 


(B.2) Let X be aspace. A semifiow on X is a continuous family of maps {ft : X — N}i>0 
such that (a) ft,+t. = ft, ° ft for all ti,te € Rt: (b) fo = 1x. A fized point for 
the semifiow {f;} is a point zo € X such that ft(ro) = zo for all t > 0. Show: If 
ft : (X,A) — (X,A), t € Rt, is a semiflow, then (i) f, is homotopic to ft, for all 
t;,t2 > 0; (ii) the family of those f; indexed by positive rationals is divisible. 


(B.3) Let (X,A) be a pair of ANRs such that A is either open or closed in -X, and let 
ft 2 (X,A) — (X, A), bE Rt, be a semiflow such that fy is compact for all ¢ > 0. Prove: 
If the Euler characteristic ,(.V, A) is finite and different from zero, then the semiflow { f;} 
has a fixed point in X — A. 


C. The Shub-Sullivan theorem 


In this subsection we will use the following theorem of Shub-Sullivan [1974]: Let AJ be a 
smooth compact manifold and f : MI — Ma C! map. If ro is an isolated fixed point for 
all f" (n EN), then the sequence {J(f".10)} of indices is bounded. 


(C.1) Let f: S™ — S™. Prove: \(f") =1+(-1)™[d(f)}" 


(C.2) Given a map f : X — X, we let Pp(f) denote the number of fixed points of f” 
Prove: If f - $2" — §?™, then Po(f) > 0. 


(C.3) Let f : S$’ — S™ have |d(f)| > 2. Prove: \(f") grows exponentially with n. 


(C.4) Let Af be a smooth compact manifold and f : VJ — Aa C' map such that 
lim suPp—oc A(f”) = 00. Show: f has infinitely many periodic points. 
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(C.5) Let f S™ = S™ be aC! map. Prove: If |d(f)| > 2. then f has infinitely many 
periodic points. 


8. Notes and Comments 


Photo by 1 Namtoka 


F. Hirzebruch, P. Alexandroff, and H. Hopf. Moscow, 1966 


The Hopf index theorem 


There are various ways to prove this result. One is an elegant method due to 
Dold [1965], described in his book [1972] and in R.F Brown's book [1971] 
and in several articles of Dold [1974]. [1975] extending the theory, with 
some simplifications suggested by Bowszyc. There are also two approaches 
by Hopf, one of which (Hopf [1928]) is fairly elegant and deserves to be better 
known (the other is presented in Alexandroff—Hopf’s book [1935]). In this 
paragraph, we describe Hopf’s original approach. It has the advantage of not 
dealing interminably with simplicial maps and their simplicial modifications; 
instead, cones are attached over simplices. and reflections in these cones are 
used to eliminate fixed points. 


The Lefschetz -Hopf fixed point index 


The Hopf index theorem (4.2) can be regarded as the algebraic supplement to 
the Leray Schauder index theory developed in §12. We remark that Theorem 
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(5.1), which combines (4.2) and (12.3.4), brings also a natural extension of 
the Lefschetz—Hopf index theory for compact ANRs. Therefore, it would be 
appropriate to call this result the Leray-Schauder- Lefschetz—Hopf theorem. 
However, to keep the terminology clear, we call the index given in (5.1) 
the “Lefschetz—Hopf index”, and its “geometric part” given in (12.3.4) the 
“Leray—Schauder index”. 

There are two general methods for handling the Lefschetz—Hopf index. 
The first one is based on the chain approximation technique, and more 
precisely, on finding and applying appropriate algebraic analogues of the 
properties of the fixed point index for chain mappings. This method was used 
by several authors: Leray [1945], O’Neill [1953], Browder [1960], Fournier 
[1978], and also Eilenberg—-Montgomery [1948], where the Lefschetz Hopf- 
type coincidence theorem is established; the use of the chain approximation 
method in the context of the fixed point index for set-valued maps will be 
discussed later on. 


The chain approximation method originated and evolved from the work of Vietoris 
[1927]; in that article (where the Vietoris homology groups for compacta appeared in fact 
for the first time) the following theorem was proved (upon a suggestion of Brouwer, as 
Vietoris remarks in a footnote): If X and Y are compacta and f : X — Y is surjective 
with acyclic fibers (with respect to Vietoris homology with coefficients in a field), then f 
induces an isomorphism of the corresponding Vietoris homology groups. The proof of this 
theorem was based on constructing a chain map from the Vietoris chains of Y to those of 
X, which is (in a natural sense) an “approximation” of the inverse f Lb aoe 


The second method, based on considerations on the level of homology 
groups, was discovered by Dold [1965] in the context of the index theory for 
ENRs; a closely related cohomological method in the context of the index 
for manifolds was found by Nakaoka [1969]. All the above methods utilize 
elaborate apparatus of algebraic topology. 

Theorem (5.1), which is the central result of Chapters IV and V, was 
established in Granas [1972] on the basis of Dold’s index theory for ENRs. 
Significant applications of the “geometric part” of the index theory have 
already been given in §13 (bifurcation theory, nonlinear PDEs). 

We now briefly comment on some applications of the Lefschetz—Hopf 
index. 

The relative Lefschetz theorem for pairs of ANRs, due to Bowszyc [1969], 
was initially established for pairs (X,A), where A is either open or closed 
in X; the proof was based on the relative Lefschetz theorem for polyhedra. 
The proof given in the text and using the index is due to Kucharski [1975], 
where the same type of argument was used to establish the relative Lefschetz 
theorem for set-valued maps. Applications of the index to the study of re- 
pulsive and attractive fixed points, given in Section 6, are due to Peitgen 
[1976b]. For more general results and other applications, the reader is re- 
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ferred to Nussbaum’s lecture notes [1985] and also to Fenske- Peitgen [1976], 
Fournier Peitgen [1977]. [1978], and Benci Degiovanni [1990]. 


The mod p theorem 


Steinlein [1972] and independently Zabretko Krasnosel'skii [1971] estab- 
lished the following property of degree in R”: Let U C R” be open, f : 
U — R” continuous, and V an open subset of U such that f™ is defined 
on’, wherem = p' and p is a prime. Assume that S = {x € V | f™(x) = x} 
is compact and f(S) C S. Then dU — f™,V) = d(I — f.V) mod p. For the 
proof, the reader is referred to Nussbaum’s lecture notes [1985]. 

Theorem (6.4) is a special case of the following result of Steinlein [1980], 
extending the above Steinlein—Zabreiko- Krasnosel’skii theorem to the set- 
ting of the index in ANRs: Let X be an ANR, U C X open, f:U 4 X 
continuous, and V an open subset of U such that f™ is defined on V, where 
m = pt and p is a prime. Assume that S = {x € V | f™(x) = xr} is com- 
pact (possibly empty), f(S) C S, and f is compact on some nbd of S. Then 
I(f™,V) =I(f,V) mod p. 


Vector fields on manifolds uith boundary 


Let AJ be a smooth manifold with boundary QAI: for p € AI we let Tp(A/) denote the 
tangent space to AJ at p. If p € OA, then T,(QA/) determines two closed half-spaces 
T;t (AL) and Tp (Af) of Tp(A) with T,(QA1) = Tt (M) NT, (Af). The tangent vectors in 
Ts (AI) (respectively in T, (Af)) are called outward (respectively inward) directed. Let 
E = {&}neas be a smooth vector field on Af and assume that on each component of 
OM. either (i) all €p are outward directed, or (ii) all ) are inward directed. Denote by A 
(respectively B) the union of the components of OAJ of type (i) (respectively (ii)). Using 
the relative Lefschetz theorem, Bowszyc [1969] established the following generalization of 
the Hopf theorem: If the relative Euler-Poincaré characteristic \(\I, A) is nonzero, then 
the vector field {Ep} pear vanishes at some point p € MM; the same holds if \(.\J, B) # 0. 


Lefschetz formula and critical point theory 


We describe briefly the connection between the Lefschetz formula and the theory of critical 
points. Let f : AJ — R be a C™ function on a compact C*’ manifold Af, and let p be 
a critical point of f. Then the second differential d? f(p) (the Hessian of f at p) is a well 
defined syinmetric bilinear form on the tangent space TpM/ of vectors tangent to AJ at 
p: if this form is nonsingular, then p is called a nondegenerate critical point of f. The 
dimension of the maximal subspace of TpA/ on which the Hessian is negative-definite is 
called the index of the critical point p and is denoted by mp(f) = mp. 

We call f a Morse function if all its critical points are nondegenerate; for such an f 
(which has only a finite number of critical points) we let .@s(t) = ae df <0 t™? and call 
it the Morse polynomial of f. it satisfies the following 


THEOREM (Morse inequality). Let Pa;(t) = )>; b;t' be the Poincaré polynomial of M, 
where by = dim Hg(AI.Q) is the qth Betti number of AI. Then there exists a polynomial 
(Q(t) with nonnegatiue coefficients such that 


(*) AM) Ayr(t) =(1 + t)Q(Et). 
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A basic technique in the theory of critical points is that of gradient ows. Assume that 
M is equipped with a Riemannian metric and that f is a Morse function. Then the negative 
gradient vector field of f determines (via the differential equation dr/dt = —Vf(.r)) a flow 
yt : Al — M such that the value of f along any path t — y;(p). p € Al. is never increasing. 
We observe that 
(a) ee = 0p € Fix(yr) for all t. 
yt(p) # p fort 40 > Vfp £0. 


and if p is a nondegenerate critical point. then 


(b) { our) = (-1)*. where J(1,p) is the local index of y; at p. and 
k is the index of the critical point p. 

From (a), (b), it follows that the Lefschetz formula coincides with the “Morse equality’ 
asserting that the Euler characteristic \(A/) = }>(—1)*b,, equals Y(-1)* 94. where 44 is 
the number of critical points of f of index k. (Observe that “Morse equality” follows from 
“Morse inequality”, by taking t = —1 in (+) above.) This implies that the Morse theory. 
when applicable, contains more information than the Lefschetz formula. On the other 
hand, the Lefschetz formula has a wider range of applications to maps not homotopic to 
the identity, which do not appear in the deformation theory of critical points. 

For more details the reader is referred to Smale [1967]. Pitcher [1971]. and also to 
Franks [1980] and Bott [1982]. where some further references can be found. 


Historical note 


The sum of the indices of the fixed points of a given map, which, since 
Brouwer’s first proofs of fixed point theorems, has been the object of many 
special investigations, was completely determined for maps of arbitrary man- 
ifolds by Lefschetz [1926]. For AJ a closed triangulable manifold and a map 
f : Al — AM having a finite number of fixed points 2,..., 2s, with the “local 
index” i(z;) € Z for each j € [s], Lefschetz established the relation 


s 

do isles) = ACP); 

j=l 
where A(f) is the Lefschetz number of f. Hopf [1929]. using the local index 
for isolated fixed points (defined with the aid of the Brouwer degree for 
self-maps of spheres), extended the Lefschetz formula to arbitrary finite 
polyhedra. These results can be regarded as the beginning of the fixed point 
index theory. 

An early presentation of the fixed point index for polyhedra (using the 
tools of simplicial homology and due to H. Hopf) was given in the treatise 
of Alexandroff-Hopf [1935]. After the appearance of that book and also of 
Leray-Schauder’s memoir [1934], the problem of generalizing and extending 
the Leray-Schauder theory and the fixed point index arose in a natural way. 
In the forties, Leray succeeded in developing an index theory that was ap- 
plicable to quite general topological spaces. This required a new homology 
(or more precisely cohomoicgy) tieury. which he developed in [1945a.b] for 
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the category of “convexoid” spaces. A compact connected space X is called 
convexoid if any open cover {U,} of X has a finite closed refinement {Dg} 
such that any nonempty intersection Dz, N---M Dg, has trivial cohomol- 
ogy. These spaces can be regarded as generalizations of simplicial complexes, 
and Leray cohomology can be viewed as an extension of de Rham theory, 
expressing cohomology of smooth compact manifolds as the cohomology of 
the algebra of exterior differential forms. Leray’s paper [1945c] generalizes 
the Leray-Schauder theory to the framework of convexoid spaces and of the 
new cohomology. 

Let X be convexoid, U C X open, and let Cou (U, X) be the set of all 
maps f : U — X such that Fix(f|OU) = 0. Leray [1945c] established: 


THEOREM. To any f € Coy(U,X) there corresponds an integer i(f,U) (the 
index of fixed points of f belonging to U) with the following properties: 
(i) (Strong normalization) Jf U = X and the cohomology of X is 
finitely generated, then i(f,.U) = X(f). 
(ii) (Homotopy) If hy : U — X is a homotopy without fixed points on 
OU, then i(ho,U) = i(hy, UV). 
(iii) (Additivity) If U,,U2 C U are open and disjoint and Fix(f) C 
U, UUs, then i(f,U) = i(f,01) + i(f, U2). 
(iv) (Contraction) If Xo C X is a convezoid subspace of X and f(U) Cc 
Xo, then i(f,U) =i(f, UN Xo). 


Leray established a form of the commutativity property of the index and 
the following result: Jf (>, f"(X) = A #@ and X(f\A) is defined, then 
A(f) is also defined and X( f) = (fA). 

In his unpublished 1948-1949 lectures at the College de France (for a 
summary, see Leray [1950]), using the degree, J. Leray developed the index in 
locally convex spaces. By showing that this theory extends to nbd retracts of 
locally convex spaces, he also outlined the index theory for compact (metriz- 
able and nonmetrizable) ANRs. The axioms of the index for polyhedra were 
studied for the first time in O’Neill’s thesis, written under W. Hurewicz 
in 1952 (see O'Neill [1953]); O'Neill rederived—for the category of compact 
polyhedra—the principal results of Leray’s theory (as well as Hopf’s results), 
and moreover proved that the fixed point index is uniquely determined by 
the axioms. Bourgin [1955b], using Cech cohomology and O’Neill’s results, 
introduced the index for compact (nonmetrizable) ANRs. Deleanu [1959] 
extended the Leray index to retracts of convexoid spaces. Browder [1960] 
formulated the axioms for the index on the category of compact spaces, and 
extended the index theory to “semicomplexes” by finding appropriate alge- 
braic analogues of the properties of the fixed point index for chain mappings. 

All these results use definitions of the fixed point index based on certain 
induced chain mappings. 
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This paragraph begins with a version of the index theory that is useful in 
problems dealing with globally defined maps of ANR’s. Sections 2 through 6 
are concerned with various extensions of the Lefschetz theory to wider classes 
of maps and spaces. 


1. Local Index Theory for ANRs 


In this section we describe a somewhat different version of the index theory 
for ANRs, which turns out to be useful in various problems. This version, 
called a “local index theory”, can be regarded as a local form of the Lefschetz 
theorem (A(f) may be regarded as a “global index”). 

For a given class </ of self-maps of ANRs, let /* denote the class of 
all triples (X, f.U), where f : X — X belongs to <, U C X is open, and 
Fix(f|OU) = @. We call & admissible if for each f € &/: 

(i) f is compactly fixed, 

(ii) f is a Lefschetz map (for homology with coefficients in Q). 

We will call .<* admissible if 2 is admissible. 


(1.1) DEFINITION. Let &* be an admissible class of triples. Then a lo- 
cal index on s* is a function i: #@* — Z satisfying the following 
conditions: 

(I) (Strong normalization) If a map f : X — X belongs to £7, 
then 
A(f) = o(X, f. X). 


(II) (Homotopy) If hy : X — X is a homotopy and U C X open 
such that the map H : X xI — X xI given by (x,t) +> (h;(z).t) 
belongs to & and (X x I, H,U x I) € #*, then 


i(X, ho. U) = i(X, mn, U). 


(III) (Additivity) If (X, f.U) € o* and V,, V2 are disjoint open sub- 
sets of U such that Fix(f) C 4 U Va. then 


i(X, f,U) = i(X. f,N) +2(X. f. Va). 


(IV) (Commutativity) If one of the maps f:X — Y,g:Y —~ xX 
is locally compact and both (X,gf,U) and (Y. fg.g~'(U)) are 
in &*, then 

i(X, gf.U) = i(¥, fg.g7'(U)). 


(V) (Excision) If (X,f.U).(X,g,U) € &* and f|U = gl|U. then 
i(X,f.U) =i s.al), 
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As an iminediate consequence of Theorem (16.5.1) we have 


(1.2) THEOREM. Let «/ be the class of all compact maps f : X — X, 
where X is an ANR. Then there exists a local index i: 4/* — Z with 
propertics (1) (V), provided that in (IV) it is assumed that either f 
or g is @ compact map. O 


As an obvious corollary we obtain 


(1.3) THEOREM. Let «/ be the class of all continuous maps f : X — X, 
where X is a compact ANR. Then there exists a local indezi: &* + Z 
with properties (I)-(V). O 


We now establish the existence of the local index for compactly absorbing 
maps. 


(1.4) DEFINITION. Let o be the class of all compactly absorbing maps 
f : X — X, where XV is an ANR, and let «/* be the corresponding 
class of triples. Given (Y. f.U) € .«/*. let WC X be open such that 
f\t' : Wo — W is compact and W" absorbs compact sets in X under 
the map f The local index i(X, f,U) is defined by 


(x) i(X.f.U) = iV. FINA AU), 


where the right hand side is the index of the compact map f|VV’, given 
in Theorem (1.2); this definition does not depend on the choice of VV" 


We are now in a position to state the main result of this section. 


(1.5) THEOREM. Let #/ denote the class of all compactly absorbing maps 
f :X — X, where X is an ANR. Then the function i : e&/* — Z 
defined by (*) is a local index with properties (1)-(V). 


PROOF. The properties of the local index for compact maps given in Theo- 
rem (1.2) yield in a straightforward way the corresponding properties (I) -(V) 
of the index for compactly absorbing maps. As an example, we give the proof 
of commutativity. Let X.Y be ANRs, and let f : ¥ —~ Y.g:¥Y— X be 
maps such that f is locally compact and gf : X — X is compactly absorb- 
ing. We first show that fg : Y - Y is also compactly absorbing. To this 
end, choose V CX open such that: 

(i) V absorbs compact sets in X under the map gf, 

(ii) gf|V : V — V is compact. 
Using local compactness of f, cover the compact set gf(V) C V by a finite 
number of open sets O,,. .,O, C V such that each f(O;) is compact, and 
let O=U) ,O; C V. Since 


GHOV af IN OY, 
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it follows that O is invariant under gf, the restriction gf|O : O — O is 
compact, and O absorbs compact sets in X. 

Let W = g—1(O), and let K be a compact subset of Y. Since O absorbs 
compact sets under the map gf, there exists a positive integer m such that 


(of) g(K) = g(fg)™(K) CO, 


and hence (fg)™(K) C g~}(O) = W. This implies that W absorbs compact 
sets in Y under the map fg. On the other hand, the inclusion gf(O) C O 
and compactness of gf|O imply that g(f(O)) C O, and therefore f(O) C 
g (O) = W. Hence 

fo(W) = fo(g-'(O)) C F(O) CW, 
and thus fg|W : W — W is a compact map. Using Definition (1.4) and 
commutativity for compact maps, we obtain 


i(X, 9f,U) = (0, 9f, UNO) = i(W, fg,g- (UNO)) 
= i(W. fgg" (U) NW) = iY, fg.g7*(U)). 


and thus the proof of commutativity is complete. The proof of the remaining 
properties is similar and is left to the reader. O 


As an immediate consequence we obtain 


(1.6) COROLLARY. Let & be the class of maps f : X — X of compact 
attraction, where X is an ANR. Then the functioni : &#* — Z 
defined by (*) in (1.4) is a local index with properties (1)-(V). 


2. Fixed Points for Self-Maps of Arbitrary Compacta 


In this section, by concentrating on the nature of the map rather than on 
that of the underlying space, we determine fairly broad classes of self-maps 
of compacta for which the Lefschetz theorem remains valid. The results 
established embrace numerous fixed point theorems. 


(2.1) DEFINITION. A map f : X — Y is called a NES(compact metric)- 
map if for any pair (Z,A) of compacta and any g: A — X there 
exists a nbd U of A in Z andamap y: U —Y such that y|A = fg; 
the class of all such maps is denoted by VES(compact metric). 

A space X is called a neighborhood extensor space for compact metric 
spaces if 1x € NES(compact metric); the class of all such spaces is 
denoted by NES(compact metric). 


We remark that the class of metric NES(compact metric) spaces contains 


all the ANRs. 
Some simple properties of N’ES(conzpact metric)-maps are given in 
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(2.2) PROPOSITION. 


(i) For any maps X es Y 4 Z, the composite gf : X -~ Zisa 
NES( compact metric)-map provided either f or g is aNES(com- 
pact metric)-map. 

(ii) If either X or Y is a NES(compact metric) space, then any f : 
X —Y is a NES(compact metric)-map. 


PROOF. The straightforward verification is left to the reader. O 


(2.3) THEOREM. Let K be a compactum and f:K — K a NES(compact 
metric)-map. Then f is strongly Lefschetz, that is, A(f) is defined 
and A(f) 40 implies that f has a fized point. 


PrROoF. Embed A’ into the Hilbert cube I~ and consider the diagram 


Ix<—U<Y 
| 


s 
| 
-1 


v 8 
KK 


wheres: Ah — K is a homeomorphism with inverse s~! : k — Kk. Consider 
the pair (I,K) of compacta and the map g = s~!: AK — K. In view 
of Definition (2.1), and because f € NES(compact metric), there exists an 
open nbd U of K in I~ anda map y:U — K such that pj = y|K = fs} 
Because y(js) = (yj)s = (fs7~')s = f and U is an ANR, we see that 
f factorizes through a Lefschetz space, and hence in view of (15.3.6), our 
conclusion follows. O 


(2.4) THEOREM. 

(a) Let K be a compact metric space and suppose f : kK — K can be 
factored as K + X — K. where X is a NES(compact metric) 
space. Then f is strongly Lefschetz. 

(a)” Let X be a NES(compact metric) space and suppose that F : 
X — X can be factored as X — K — X. where K is a compact 
metric space. Then F is strongly Lefschetz. 


PROOF. By (2.2), (a) is an immediate consequence of (2.3); and (a*) follows 
from (a). 0 


(2.5) COROLLARY. Any metric NES(compact metric) space is a Lefschetz 
space. O 


(2.6) DEFINITION. A map f : X — Y is said to be an approximate 
NES(compact metric)-map if for any pair (Z, A) of compacta and any 
g: A— X the following condition is satisfied: for each ¢ > 0 there 
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exists a nbd U, of A in Z and y, : Ue — Y such that y,|A and gf 
are €-close and homotopic. The class of approximate VES(compact 
metric)-maps is denoted by ANES(compact metric). 


(2.7) THEOREM. Let K be a compactum and f : K > K an approximate 
NES(compact metric)-map. Then f is strongly Lefschetz. 


PROOF. Embed K into the Hilbert cube I* and consider the diagram 
[x ee U- gl 5 K 
| 


Pe | 
sg} 


Y 
K—>>K 


where s: K —K is a homeomorphism with inverse s~! : K = K. Consider 
the pair (IX, K) of compacta and the map g = s7!:K — K, fixneN, 
and set € = 1/n. By Definition (2.6), there exists an open nbd U, of k 
in I and a map y, : Uz — K such that y.j = yelK and fs! are 
€-close and homotopic; hence so are fe = (yej)s and (fs~!)s = f. and f, 
factorizes through a Lefschetz space U,. We have thus found a sequence of 
maps f, : K — K such that f and f,, are (1/n)-close and homotopic, and 
each f, factorizes through a Lefschetz space. Because f, is a Lefschetz map 
by (15.3.6), f ~ fn implies that so also is f, and A(f) = A(f,) for all n. If 
A(f) # 0, then A(f,) 4 0, and therefore Fix(f,) #4 0 by (15.3.6). Letting 
In = fn(an), we see that x, is a (1/n)-fixed point of f, and the conclusion 
follows from the compactness of A. O 


3. Forming New Lefschetz Spaces from Old by Domination 


In this section we turn to general Lefschetz-type results for compact maps 
in nonmetrizable spaces. 

We first recall some terminology and notation. If Y isaspaceand K CY, 
we denote by Covy (A) the set of all open coverings of A in Y. Given a. 8 € 
Covy (K) we write a < P if @ refines a. Clearly, < is a preorder relation 
converting Covy(K) into a directed set; we write Covy (Y) = Cov(1’). Let 
f,g: X — Y be two maps, and let a € Cov(Y) be an open covering of Y. We 
say that f and g are a-close if for each x € X there exists a U; €a containing 
both f(z) and g(x). We say that f and g are a-homotopic (written f < g) 
if there is a homotopy h; : X — Y (0 <¢ < 1) joining f and g such that for 
each x € X the values h;(x) belong to a common U; € @ for all ¢ € I. 

Let f : X — X and a € Cov(X). A point x € X is said to be an a-fized 
point for f provided x and f(x) belong to a common U; € a. Clearly, if 
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a, {3 € Cov(X) and a refines 3, then every a-fixed point for f is also a 
(-fixed point for f. 


(3.1) LEMMA. Let f : X — X be a map and K = f(X). The following 
statements are equivalent: 
(i) f has a fized point, 
(ii) there is a cofinal family D C Covx(K) such that f has an a-fized 
point for every a € D. 


PROOF. (i)=-(ii) is evident. To prove (ii)=(i), assume that f has no fixed 
points. Then for each r € X there are neighborhoods V; and Us zy) of & 
and f(x), respectively, such that f(Vr) C Usiz) and Vr NU zz) = 0. Setting 
B= {V,}, we get a covering of X such that f has no /-fixed point. If a € D 
refines 3, then f has no a-fixed point, contrary to (ii). O 


(3.2) LemMA. Let f : X — X be amap, K = f(X), and let D C Covx(K) 
be a cofinal family of coverings of K. Assume that for each a € D 
there is an f,: X — X with the following properties: (i) f and fa 
are a-close: (ii) fy has a fixed point. Then f has a fixed point. 


PROOF. Because by (i) a fixed point for fy is an a-fixed point for f, our 
assertion follows at once from (3.1). O 


(3.3) DEFINITION. Let K be a compact space, f : K — K a map, and 
D = Cov(K). A family {fa}aep of maps f, : A — K is called 
an approximating family for f provided for each a € D the maps 
fi fo:K —4K are a-close and homotopic. 


With this terminology we have the following useful property of Lefschetz 
maps: 


(3.4) LEMMA. Let A be a compact space and f: K — K a map. Assume 
that {fasaep iS an approximating family for f such that one of the 
following conditions is satisfied: 

(a) each fy is strongly Lefschetz, 
(b) each f. factors through a Lefschetz space. 
Then f is a strongly Lefschetz map. 


PROOF. In view of (15.3.5) and (15.3.6), this is an obvious consequence of 
the definitions involved. O 
Domination 


(3.5) DEFINITION. A space P dominates a space X if there are maps 
X = PS X such that rs ~ 1x. If a € Cov(X), we say that P 
a-dominates X if there are maps X =8 P 53 X such that TaSx <1 X: 
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Though domination is weaker than homotopy equivalence, it permits some 
transfer of information from P to X; for example, since every compact ANR 
is dominated by a finite polytope (cf. (7.14)), the singular homology of such 
an ANR is of finite type. 

Let # be a class of spaces. We denote by 9(#) the class of spaces 
defined as follows: X € O(#) provided for each a € Cov(X) there is a 
space P, € ¥ that a-dominates X. 


(3.6) THEOREM. Let # be a class of Lefschetz spaces. Then any space in 
the class 9(#) is a Lefschetz space. 


PROOF. Let X € O(#) and f : X — X a compact map. Fix B € Cov(X) 
and let a = {f—1(V)}veg. Take a Lefschetz space that a-dominates X with 
maps X “3 P, “3 X satisfying rasq © 1 and consider the commutative 
diagram 


By compactness of f, both vertical maps are also compact. Since P, is a 
Lefschetz space, (15.3.5) shows that the vertical maps are Lefschetz and 
A(saffa) = A(fraSa). Since f ~ froSq, we infer that f is a Lefschetz map 
and 


(*) A(Saffa) = A(frasa) = A(f)- 


Assume that A(f) 4 0. Since P, is a Lefschetz space, (*) shows that 
Fix(Sa fra) # @, and hence Fix(frasa) # @ (see (0.4.1)). To complete the 


proof, observe that by the choice of a, the relation rgso £1 implies f £ 
ffeSq, and therefore, since Fix(frasa) # 9, the map f, being £-close to 
fraSe, has a §-fixed point. Because 6 € Cov(X) was fixed arbitrarily, we 
conclude by (3.1) that f has a fixed point. O 


REMARK. Denote by Pol the class of infinite polyhedra with the weak 
topology (cf. Section 7). From the properties of these spaces and from 
the Lefschetz—Hopf fixed point theorem (9.2.4), it follows easily that every 
X € Pol is a Lefschetz space. Because ANR C Y(Pol), Theorem (3.6) gives 
another proof that every ANR is a Lefschetz space (see (15.4.3)). 


4. Fixed Points in Linear Topological Spaces 


This section develops some fixed point results for subsets of linear topolog- 
ical spaces. We first show that every open subset of an admissible linear 
topological space in the seuse of Klee is 2 Lefschetz space. 
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Let E be a linear topological space and U a nbd of the origin in E. We 
say that U is shrinkable provided for all z € U and 0 < 4 < 1 the point Ax 
lies in U. It is known (see Klee [1960]) that the shrinkable neighborhoods 
form a base of the topology of FE at 0. It follows that for every nbd W of 0 
there is a shrinkable nbd V of 0 such that V + V C W and every interval 
(r.y] with x and y in V is entirely contained in W This clearly implies 


(4.1) Proposition. Let E be a linear topological space and U C E open. 
Then for each a € Cov(U) there exists a refinement 3 € Cov(U) such 
that any two j3-close maps of any space into U are a-homotopic. U 


(4.2) DEFINITION. A linear topological space E is called admissible if for 
every compact K C E and a € Cov(£) there isa map 7: K—-E 
such that (i) 7(/’) is contained in a finite-dimensional subspace of 
E and (ii) 7a is a-close to the inclusion 7: A E. 


In view of Theorem (13.5.3) every locally convex linear topological space is 
admissible. 


(4.3) THEOREM. Any open subset of a locally conver and, more generally, 
of an admissible linear topological space E is a Lefschetz space. 


PROOF. Let EF be admissible, V C E open, and f : V — V a compact map 
sending V into a compact subset K of V Let a € D = Cov(V) be given; 
take 7, : K —- E satisfying 7,(K) C E” C E and a-close to the inclusion 
i: K ~ E. Define a compact map f, : V —- V by setting fa(r) = maf (zx). 
Clearly, we have the commutative diagram 


Vn£" —~V 


| a | 
Vn E"——V 


with the obvious inclusions and compact contractions. Since V MN E” is a 
Lefschetz space, (15.3.5) shows that f, is a Lefschetz map and A(fa) = 
A(fa.). In view of (4.1) we may assume without loss of generality that f is 
homotopic to f, for each a; consequently, f is a Lefschetz map and A(f) = 
A( fa). Now, if A(f) # 0, then A(f,.) #0 for eacha € ZiasVNE" isa 
Lefschetz space, we deduce that each f, has a fixed point, and hence f has 
a fixed point by (3.2), completing the proof. O 


Open sets in Tychonoff cubes 


We next show that an open subset of a Tychonoff cube is a Lefschetz space. 
Given a linear space E' and a subset A C E, we denote by L(K) the linear 
span of K, i.e., the smallest. linear snbspace of E that contains K. 
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(4.4) Lemma. Let E be a linear topological space. and let K C E be 
compact. Then the linear span L(K) is paracompact. 


PROOF. For any m € IN let X,, = [—m,m]|” x K™ and define fy, : Xm — E 
by the assignment 


m 
(Gigi @asCiss ta) = Qi; 0;- 
i=] 


Since f, is continuous, Ain = fm(Xm) is compact. By observing that any 
element >) 0;2; of L(K) belongs to K,, for some m, we see that L(K’) = 
32, Km, i-e., the set L(K) is c-compact. Because L(A‘) is regular, the 
assertion readily follows. O 


(4.5) THEOREM. Any open subset of a Tychonoff cube is a Lefschetz space. 


Proor. Let I® be a Tychonoff cube, and let U C I® be open. We first 
show that U is r-dominated by an open subset of a locally convex linear 
topological space. Let E be a product of real lines that contains J® and 
note that E equipped with the product topology is a locally convex linear 
topological space. We claim that I® is a retract of L(I*): to sce this, consider 
the diagram 


ys 
lpr A 
Ir 
| 
rs C—+> L(r*) 


By (4.4), L(I®) is paracompact, hence normal. By the Tietze theorem, 
1px : F® — F*® admits an extension r : L(I®) — I, which is the re- 
quired retraction. In particular, U is a retract of V = r—!(U), and since the 
latter is an open subset in a locally convex space, we conclude the proof by 
applying (4.3) and (15.3.7). 0 


5. Fixed Points in NES(compact) Spaces 


The main class of spaces introduced in this section is that of approximate 
NES(compact) spaces. For this class the most general Lefschetz-type theo- 
rems will be established. 


(5.1) DEFINITION. A space Y is called a neighborhood extensor space for 
compact spaces if for any compact pair (X,A), every map f: A—- Y 
has an extension F : U — Y over a nbd U of A in X; the class 
of neighborhood extensor spaces for compact spaces is denoted by 
NES(compact). 


We list some basic properties of NESicc ripact) spaces: 
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(i) An open subset of a NES(compact) space is NES(compact). 
(ii) A neighborhood retract of a NES(compact) space is NES(compact). 
(iii) The product of a finite family of NES(compact) spaces is NES(com- 
pact). 
(iv) Every paracompact local NES(compact) space is NES(compact). 
(v) Every ANR is a NES(compact) space. 


(5.2) THEOREM. 
(a) Let K be a compact space and suppose f : K — K can be 
factored as K “> X > K, where X is a NES(compact) space. 
Then f is strongly Lefschetz. 
(a)" Let X be a NES(compact) space and suppose that F : X — X 
can be factored as X —» K — X, where K is a compact space. 
Then F is strongly Lefschetz. 


PROOF. In view of (15.3.5), it is enough to establish (a). To this end consider 
the diagram 


D, Cras! 5 


where X is a NES(compact) and s: K — K is a homeomorphism of K onto 
a subset K of a Tychonoff cube 1°. Since X is NES(compact), there is an 
extension y: U = x of the map us~? : : K — X over an open nbd U of K 
in I, i.e., pj = us—!, where 7: K — U is the inclusion. Now consider the 
composite 
Ke ak 

We have (vy) (js) = u(yj)s = u(us—!)s = vu = f. Thus, in view of (4.5), f 
factors through a Lefschetz space, and hence by (15.3.6), we infer that f is 
a strongly Lefschetz map. O 


As an immediate consequence we obtain 
(5.3) THEOREM. Any NES(compact) space is a Lefschetz space. 0 


(5.4) DEFINITION. A space Y is called an approximate neighborhood ezx- 
tensor space for compact spaces if for any compact pair (Z, A), any 
map f : A—Y, and each a € Cov(Y) there exists a nbd U, of A in 
Z and a map $y: U', — Y such-that the maps y|A, f : A — Y are 
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a-homotopic; the class of approximate neighborhood extensor spaces 
for compact spaces is denoted by ANES(compact). 


We list some properties of ANES(compact) spaces: 
(i) Any open subset of an ANES(compact) space is ANES(compact). 
(ii) Any retract of an ANES(compact) space is ANES(compact). 
(iii) Any convex set in a locally convex space is ANES(compact). 


We are now ready to prove a general Lefschetz-type result containing as 
special cases many previously established fixed point theorems. 


(5.5) THEOREM. 
(a) Let K be a compact space and suppose f : K — K can be 
factored as K — X + K, where X is an ANES(compact) space. 
Then f is strongly Lefschetz. 
(a)” Let X be an ANES(compact) space and suppose that F : X + X 
can be factored as X > K + X, where K is a compact space. 
Then F is strongly Lefschetz. 


PROOF. In view of (15.3.5), it is enough to establish (a). To this end, we 
first define for f an approximating family {fa}aecov(K) Such that each f, : 
kK — K factors through an open subset of a Tychonoff cube. We embed Kk 
into a Tychonoff cube I°, fix a € Cov(K), and consider the diagram 


wheres: K > K isa homeomorphism onto Kcl a and U, and % 
are defined in the proof below. Consider the map us"! : K — X and 
the covering 8 = v—1(a) of X. As X is ANES(compact), there exists for 
(2 = B(a) an open nbd Us of K in PX anda map ~, :U, — X such that 


Yojus*: K =X are B-homotopic. 


It follows that the maps fo = vYajs and f = vus—'s from K to K are a- 
homotopic. Since a € Cov(K) is arbitrary, it is clear, in view of the definition 
of fa, that {fo}eeCcov(K) is the desired approximating family for f Now, 
since open sets in Tychonoff cubes are Lefschetz spaces, our assertion follows 
at once from Lemma (3.4) and tlris ths rroof is complete. O 
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As an immediate consequence, we obtain 


(5.6) THEOREM. Any ANES(compact) space is a Lefschetz space. O 


6. General Asymptotic Fixed Point Results 


This section develops the asymptotic fixed point theory for spaces more 
general than ANRs. 


(6.1) DEFINITION. Let .@ be aclass of maps and X a space. We say that 
X is a Lefschetz space for the class .@ if every f : X — X belonging 
to .@ is a strongly Lefschetz map. The collection of all Lefschetz 
spaces for the class .# is denoted by L. 7. 


Recall (see (15.6.1)) that by a basic class of locally compact maps is meant 
any of the following classes: 


Aey = the class of eventually compact maps, 
Aac = the class of asymptotically compact maps, 
Ant = the class of maps of compact attraction, 
Aca = the class of compactly absorbing maps. 


(6.2) THEOREM. Let X be a regular space and assume that every nonempty 
open subset of X is a Lefschetz space. Then X is a Lefschetz space 
for any of the basic classes of locally compact maps. 


PROOF. Because ey C Hac C Hat C Ma; it is clearly enough to consider 
the case of the class %, of compactly absorbing maps. So let f : X + X 
be in ca; we are going to show that f is strongly Lefschetz. 

By (15.6.1), there exists an open f-invariant subset U of X such that 
U absorbs compact sets in X and fy : U — U is compact. Because by 
assumption, U is a Lefschetz space, fy is a Lefschetz map, and therefore so 
is f by (15.7.1), and A(f) = A(fy). If A(f) = A(fu) 4 0. then (again by 
assumption) zo = fy(ro) = f(zo) for some zg € U. which completes the 
proof. C) 


From (2.4), (5.2), (5.3), and (6.2), we obtain the following general asymp- 
totic fixed point theorem: 


(6.3) THEOREM. The following classes of spaces are Lefschetz spaces for 
compactly absorbing maps: 
(i) metric NES(compact metric) spaces, 
(ii) regular NES(compact) spaces, 
(iii) regular ANES(compact) spaces. O 


As immediate consequences we obtain 
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(6.4) THEOREM (Generalized Schauder—Tychonoff theorem). If C is a 
convex subset of a locally convex linear topological space, then any 
compactly absorbing map f:C > C has a fized point. 


(6.5) THEOREM. Let U be an open subset of a locally convex linear topo- 
logical space, and let f : U — U be a compactly absorbing map. If f 
as nullhomotopic, then f has a fixed point. C) 


7*. Domination of ANRs by Polytopes 


Our aim in this section is to prove that every ANR is dominated by a 
polytope with the weak topology. We first discuss in some detail the concept 
and properties of infinite polyhedra and polytopes. 

Infinite polyhedra are constructed by pasting together simplices along 
common faces. Precisely, 


(7.1) DEFINITION. An infinite polyhedron K is a space that can be repre- 

sented as the union of an infinite family # = {co} of simplices, where 

HH and the topology of K satisfy the following conditions: 

(1) Each face of ag € & is also a member of 

(2) If o,7 € #% have a nonempty intersection, then o M7 is their 
common face. 

(3) The space K = {a | o € .#} has the weak topology determined 
by the family #: A C K is closed if and only if AN is closed 
in o for each a € # 


The family % is called the family of simplices of K; the dimension dim K 
of K is the supremum of the dimensions of its simplices; K is locally finite if 
each vertex belongs to at most finitely many simplices. By a subpolyhedron of 
K is meant the union of any subset of its simplices that forms a polyhedron. 
The union of all simplices of dimension < n is called the n-skeleton of K 
and denoted by K”; it is clearly a subpolyhedron, as are the boundary of 
any simplex of K and any simplex of K together with all its faces. 
Because of the weak topology, every subpolyhedron of K is closed in K; 
in particular, since the set K® of vertices, and every subset of K®, is a 
subpolyhedron, it follows that K° is a discrete closed set. Moreover, we 
have the following characterization of compact subsets of a polyhedron: 


(7.2) PROPOSITION. A closed subset A C K is compact if and only if it is 
contained in a finite subpolyhedron of K. 


PROOF. Since the union of finitely many compact spaces is compact, the “if” 
part is obvious. Conversely, if A is not contained in a finite subpolyhedron, 
choose an a € Afa for each o meeting A; then {a} is an infinite discrete 
closed subset of A, so A cénrut ! 2 camnuct, O 
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We shall need some open sets. For any vertex p € K°, define C(p) 
U{o € # | p € a}; C(p) is clearly a subpolyhedron of K, and Stp = 
Kk — C(p) is an open set containing p, called the star of p. It is useful to 
observe that 


s 
3) () Stp; 4% if and only if [po,p;,..-,ps] is a simplex of K. 
i=0 
Indeed, it is enough to note that (\Stp; = @ if and only if UC(p;) = K, 
and the latter equality can occur if and only if for each o € # there is at 
least one p; ¢ o, i.e., if and only if there is no simplex in K having all the 
P0,--+;Ps as vertices. 

Because of the weak topology, a map f of K into any space Y is contin- 
uous if and only if f|o is continuous for each simplex o of K; and similarly, 
a map H: K x I —Y is continuous if and only if Hla x I:0 x I-Y is 
continuous for each o € %. 


(7.3) DEFINITION. A map f : K — L of apolyhedron K into a polyhedron 
L is called stmplicial if: 
(1) for each simplex [po,p1,---, Pn] of K, the points [f (po), f(p1),---; 
f(pn)] are vertices of a (possibly sinners simplex of L, 
(2) if c= >> A;p;, then f(z) = 5° A: f(p:), i-e., f is “linear” on each 
simplex. 


A simplicial map f : K — L is therefore uniquely determined by its values 
on K®; and being continuous on each a € %, it is always continuous. 

A homeomorphism of a space X onto a polyhedron is called a triangu- 
lation of X. 


(7.4) DEFINITION. A space X together with a triangulation h: X — K is 
called a polytope (or a triangulated space) and is denoted by (X;h, K). 


The sets h—!(c) are called simplices of the polytope (X;h,K), and 
for each subpolyhedron L C K, the set h~4(L) is called a subpolytope of 
(X;h, K). It is clear that h~!(a) = o for each simplex " i K, and that 
X has the weak topology with respect to the family {h~1(c) | a € 4%}. In 
general, a triangulable space has many triangulations; ony there is no am- 
biguity about the particular triangulation, we denote the polytope (X;h, K) 
simply by X, and call K the triangulation of X. 


Abstract complexes. Vertex schemes 


Definition (7.1) suggests that a polyhedron can be described by prescribing 
its vertices and those sets of vertices that span its simplices. Since this 
method of definition is used frequently, we describe it in detail. 
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(7.5) DEFINITION. An abstract complex % is a set & of elements (called 
“vertices” ) together with a family ¥ of finite subsets of < (called 
“simplices” ) which satisfies the condition that if s € ¥, then every 
subset of s also belongs to F¥. 


To each polyhedron K, there corresponds an abstract complex called 
its vertex scheme: & is the set K® of vertices of K, and ¥ consists of 
those subsets of K° that span simplices of K. Any polyhedron with vertex 
scheme .% is called a realization of %. In these terms, each polyhedron is 
a realization of an abstract complex. We now show that, conversely, each 
abstract complex % has a realization: Let L(.%) be a real vector space with 
basis {pq | a € &} which is in a fixed one-to-one correspondence with the 
vertices of 4, and with the weak topology determined by the Euclidean 
topology on each finite-dimensional flat. Then the polyhedron 


|| =| J{Conv(paos-++sPan) | (00,--+1 On) € F} 


with the subspace topology is a realization of %, called the standard real- 
ization. 

It follows from this See of |.#| that each z € |.%| is uniquely 
representable as t = 5) AQ(X)pa, where for ae x almost all A,(x) are 
ZeTO, : satisfy 0 < A(x) < 1, and $>Ag(zx) = 1; in fact, the system 
Neos ) | a € &} is simply the coordinates 4 xin L( “ and so each 

we | + I is continuous. The system of functions {A,(z) | a € x} is 
oe the barycentric coordinate system for |.%|; note, in particular, that 
St(pa) = {x € |.#| | Aa (x) > Of. 

The justification for considering vertex schemes, which also indicates the 

force of the weak topology, is given in the following 


(7.6) THEOREM. Any two realizations of an abstract complex are simpli- 
cially homeomorphic. 


Proor. If K, and Ko are two realizations of .#, there is a one-to-one 
correspondence po < Qa, in which a set {po,} spans a simplex of K; if 
and only if the corresponding {qa,} span a simplex of Ka. We can therefore 
define a simplicial map f : K, — Ko by setting f(po) = qa and extending 
linearly over each simplex. This map is clearly bijective, and since both f 
and f—! are continuous on each simplex, both maps are continuous, so f is 
a homeomorphism. C) 


It now follows that one can define a polyhedron essentially uniquely by 
simply specifying its vertex scheme. Observe that because of (8.4.2) and the 
standard realization, a finite subpolyhedron L of any polyhedron is simpli- 
cially homeomorphic to a polyicdron i R°. where s = card L°. 
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Contiguous maps into polytopes 


Let A’ be a polyhedron and Y an arbitrary space. The continuity of an 
h:h —Y being equivalent to that of hlo for each a € K, we next seek 
conditions under which a map f : Y — K is continuous. Clearly, if f is 
continuous, then so also is A, o f : Y — I for each barycentric coordinate 
function ,; but without some restriction on K, such as local finiteness, the 
converse need not be true. It is therefore convenient to introduce another 
topology in the set A that does not have this drawback. If {Aq | a € #} 
are the barycentric coordinate functions for K, the functiond: Ax kK - R 
given by d(x,y) = 0, |Aa(z) — Aa(y)| is easily seen to be a metric, and K 
with the topology induced by this metric (called the strong topology of K) 
is written A,,. Each Aq : Km — I is continuous; and because 2, — 2 in 
Ky, if and only if Ag (2n) — Ao (zx) for each a, it follows that f: Y — Ky is 
continuous if and only if each A, f is continuous. 

The relation between the strong and weak topologies on K is discussed 
in the following 


(7.7) PROPOSITION. The identity mapi: K — Ky is a homotopy equiva- 
lence; and if K is locally finite, then i is in fact a homeomorphism. 


PROOF. The map i: K — Ky, is continuous, being continuous on each 
simplex. To construct a homotopy inverse, note that the family {Stp, | 
a € of} is an open covering of the metric space K,,, so ms a subor ae 
partition of unity {k, |a € #}. Define kK: Ky, — K by k(x) = Sok Q(z 
This is actually a map into K: for if ko,...,Ky are all ee finitely Hehe 
functions Kg that do not vanish at a given x € Ky, then x € Al supp K; C 
No St pi, So by (*), (po,---,Pn) is a simplex of K, and (zx) belongs to 
that simplex; in fact, both z and K(x) belong to the same simplex of the 
underlying set K. Moreover, & is continuous: each x € Ay, has a nbd U on 
which at most finitely many K are not identically zero, so that the image of 
U lies in a finite subpolytope L of K; since L is simplicially homeomorphic 
to a subspace of some #, and since addition is continuous in RS, it follows 
that « is continuous on U, and therefore at zx. 

Now let {Aq} be the barycentric coordinate system of K, and for (x,t) € 
K x TI let 

H(zx,t) = [tAa(x) + (1 t)Ke(2)]|pa- 
(34 

Each H(z,t) lies on the line segment joining x to K(x), so that H maps 
Kk x I into K. 

Regarded as a map Ky, x I — Ky, H is continuous, since the barycentric 
coordinates vary continuously; because H(z,0) = 70 K(x), we find that H: 
10K & id. 
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Regarded as a map K x I — K, H is also continuous, because H|a is 
continuous for each o; since H(y,0) = Koi(y), this shows that H : Koi ~ id. 
Thus, 7 is a homotopy equivalence with inverse x. The proof that i7! is 
continuous whenever K is locally finite is left to the reader. O 


Continuous maps of a space into K can therefore be constructed as 
mappings into K,, followed by x; this will be illustrated in the following 
definition. 


(7.8) DEFINITION. Two maps f, g of a space X into a polytope K are 
called contiguous if f(x) and g(x) belong to a common simplex o(z) 
of K for each x € K. 


(7.9) THEOREM. Let K be a polytope and X an arbitrary space. If f,g : 
X — K are continuous contiguous maps, then f ~ g. 


PROOF. It is no restriction to assume that K is a standard polyhedron. Let 
i: K — Ky be the identity map, and k a homotopy inverse. Because i o f 
and 70g are contiguous in Ky, the function 


H(z,t) = 5 “[tdra(éo f(x)) + (1 —t)Aa(é o 9(2))]Pa 


maps X x I into Ky, and is continuous because the barycentric coordinates 
vary continuously. This shows that io g ~io f. Thus, roiog~Koiof, 
and since K 07 ~ id, the proof is complete. O 


Maps into nerves 


Information about the structure of a space can be obtained by studying 
the nature of polyhedra “approximating” the space in a sense we now make 
precise. 


(7.10) DEFINITION. Let X be a topological space and A = {A, | a € #&} 
any indexed family of subsets of X. Let K be the abstract complex 
with the set < as vertices and with {ao,...,an} € F if and only if 
Aa M:::-NAa, # 9. The standard realization of K is called the nerve 
of the family {A, | a € 2} and is denoted by N(A). 


The intuitive idea is that the nerves of open coverings of a space X are poly- 
hedra approximating the space, with a finer covering giving rise to a “better” 
approximation. Note, in particular, that if K is a polyhedron, then because 
of (x), the open covering by the stars of its vertices has the same vertex 
scheme as K itself, so by (7.6), the nerve of this covering is homeomorphic 
to K. 

For paracompact spaces, the relation of the space to the nerves of its 
open covers can be given iti more concrete terms: 
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(7.11) THEOREM. Let U = {U, | a € &} be an open covering of a para- 
compact space Y. Then there exists a continuous map k: Y — N(U) 
such that k—'(Sta) C Ug for each verter a of N(U). 


PROOF. Let {Aq | a € &} bea partition of unity subordinate to the covering 
{Ua | a € &}, and let 


K(y) = > raly)ar 


Then « is a map of Y into N(U): for if Aag,,---,Aa, are all the (finitely 
many) functions that do not vanish at a given y € Y, then y € ()suppAg, C 
(1) U.,, 80 that (ao,.-.,Q@n) is a simplex of N(U), and y and K(y) belong to 
that simplex. The map & is continuous at each yo € Y: for yo has a nbd 
V meeting at most finitely many sets suppA,, so that kK maps V into a 
finite subpolyhedron L of N(U); since L is simplicially homeomorphic to a 
polyhedron in some R°, and since addition is continuous on R*, the map 
& is continuous on V, and therefore at yo. Finally, since x(y) € Sta if and 
only if Ag(y) > 0, we find that «~!(St a) C Ug. 


These simple maps are called the standard maps of Y into N(U); they 
have the universal property that any continuous map of Y into any polytope 
factors up to homotopy through a standard map. Precisely, we have 


(7.12) THEOREM. Let Y be paracompact, and leth: Y — P be a con- 
tinuous map into some polytope. Then h can be homotopy factored 
through a standard map into the nerve of an open covering. In fact, if 
{U,, | a € &} is any open refinement of the open cover {h—*(Stp) | 
p € P°}, thenh ~ wok, where x: Y > N(U) is the standard map 
and 1: N(U) - P is a simplicial map. 


PROOF. For brevity, set N = N(U). If {Ag} is a partition of unity subordi- 
nate to {U,}, the standard map k: Y — N is given by kK(y) = ¥- Ag(y)a. 

To construct y, for each U,, select an h~!(Stp) such that U, C h7}(Stp) 
and define p: N° — P® by p(a) = p. Note that if (ag,..., Qn) is a simplex 
of N, then Uy, N-:-NU2, #9, 50041); h7*(St u(a;)) = h-1(1),; St u(as)), 
and hence {); St u(a;) 4 @, which implies that (u(ao),..-,u(a@n)) is a sim- 
plex of P The linear extension over each simplex defined by 


HS ga) = Seana) 


therefore determines a simplicial map uw: N — P. 

We now have wo K(y) = )°, Aa(y)u(a@). This expression shows that 
if y belongs (only) to suppAe, (2 = 0,...,n), then po K(y) belongs to 
(u(ao),---+H(Qn)); and since y € (\j9 Ua, C h71((Nj_p St u(ai)), the point 
h(y) lies in some simplex hiving ¢:(9,,). .  4(v_,) among its vertices. Thus, 
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°K and h are contiguous as maps of Y into P, so by (7.9) they are homo- 
topic. 


Applications 


(A) Let Y be paracompact with covering dimension dimY <n. Then any 
continuous map f : Y — P, where P is any polytope, is homotopic 
toan f':Y > P" CP. 


PROOF. Since {h~'(Stp)} has a refinement {U,, | a € «/} of order < n, it 
follows that dim N(U) < n. Now f ~ wor, where yp is simplicial; and a 
simplicial map cannot increase dimension. Thus, p maps into P", and the 
proof is complete. O 


(B) Let Y be paracompact with dimY < n. Then every f : Y — S” is 
homotopic to a constant. 


PROOF. Regard S” is a polytope. By (A), f can be deformed into (S")* 
for some k < n. Choosing a point € in the interior of an n-simplex and 
contracting S” — {€} along great circles to the antipode €* completes the 
proof. O 


(C) Let Y be paracompact and A CY closed. If dimA < n, then every 
continuous f : A— S" can be extended over Y . 


PRroor. Since dimA < n, we have f ~ 0 by (B). But S” is NES(para- 
compact), so by Borsuk’s theorem, extension is a problem in the homotopy 
category. Since the constant map is extendable over Y, so also is f. O 


Domination 


Topological information is transferred by maps. We have seen that we can, 
to an extent, transfer information from a space to polytopes “relatively 
accurately” in the paracompact case. We now wish to transfer information 
from a polytope to a space; again the map used must be “accurate” in some 
sense—the constant map back, for example, says very little for an arbitrary 
space. In general, this cannot be done. But for ANRs it is indeed possible: 
specifically, for every ANR Y we can construct a polytope P and maps 
Y 4% P 4 Y such that g ox ~ id. This leads to the expectation that the 
algebraic properties of ANRs will be analogous to those of polytopes. 


(7.13) Lemma. Let Y be a locally convex set in a normed linear space. Then 
there is a polytope P and continuous Y > P 4, Y such that gor ~ id 
(we say that Y is dominated by P). 


PRoor. Cover Y by convex open sets {Cg | a € &}; this has a nbd-finite 
refinement {Wg | 6 € B} stich tha: for cach y, St(y, {W}) is contained in 
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some (‘,, (a barycentric refinement). Let N be the nerve of {Wy}, and let 


K(y) = > Aaly)B 


be the standard map into the nerve. 
We now construct g : N — Y. In each Wg choose a point yy. Define g 


as follows: 
o( > a8) = > Esyp- 
B B 


This g is indeed a map of N into Y: for if (o,.-., Bn) is a simplex of N, then 
W3,O---NW~, 4 9, so by the barycentric refinement property, U;_> Wa, is 
contained in some Cy. and every linear combination of points of Cg lies in 
C.,C Y Moreover, g is continuous, since it is continuous on each simplex. 

It remains to show that gow ~ id. Fix y € Y; then St(y, {Wa}) is 
contained in some C,, and because 


goK(y) = o( > da(y)B) = >> Aal(y)ys 


is a linear combination of points in C,, we find that go x(y) also lies in C4. 
Thus, 


(y,t) r+ ty + (1 — t)g o K(y) 
provides a homotopy Y x J — Y showing that gox ~ id. O 
(7.14) THEOREM. Every ANR is dominated by a polytope. 


PROOF. Let Y be an ANR; embed it as a closed subset of a normed linear 
space L. Then there is a retraction r: V — Y of some open subset V C J; 
we can assume that V is a union of balls, all having their centers in Y, so 
in particular, V is locally convex. By (7.13), we have the maps 


Yovorsy Sy, 
where 7 is inclusion and go kK ~ id. Therefore, 
(rog)o(koi)=ro(goK)oivroi=id.0 


More precise information about the nature of this domination—in fact, 
all such dominations--can be obtained from the following 


(7.15) LEMMA. Let Y be a paracompact space dominated by a polytope P. 
Then each open cover {U, | a € &} of Y has a refinement {Vz | 
(3 € B} such that Y is dominated by the nerve of {V3}, as well as 
by the nerve of any refinement of {V3}. 


PROOF. We are given Y 4, P 2.Y with goh~= id. Consider any refinement 
of {h-!(Stp) NU}, say {Vs}. This {3s} refines {U,}; but it also refines 
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{h—'(Stp)}, so by (7.12), we have a diagram 


y—_t+>p—++y 


{A 


N(V) 
with h ~ pox. Thus (gop)oK=go0 (pk) ~goh~ id. O 


(7.16) THEOREM. Let Y be a paracompact space dominated by a polytope. 
Then Y is dominated by the nerve P of a suitable open covering. 
Moreover: 

(a) If Y is Lindeldf, then P can be assumed countable. 
(b) If Y is compact, then P can be assumed finite. 
(c) If dimY <n, then P can be assumed of dimension < n. 


PROOF. This is a direct consequence of (7.15). O 


8. Miscellaneous Results and Examples 


A. Neighborhood extensor spaces 


In this subsection @ stands for any subclass of .” = normal spaces; frequent ones will be: 
# = paracompact spaces, 4 = compact spaces, M = metric spaces, %. = compact 
metric spaces. A space Y is called a neighborhood extensor space for the class Q [written: 
Y is a NES(Q)] if for each X € Q and every closed A C X, each continuous f : A — Y is 
extendable over some open nbd U of A. 


(A.1) Establish the following properties of NES spaces: 
(i) If Qc Q’, then NES(Q’) Cc NES(Q). 
(ii) If Y is a NES(Q), then so is every open subset of Y 
(iii) If Y is a NES(Q) and B CY is a retract of some open nbd in Y, then B is also 
a NES(Q). 
(iv) A finite cartesian product [] Y; is a NES(Q) if and only if each Y; is a NES(Q). 


(A.2) (Kuratowski lemma) Let Y be a space that can be represented as a union Y = 
Y; UY2, where Yj, Yo and ¥,;NY2 are NES(Q) for some classQ C VW Let XEQ.ACX 
closed, and let f : A — Y. Prove: If the entire space X can be represented as the union 
B, U Bz of two closed sets such that f(ANB,) CY, f(AN Be) C Ye. then f is extendable 
over a nbd of A in X. 

[Follow the proof of (11.4.1).] 


(A.3) Let Y be a space with Y = Y; UY2, where Yj, Y2 are closed. Prove: If Yi, Y2, and 
Y¥, NY are NES(./#), then Y is a NES(4). 
[Let X € M, AC X closed, and f : A— Y be given. Define 


By = {z | dist(z. f~*(¥Yi)) < dist(z, f~*(Y2))}, 
Bo = {x | disttc. f° (2) < eivttz, f71(%4))}- 
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Show that Y = B, U By with each B; closed in X and fUmM) = AN B; (i = 1,2); and 
apply (A.2).] 


(A.4) Let ¥ be any NES(./) and B C Y a closed NES(./) subset. Show: 
(i) ¥ x {O}UBx I is a NES(. 7). 
(ii) Any finite union of closed convex scts in a locally convex space is a NES(.#). 


(A.5) Let ¥ = Uy UU2, where U;, U2 are open. Show: If U;, U2 are NES(Q) for some 
Qc.#, then ¥Y is a NES(Q). 

[Let ¥ €.4,ACX closed, and f : A— Y be given. Consider the disjoint closed sets 
Fy = A-f71(U1), Fo = A—f71(U2) in X and choose \: X — I with Fy = 1. A|Fe = 0. 
Then for the closed sets B, = {x € X | A(z) < 1/2}, Bo = {x € X | A(z) > 1/2} with 
X = B, U Bo, show f(ANB;) C U, (i= 1,2). Apply the Kuratowski lemma (A.2).] 


(A.6) (Michael theorem) Let ¥Y be a topological space. A property H of subsets of Y (or 
equivalently a subset HC 2°) is called G-hereditary whenever it satisfies the following 
three conditions: 

(a) If A € H and if W C A is open in A, then W € H. 

(b) If U, V are open, and if U,V € H, then UUV EH. 

(c) If {Ua | a € A} is any family of pairwise disjoint open sets in Y’, and if each Ug 

is in H, then Une, Ua € H. 

Let Y be a metric space, and let H C 2° bea G-hereditary property. Prove: If each 
y € Y has an open nbd U € H, then Y € H. (This result, due to E.A. Michael. is also 
true for any paracompact space Y’.) 

[Let {U(y) | y € Y} be an open covering of Y with each y € U(y) € H. Take a o- 
discrete open refinement {Ua.n | (a,n) € Ax ZT} of {U(y) | y € ¥}, where for each fixed 
n, the family {Ua,n} is pairwise disjoint (cf. Appendix). Letting V; = U{Ue.n | a € A}. 
conclude that Y = UVn with each V;, € H. Next assuming, without loss of generality, 
that V, C V4: and Y # Vj, for all n, shrink the covering {V,,} to an open covering 
{Wr}, where Wn = {y € ¥ | dist(y.’ — Vn) > 1/2"} for n > 1. Then prove successively 
that each of the following sets belongs to H: 

(1) Each Wr. n> 1. 

(2) Each Rn = Wr — Wr_2, n > 1, where W, = 0 for i < 0. 

(3) ¥Y = (U Ren) U(U Rean-1)-] 


(A.7) (Hanner theorem) Let Q C 7. Prove: A metric space ¥ is a NES(Q) if and only if 
Y is locally a NES(Q). (This result, due to Hanner [1952], is also true for any paracompact 
space Y.) 


(A.8) Show: Every ANR is a NES(compact). 


B. Relative Lefschetz theorem for NES(compact) spaces 


Throughout this subsection we use the notation and terminology of (15.3.1). Let (V, A) 
be a pair of spaces and f : (X, A) — (X,A) a map. Then: 
(i) f isa Lefschetz map if the Lefschetz numbers A(f), A( fx) and A(f,) are defined, 
(ii) f is compact if fy and f, are compact, 
(iii) f is partially extendable if f is compact and f, extends to an iz 4 € H(U,A), 
where UJ C X is open and A C U. (In what follows, given such a partially 
extendable f, we always write :. 4 —- ¢' for the inclusion, so that f4 = f A 02.) 
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(B.1) Let (X,A), (Y,B) be two pairs and assume that the diagrams 


(Y, B) (X.A) 
a B 
f 
B ae y 


are commutative. Show: 
(a) If there exists a map r: Y — X sending homeomorphically Fix(@a) onto Fix(a/) 
and r—!(A) = B, then 


r[Fix(f)N Y — B) c Fix(F)N X — A. 


(b) Ifa—!(A) = Band B—!(B) = A, then the sets Fix(f)NY — B and Fix(F)NX —A 
are homeomorphic. 


(B.2) (Allowable pairs) By an allowable pair is meant a pair (X, A) such that each par- 
tially extendable f : (X,A) — (X,A) is a Lefschetz map, and A(f) 4 0 implies that f 
has a fixed point in X — A. Prove: If r : (Y, B) — (X,A) is a retraction, B = r—!(A) and 
(Y, B) is an allowable pair, then so also is (X, A). 

[Take a partially extendable f (X,A) — (X,A) with extension fra eX (U, A). 
Consider the commutative diagram 


(x, A) > (y, B) 
f a=fr Birra 
(x, A) * > (y,B) 


and observe that Ba = fr is partially extendable (since r—'(U) > B is open in Y 

and Bfar : r~!(U) + B extends Bfr|B B — B). By (15.2.2) and the assumption, 

a A(f) = A(aB) = A(Ga). If A(f) 4 0, then because Ba is partially extendable, Fix(Ga)N 
Y — B# 0. Using (B.1)(a), conclude that Fix(a8)NX — A O01] 


(B.3) Let X be an open subset of a locally convex space E, and let A C X be arbitrary. 
Show: (X, A) is allowable. 

[Let f : (X,A) — (X,A) be partially extendable with extension fa € HUA); 
using the index J for compactly fixed maps in E, observe that (i) I (ifs, U)= A(if a) = 
A(f ai) = A(fa), and (ii) A(f) = A(fx) — A(fa), because A( fa), A( fx) are defined, and 
so also is A(f) by (15.2.3). To conclude, assume Fix(f)N X — A = 0; then I(fx,X) = 
I(ifa,U) by excision and A(f) = I(fx.X) —- I(if4.U) = 0, by (i), (ii), and strong 
normalization.| 


(B.4) Let X be an open subset of a Tychonoff cube I and let A C X be arbitrary. 
Show: (X, A) is allowable. 

[Prove that aie es a retraction r: (Y,B) — (X, A). where Y is open in a locally 
convex space, B = r—!(A), and then apply (B.3) and (B.2).] 


(B.5) Let X be a NES(compact) space, and let A C X be arbitrary. Show: (X, A) is 


allowable. 
[Given a partially extendable map f : (X,A) — (X. A) with a i AEX (UA), 


let (K, L) be a compact pair such that f foctecize- a~ (X,A) > S(K, L)& (X,A) and L 
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coutaius f A(U). Embed Av into a Tychonoff cube I ® and consider the diagram 
(KE) 


Ao 


~ 
~ 


(Y, B) <= (K,) 


(X,A) —1> (KL) 
where: (i) h is a homeomorphism; (ii) j, s are inclusions and a is an extension of jh— =! 


kX — X over Y open in I* (existing since X € NES(compact)); and (iii) B = aa (A) 
and 3 = sh f. . Observe that 

op =a(shf) = jh'hf = jf =f 
and that hf ac € Ht (a"(U), B) extends (Ga)|B B— B over an open nbd a7 !(U) 
of Bin Y Thus, Ba : (Y,B) — (Y,B) is partially extendable, and since ¥° is open 
in a Tychonoff cube, we have A(Ga) = A(aB) = A(f) by (B.4) and (15.2.2); together 
with (15.2.3), this implies that f is a Lefschetz map, since A(fx) is defined. Assuming 


A(f) = A(Ba) # 0, we obtain Fix(Ga)N Y — B # @ by (B.4), and (since a —1(A) = B) 
the desired conclusion follows from (B.1)(a) with r = a.] 


(B.6) (Lefschetz pairs) By a Lefschetz pair is meant a pair (X, A) such that each compact 
f : (X,A) — (X,A) is a Lefschetz map, and A(f) # 0 implies that f has a fixed point 
in X — A. Prove: If r : (¥Y,B) — (X,A) is a retraction, r~1(A) = B, and (¥Y,B) is a 
Lefschetz pair, then so also is (.X, A). 


(B.7) Let E be a locally convex space and (Y. B) a pair of open sets in E. Show: (¥, B) 
is a Lefschetz pair. 


(B.8) Let (X,A) be a pair of NES(compact) spaces. Show: (X, A) is a Lefschetz pair. 

[Let f (X,A) — (X,A) be compact; choose a compact pair (A.L) such that 
(F(X), f(A)) C (K,L) C (X,A) and an extension j W — Aofj L © A over an 
open nbd W 35 L in K, which exists because A € NES(compact). Letting V C K be open 
with LC VCVCWandU = f-'(V), observe that fa = 9 jof-U—>Aisa compact 
extension of f4 over U, since f f.a(U ) c j(V) and j(V) is compact. This shows that f is 
partially extendable, and the conclusion follows from (B.5).| 


(B.9) Let X be a NES(compact) space, and let A C X be open. Show: (.X,A) is a 
Lefschetz pair. 


(B.10) Let (X,A) be a pair of metric NES(compact metric) spaces. Show: (.V, A) is a 
Lefschetz pair. 
(The above results are due to C. Bowszyc.) 


C. Lefschetz-type results for self-maps of compact spaces 


This group of problems is concerned with certain general classes of maps of compact spaces 
for which the Lefschetz-type theorem holds. 


(C.1) (NES(compact)-maps) We say that f : X — Y is a NES(compact)-map if for 
any compact pair (Z,A) and zm .,, «1 - 4 there exists a nbd U of A in Z anda 
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map y: U -Y such that y|A = fg; the class of all N€S(compact)-maps is denoted by 
NES(compact). Prove: 
(i) X € NES(compact) = lx € NES(compact). 
(ii) go f € NES(compact) whenever either f or g is a NES(compact)-map. 
(iii) If either X or Y is a NES(compact) space, then every f : X — Y is a NES(com- 
pact)-map. 


(C.2) Let K be a compact space and f : K — K a NES(compact)-map. Show: f is 
strongly Lefschetz. 

[Embed K into a Tychonoff cube I, and then prove that f factors through an open 
subset of I® Because U is a Lefschetz space, conclude using (15.3.5).| 


(C.3) (Approzimate NES(compact)-maps) We say that f : X — Y is an approximate 
NES(compact)-map if for any compact pair (Z,A) and any g: A — X, the following 
condition is satisfied: for each a € Cov(¥’) there exists a nbd Un of A in Z and a map 
Ya : Ua — Y such that yal|A, fg: A— Y are a-homotopic; the class of all approximate 
NES(compact)-maps is denoted by ANES(compact). Prove: 

(i) X € ANES(compact) = 1x € ANES(compact). 

(ii) go f € ANES(compact) whenever either f or g is an ANES(compact)-map. 

(iii) If either X or Y is an ANES(compact) space, then every f X — Y is an 

ANES(compact)-map. 


(C.4) Let K be a compact space and f : K — K an ANES(compact)-map. Show: f is 
strongly Lefschetz. 

[Show that f admits an approximating family {fa}oecov(K) (cf. (3.3)) such that each 
fo factors through an open subset of a Tychonoff cube. Conclude the proof using (3.4).| 


(C.5) Show: Theorems (5.3) and (5.6) are special cases of (C.4). 
(The above results are due to Gauthier—Granas [2003].) 


D. Fixed point classes and the Nielsen number 


Throughout this subsection (X,d) is an ANR and f : X — X is a compact map. 

Given zo, 21 € Fix(f), we say that zo and 2 are f-equivalent (and we write x9 ~f 11) 
if there is a path p = {zt}icz from Zp to z; that is homotopic to the path fop = 
{f(xt))}tex by a homotopy keeping zp and 2; fixed. The relation ~, is an equivalence 
relation on Fix(f), and its equivalence classes are called fized point classes of f. 


(D. 1) Given a homotopy hi : X — X, we let h(a, t)= = (he(z), t) for (x,t) € X x I. Thus 
h:XxI—4Xx I. Prove: (z, t) and (y,¢) are in Fix(h) and are h-equivalent if and only 
if x and y are in Fix(h;z) and are ht-equivalent. 


(D.2) Let x € Fix(f), and let (x) be the fixed point class of f containing z. Prove: (x) 


is open in Fix(f). 
[Use the Arens-Eells embedding and show that there exists a 6 = 6(z) > 0 such that 
whenever x’ € Fix(f) and d(z,z’) < 6, then x ~ 2’.] 


(D.3) Prove: f has a finite number of compact fixed point classes. 


(D.4) Let & be a fixed point class of f. Show: 

(a) There exists an open subset U C X such that  C U and UN Fix(f) = 

(b) The index i() of & defined by 7(@) = I(f.U) is independent of the choice of U. 
(For (a), use (D.2); for (b), use th, ex.isien prog erty of the index.] 


488 V. The Lefschetz-Hopf Theory 


(D.5) Call a fixed point class & of f essential if i(6) 4 0. The Nielsen number N(f) of 
f is defined to be the number of essential fixed point classes of f. Prove: f has at least 
N(f) fixed points, 


(D. 6) Leth: X¥xI — NX bea compact homotopy and @ a fixed point class of the compact 
map kh: X x I> X x I; denote by & = {x | (x.t) € $} the t-slice of & for t € I. For 
each given ¢ € I, prove: 

(a) G, is either empty or a fixed point class of ht. X — X. 

(b) if & is a fixed point class of hy, then it is the t-slice of a (unique) fixed point class 


& of h. 


(D.7) With the notation of (D.6), prove: i(Gp) = ($y). where i(1) = = Oif = 0. 

() Fix r € IJ. Choose an open UcXxIwith@cu,0n Fix(h) = ® and observe 
that $, C U;, 0; n Fix(hr) = &, and i(,) = = i(h,|U,,U,). 

(ii) Use the general homotopy invariance (12.6.3).] 


(D.8) Leth. X x I— NX be a compact homotopy. Prove: N(ho) = N(h1) 

(Observe, using (D. 6) and (D.7), that if a given fixed point class of ho is the O-slice 
of a fixed point class é of h, then i(Gp) = i(1); this implies N(ho) < N(h1). A similar 
argument gives the reverse inequality.] 

(The above results are due to R.F. Brown [1969].) 


9. Notes and Comments 


Fized points for F*-maps of ANRs 


Let X be a space, U C X open, and f : U — X a map. We say that f is 
an #*-map if f is compactly fixed and for some nbd V C U of Fix(f) the 
restriction f|V : V — X is compact. In a similar way, we define the notion 
of #*-homotopy and we let #*(U, X) denote the set of all ¥*-maps from 
U to X. 

Let now X be an ANR, and let U C X be open. Given a map f € 
#*(U, X), we define the index Ind(f) of f by 


Ind(f) = Ind(f,U) = I(f|V,V), 


where V C U is a neighborhood of Fix(f) such that f|V is compact; by the 
excision property of I, Ind(f) is independent of the choice of V. 

With this definition, we have the following generalization of (16.5.1) (cf. 
Granas [1972]): 


THEOREM. Let #* be the class of maps defined by the condition: f € ¥* 
if and only if f € F#*(U,X), where X isan ANR andU C X is open. Then 
the index function Ind: #* — Z assigning Ind(f) to each f € #*(U,X) 
has the following properties: 
(1) (Strong normalization) If U = X and f : X — X is a compactly 
absorbing map, ther ACf) -= Ind(f.). 
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(II) (Additivity) For f € ¥*(U,X) and every pair of disjoint open 
Vi,V2 CU, if Fix(f) CV, Uv). then 


Ind(f, U) = Ind(f,Vi) + Ind(f, V2). 
(III) (Homotopy) If hy: U + X is an ¥*-homotopy, then 
Ind(ho, VU) = Ind(hy,, UV). 


(IV) (Commutativity) Let X,Y be ANRs, letU C X,V CY be open, 
and let f:V +~X,g:U-—-Y be two maps. Assume that the set 


Fix(gf) = {c € f7'(U) |r =gf(x)} CV 


is compact and that for some neighborhood W CV of Fix(gf) the 
restriction f\W :W — X is compact. Then: 

(i) Fix(fg) = {y € 97" (V) | y = fo(y)} is compact, 

(ii) both gf : f-1(U) 3 Y and fg:g-(V) + X are ¥*-maps. 
(ii) Ind(gf, f-*(U)) = Ind(fg,9~*(V)). 


For various extensions of this theorem to more general classes of maps 
see Nussbaum [1977], [1993], and also his lecture notes [1985]. 


Various extensions of the Lefschetz theorem 


The presentation of the results in Section 2 is close to that of Gauthier- 
Granas [2003]; for more general related results, see “Miscellaneous Results 
and Examples” (subsection B). For (3.1) and (3.2), see Dugundji’s book 
[1965], p. 414, and also Fournier—Granas [1973]. Theorem (3.6) is due to 
Jaworowski—Powers [1969]. General results of the type of those in Sections 
4 and 5 can be found in Granas [1967], Fournier—-Granas [1973], and the 
lecture notes of Granas [1980]. For (4.3) and (4.5), see Granas [1967] and 
Fournier—Granas [1973]. Lemma (4.4) is due to J.H. Michael [1957]. Exten- 
sions of the Lefschetz theorem to various classes of NES-spaces. in particular 
Theorem (5.3), are due to Fournier—-Granas [1973]. We remark that it is not 
known whether all NES(metric) spaces are Lefschetz spaces; for some partial 
results see Fournier-Granas [1973]. Approximate NES(compact) spaces and 
Theorem (5.6) are discussed in the lecture notes of Granas [1975]. 

A good exposition of Lefschetz-type results in the context of Cech ho- 
mology is given in Gauthier [1983]; in particular. the reader will find there 
Lefschetz theorems for approximate ANRs in the sense of Noguchi [1953] 
and Clapp [1971]. Some further extensions of the Lefschetz theorem. due to 
K. Borsuk and J. Dugundji, will be given in §20. 

Cauty [2002] established recently that any compact equiconnected space 
has the fixed point property (and more generally, any compact locally equi- 
connected space is a Lefschetz sj e}. 
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Fixed points for differentiable maps 


We now give a few examples of results showing that frequently one gets more 
refined fixed point assertions by assuming that the map f is continuously 
differentiable. 


THEOREM (Cartan [1986]). Jf Al is aC" Banach manifold and f : Al — M 
is aC" map such that f o f = f, then Fix(f) is a submanifold of Al. 


THEOREM (Eclls—Fournier [1975]). Let AJ be a C! Banach manifold and 
f:ALl— M aC? map such that f" : AI — M is compact for some n > 2. 
Then A(f) is defined and A(f) 4 0 implies that f has a fized point (*). 


For similar and more general results the reader is referred to Eells— 
Fournier [1976] and Nussbauin [1977]. 


Degree for self-maps of manifolds and topological entropy 


Let (X,d) be a compact metric space and f : X — X a map. Define a 
sequence {d/}*_, of metrics on X by df (x,y) = maxo<icn—1 U(f'(z). f(y) 
and let By(x.e,n) = {y € X | di(x,y) < e}. A set A C X is called (n.<)- 
spanning if X = Use, Br(a.é.n). We let Su(f.e.n) denote the smallest 
cardinality of an (n,¢€)-spanning set, and let 


ha(f.e€) = limsup z log Sa(f,€.7). 
nx. 1 


The quantity ha(f) = lime—o ha(f,€) (depending only on the topology of X) 
is the topological entropy of f and is denoted by htop(f); this invariant 
describes the dynamical complexity of a given map. 

Let AJ be an n-dimensional compact connected orientable manifold with- 
out boundary, f : Af — Af a map, and f, : A,(AL.Z) -— H, (Al: Z) the 
induced homomorphism. Fix an orientation on AJ. i.e., an isomorphism 
H, (Al, Z) = Z. Then the degree d(f) of f is d(f) = f,(1) € Z. When 
Af = S", this coincides with the Brouwer degree described in §9. 


THEOREM (Misiurewicz—Przytycki [1977]). If Al is a smooth compact con- 
nected orientable manifold and f : M — MM is aC) map, then 


log |d(f)| S Rtop(f). 


This result ensures that a map with |d(f)| > 2 is dynamically complex. 


(1) We remark that the following problem remains open: Let E be a Banach space 
and f: EF — Eamap such that [" meor.pact “or sme n > 2. Does f have a fixed point? 


VI. 


Selected Topics 


This chapter is concerned with a few selected topics related to the Leray— 
Schauder theory. It presupposes on the part of the reader some knowledge 
of the Cech homology and cohomology theory; occasionally, an important 
background theorem is included without proof, whenever such a theorem is 
needed. 


§18. Finite-Codimensional Cech Cohomology 


Let E be a fixed infinite-dimensional normed linear space. The Leray-Schau- 
der category associated with E is the category £¢ having closed bounded 
subsets of E as objects and compact fields as morphisms. This paragraph 
is concerned with extending some basic notions and results of algebraic 
topology to the framework of the category Lg. The main method to be 
developed here is that of “finite-codimensional cohomology” We will show 
that with this new tool, one can efficiently handle certain geometric problems 
which previously seemed inaccessible by application of the Leray-Schauder 
degree theory. 

Throughout the paragraph we assume that the Leray-Schauder category 
£ = L- associated with the normed linear space E is equipped with the 
relation of homotopy of compact fields. 

By a finite-codimensional cohomology theory (or simply a cohomology 
theory) H®-* on £? is meant a sequence {H®—"(X, A)}&, of contravari- 
ant functors from pairs (X,A) in £? to abelian groups together with a 
sequence of natural transformations 6©-" : H%&—"(A) — H-"t!(X, A) 
satisfying the following conditions: 


(1) (Homotopy) If f,g : (X,A) — (Y, B) are compact fields homotopic in £, 


then 
A&X~"' fy)= AX "tg) for all n. 


492 VL Selected Topics 


(2) (Exactness) For each pair (X, A) in £, the sequence 
eee H*<—"(X, A) an H*-"(X) ate H*-"(A) ete H*-"+1(X, A) Lats 
is exact. where all unmarked homomorphisms are induced by inclusions. 


(3) (Strong excision) The inclusion e: (A, ANB) — (AUB, B) induces an 
isomorphisin 


H*—"(e): H*"(AUB, B) = H* "(A, ANB) 
for all n. 


The coefficient group of this theory is defined to be the graded group 
{H*—"(S)}?2,, where S is the unit sphere in EH. In this paragraph we 
construct one such cohomology theory which corresponds to ordinary Cech 
cohomology for compact spaces and whose coefficients satisfy H*—1(S) = G 
and H*~"(S) =0 for n £ 1. 


1. Preliminaries 


After some preliminary definitions, we first assemble the basic categories 
that will enter later on in our study of cohomology theories. The remaining 
part of the section is concerned with a review of Cech cohomology theory 
for compact spaces. 


h-categories 


(1.1) DEFINITION. An h-category (K,~) is a category K such that for each 
pair of objects A, B in K, the morphism set K(A, B) is equipped with 
an equivalence relation ~ (called homotopy) satisfying the following 
(compatibility) condition: 


fi~fan~g2 => fi ~ gefe 


whenever the compositions are defined. 

A morphism f € K(A,B) is called homotopy invertible (or simply 
h-invertible) if there exists a g € K(B,A) such that gf ~ 1,4 and 
fg ~ 18; we then say that the objects A and B are homotopy equiv- 
alent (or simply h-equivalent). 

We say that an h-category (L,*) is an h-subcategory of (K,~) if L 
is a subcategory of K and f & g in L implies f ~ g in K. 

A functor from an h-category (K,~) to an h-category (L,*) is 
called homotopy invariant (or briefly an h-functor) if f ~ g implies 


Af) = (4g). 
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REMARK. We always consider Ab as an h-category with the trivial homo- 
topy relation f~g@ f=g. 


The categories (£,~) and (Lo, %) 


We shall use the terminology and notation pertaining to compact fields as 
in (6.7.1) and (6.7.3). 

Recall that whenever a compact field between two subsets of E is denoted 
by a lowercase letter, as in f : X — Y, the compact map r- x - f(z) 
is denoted by the corresponding capital letter, i.e, F(x) = x — f(x); we 
then call F : X — E the compact map associated with the given field. 
Compact fields are further described by the terminology used for compact 
maps: thus the field f is finite-dimensional if the associated compact map 
is finite-dimensional. 

We now list the main h-categories that will appear in our study of the 
Cech cohomology theory H®-*. 


1° The category of compact fields (€, ~~). This category has as its objects 
all subsets of E, and as its morphisms all compact fields (€(X,Y) = the set 
of compact fields from X to Y); the relation ~ is the homotopy of compact 
fields. 


2° The category (€o,~). This category is obtained from € by restrict- 
ing the morphisms to be the finite-dimensional fields (€p(X,Y) = the set 
of finite-dimensional fields from X to Y), and * is the relation of finite- 
dimensional homotopy between finite-dimensional fields. Thus (€o,) is a 
dense (1) h-subcategory of (€, ~). 


3° The Leray—Schauder category (£,~). Here the objects are all closed 
bounded subsets of £, and the morphisms are all compact fields between 
the objects (£(X,Y) = the set of all compact fields from X to Y): the 
relation ~ is the homotopy of compact fields. Thus (£,~), being obtained 
from (€, ~) by restricting the type of objects under consideration, is a full 
h-subcategory of (€, ~). 


4° The category (Lo, ). This category has as objects all closed bounded 
subsets of EF and as morphisms all finite-dimensional fields ({o9(X,Y) = 
the set of all finite-dimensional fields from X to Y); the relation + is the 
finite-dimensional homotopy between morphisms. Thus, (£o,*) is a dense 
h-subcategory of (£, ~). 

We remark that the h-categories described in 2°, 3°, and 4° are all h- 
subcategories of the category (€, ~). 


(1) A subcategory L of K is called dense if it has the same objects as K: and it is 
called full if it has the same morpinsms as K. ie.. bi N.Y) = K(X.Y) for all X. Y in L. 
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In what follows. when there is no risk of misunderstanding, we use the 
following abbreviations: 


€= (€, ~); Cy a (Co, *), L= (£, ~); Lo = (Lo, ~). 


The Leray—-Schauder category (£,~) is of our primary interest: we shall 
be concerned with those properties of its objects that remain invariant under 
equivalences and homotopy equivalences in £. 


The directed set Le and the categories (La,~a) 


We denote by L = Le = {La. Lg, L,,...} the directed set of all finite- 
dimensional subspaces of E with the natural order relation < defined by 
La <x Le = La C Lg. For notational convenience, we assume that there is 
a one-to-one correspondence a + L, between the symbols a, §,7,... and 


subspaces L,.Lg,L.,,..., and in formulas to occur. we frequently replace 
one kind of symbol with the other; thus we write, for example, a < ( instead 
of Le ~< Lg. 


Given a € L£, we let d(a) = dim Ly. If X C E is nonempty, we denote by 
Lx the cofinal subset of £ consisting of those a € £ for which X, = XN Leg 
is nonempty. If X,Y C EF and f : X — Y is a map such that f(X.) C Yo, 
then we denote by fa : Xo — Yq the contraction of f to the pair (Xq, Yq). 


(1.2) DEFINITION. Let X and Y be subsets of F, and let a € CL. 

(i) A field f € €9(X,Y’) is called an a-field if the finite-dimensional 
map F associated with f sends X into Lg. 

(ii) Two a-fields f.g : X —Y are called a-homotopic (written f ~g g) 
if there is a homotopy h; : X — Y with hg = f, hy = g such that 

hi(xz)=x2-H(z,t), rex,tel, 
where H : X x I — E is finite-dimensional and H(X x I) C Lg. 
(1.3) PROPOSITION. 

(a) For eacha € L, there is an h-category (L_,~q) having as objects 
all closed bounded subsets of E and as morphisms all a-fields 
(£.(X,Y) = the set of all a-fields from X to Y); the relation ~o 
is the a-homotopy of a-fields. 

(b) (Lo.~e) ts a dense h-subcategory of (£p.%) for each a € L, and 


if aX PB then (La,~q) is a dense h-subcategory of (Lg,~,). 
(c) For any objects X and Y in Lo, 


£o(X,Y) =| {£a(X,¥) | a € L}. 
and given f € £o(X,Y), 9 € Le(X,Y), we have 


[fegy = li~, yg for somey> a, (3). 
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PROOF. The verification of these statements is straightforward and is left 
as an exercise to the reader. O 


Preliminaries on Cech cohomology 


In what follows, our study is largely based on Cech cohomology for compact 
spaces. The details of construction of the Cech cohomology theory do not 
concern us here, but we shall describe explicitly its general properties and 
also some special results that will be needed. 

_ Let K be the category of compact pairs and G an abelian group. The 
Cech cohomology theory on K is a sequence H* = {H"},ez of cofunctors 
H” :K — Ab together with a family of natural transformations 

6": H"(A) — H"*1(X, A). 
one for each n, such that the following properties hold: 
(1) (Homotopy) If the maps f,g : (X,A) — (Y,B) are homotopic, then 
H"(f) = H"(q). 
(2) (Exactness) If (X, A) is a compact pair, then the cohomology sequence 


n—1 6") n n n 6” n+1 
---—» H"”"(A) — H"(X, A) — A"(X) — A"(A) — A(X, A) 
of (X, A) is exact, where the unmarked homomorphisms are induced by 
inclusions. 
(3) (Strong excision) If (X;A, B) is a triad (1) and 
e:(A,ANB) — (X, B) 
is the inclusion, then H"(e) : H"(X, B) = H"(A, ANB) for all n. 
(4) (Dimension) If po is a point, then 


H" (po) = 0 for n # 0, 


G forn=0. 

(5) (Continuity) If {(Xa,Ae)} is a system of compact pairs in some space, 
downward directed by inclusion, and X = ()Xq, A = {]Aa, then the 
inclusion maps ig : (X,A) — (Xa, Aq) induce an isomorphism 

H"(X, A) = lim{H" (Xa, Aa), tag}, 


a 


where tag : (Xe, Ag) —@ (Xa; Aa) is the inclusion for a X Bp. 


(1) By a triad is meant an ordered triple T = (X:.X)..X2) of compact spaces such that 
X = X, U Xo, and by a map f : (X:X1.X2) — (Y.41, Y2) of triads a map f: X 4 Y 
that sends .X, to Y; for 7 = 1,2. 


496 VI. Selected Topics 


Given a triad (.VY:.X]..Y2) with A = X,; M Xe, denote by 
jo : AX. joz2: A Xa, 
4,:NX, 0 X, 19: X97 X, 
Jui X (XX), jo: Xo (X, Xe) 
the corresponding inclusions. The Mayer Vietoris cohomology sequence of 
the triad (VY; .\;, Yo) is the sequence of abelian groups 
- ae HAY MS W(X) % H(X1) @ (Xa) & H(A) 
in which y and y' are given by 
oy) = (41(4),3(7)) for ye A"(X), 
u(y +92) = jolt) — Jo2(y2) for » € H"(X,) (i = 1.2), 
and the Mayer Vietoris homomorphism 
Ar-l . H™~1(A) ae H™(X) 
is defined by 
Ar} oa Hi o Gt)=* of"). 


where k* is the isomorphism induced by the excision k : (X2,.A) — (.X,.X)) 

and 6"—! is the coboundary homomorphism of the pair (.Y2, A). When there 

is no risk of confusion, we shall frequently omit the superscript n on A”. 
The cohomology sequence of a triple BC AC X with inclusions 


A (ABS (5B) (0.4) 
is the sequence of abelian groups 
.- 3 H"-1(A, B) 2 H"(X, A) 4 H"(X, B) & H"(A.B) > 
in which the coboundary homomorphism 6 is defined as the composite 
H"~'(A, B) - SH" 1(A) = H"(X, A). 


The following results are deduced from the axioms by purely formal 
arguments. 


(1.4) THEOREM. The Mayer- Vietoris sequence of a triad is exact. If f : 
(.X5.X),-Y2) — (Y3¥1.¥o) is a map of triads, then f induces a ho- 
momorphism of the corresponding Mayer-Vietoris sequences. 0 


(1.5) THEOREM. The cohomology sequence of a triple is exact. If f : 
(.X,A,B) — (X', A’, B’) is a map of triples, then f induces a ho- 
momorphism of the cacresponding iehomology sequences. 0 
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Let To = (A; Ai, A2) and T = (X;X1, X2) be two triads. Then Tp is said 
to be a subtriad of T, written Tg C T, if A C X and A; C X; for i = 1,2; 
To is said to be a proper subtriad of T, written Tg € T, if A; = AN X; for 
ra ys 

If Jo € T, then clearly Ty C T and Ap = Ay M Ag = AM Xo, where 
Xo = X1M Xe; moreover, the inclusions 


q:(Xo0,Ap) — (XoU Ao, A2), bk: (Xe,XqU A2) Oo (X,X1 U A) 
are excisions. 


(1.6) DEFINITION. Given triads (A; A, A2) € (X;X1,X2), we define the 
relative Mayer—Vietoris homomorphism 


A: H""1(Xo, Ao) ~ H"(X, A) 


to be 
A _ j* o (k*)7} 060 (q*)}, 


where 
6: HX U Ag, Ag) — H" (Xo, Xo U Ag) 


is the coboundary homomorphism of the triple (X2, X9U Az, A2) and 
7: (X,A) — (X, XU A) is the inclusion. 


The following proposition is an immediate consequence of the definitions 
involved: 


(1.7) PROPOSITION. To a commutative diagram of triads 
(B;B,,Be) € (Y;¥i,Y2) 
i | 
(A;A1,A2) G (X;X1,X2) 
corresponds the following commutative diagram of abelian groups: 
H?-1(Yo, Bo) “> H"(Y, B) 
d [- 
H"™-1(X, Ao) —4+> H"(X, A) 
where Yo = Yi NY2 and Bp = By N Po. 0 


Consecutive pairs of triads 
Given a triad T = (X; Xi, Xo), let -T = (X; X2, X1) and denote by A”(T), 
or simply A(T), the Mayer—Vietoris homomorphism 

A(T) : HX. 9X2) — H"*(X) 
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of the triad T. We note that 
(*) A(T) = —A(-T). 


(1.8) DEFINITION. Let To = (Y:¥%1, Y2) and T = (X; .X1, X2) be two triads. 
The pair (To,7) is called a consecutive pair of triads if 


“UY =Y = X,N X9; 


we then write Ty > T and say that the pair (J,T) starts at Y; NY2 
and ends at X,U Xo. 


Observe that for every consecutive pair of triads (T>,T) we may form the 
composition 


A(T) 0 A(To) = A"+1(T) 0 A" (Ty) : H"(Y¥, NY2) = H"*?(X) 
of the corresponding Mayer-Vietoris homomorphisms. 


(1.9) LEMMA. Assume that in the diagram 


the consecutive pairs 
(Zo, T) = ((¥3 1, Ya), (X3 X1, X2)), 
(Zo. 7") = (Ys ¥7, Yo). (Xs X4. X9)) 
both start at Yy N Yo = YJ NY and end at X = X'. Then 
A(T) o A(To) = A(T’) o A(T). 
PROOF. This is an immediate consequence of Theorem (1.4). O 


(1.10) LEMMA. Let ((Y;¥1, Y2), (X3X1, Xe2)) and ((Z; Z,, Zz). (X; Wi, W2)) 
be two consecutive pairs of triads, both starting at 


YNZ=YiNY=™ANLZo 
and ending at X. Assume, moreover, that 
Z4i=Z2NX; and Y;=YOW; fori=1,2. 
Then 
A(X; X1, X2) 0 MV2N4.32) = ~ AX; Wi, We) 0 A(Z; Z1, Zo). 
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PROOF (1). Consider the following triads: 
Ti=(Y:¥i,¥2), T> = (X;X1, Xo). 
T3 = ((Wi N Xe) U Yo; WN Xe, Yo), Ts = (X;X1, UW, Xo), 
Ts = (Yo U 29; Ze, Yo), Le = (X;X1,U Wy, XoN We), 
Tz = ((X1N We) U Zo: XyNWe. Zo), Tg = (XX; X1 UW. W). 
To = (2; 21, 22), Tio = (X; Wi, Wo). 


We claim that every pair (To;-1, 7;) for 1 = 1,2.3,4,5 is a consecutive 
pair of triads starting at YM Z and ending at X. 

For 7 = 1 and 7 = 5, this is true by assumption. Assume now that 7 = 2. 
Since Yo = YN We C Xe and Y; C Wj, we have 


(Win X2)NY2 =WiNY2 =WiNnWenY=ZNY, 
(X UW) Xe = (X1NX2)U(WiN Xe) = YU(Wi NX>) = You(W1N Xd). 


proving the statement for 2 = 2. For 2 = 4, the proof is analogous. 
Finally, for 2 = 3 we have 


Z2N Yo =(ZNXe)N(Y NWe) = (ZNWea)N(YNXe2) = ZNY, 
(X, UW) U (X2N We) = (X, UW, U Xe) N(X1 UW, U Wa) = X, 
(XU Wy) N (XoN We) = (X1N XeN We) U (WN X2N We) 
= (YNW2)U(ZN Xe) = Y2U Zo, 
completing the proof of the claim. Now, by taking into account the inclusions 
T1,25 C T3, To,T6 CTs, —-T5,79 CT7, Toe,Tio C Te, 
the various relations between the triads may be exhibited in the diagrams 
Ts ==> Té6 —-T; ==> T, 


tia 


T3 => 14 => Tg 
Th —> T> To =—_> Tio 


Letting A; = A(T;) for i = 1,...,10, we apply Lemma (1.9) and property 
(*) to obtain 


AzA, = A4A3 = AgAs = —AgA7 = —Aip Ag, 
and thus the proof of the lemma is complete. C 


(') The reader may skip this proof on first reading and return to it when necessary 
for the proofs of consequences uf {1}. 1{'} 
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2. Continuous Functors 


The basic constructions of this paragraph depend essentially on the conti- 
nuity property of the functors under consideration. This section develops 
the above property, and its main result is that every continuous h-cofunctor 
Ao : &p — Ab defined on the subcategory £o of £ admits a unique extension 
over £. 

Throughout this section we let A» denote a homotopy invariant cofunctor 
from the category Lp = (Lo, =) to the category of abelian groups; £9 being 
dense in £, we let 

A(X) =Ao(X) for X € Lo 


and 
f* =Aod(f) = AY) — A(X) for f € Lo(X,Y). 


Approzimating sequences 


We now describe some technical tools that will be needed for the proof of 
the main result of this section. 
Given an object Y in £ and k € N, we let 


Y™) — {x € E| d(x,Y) < 1/k}. 


To a sequence {X;,} of objects we associate the enlarged sequence {X k} by 
setting 
X, = X) = {2 € E| d(x, Xx) < 1/k}. 


(2.1) DEFINITION. Let Y be an object of £. An approximating sequence 
{Y,} for Y is a descending sequence ¥; D Y2 D --- of objects in £ 
such that Y = ()p-, Ye- 


Some useful properties of approximating sequences are collected in 


(2.2) PROPOSITION. Let {X;,} and {Y,} be approximating sequences for 
X and Y, respectively, and let f : X; — E be a compact field. Then: 
(i) {X, UY;} is an approximating sequence for X UY, 
(ii) {¥,} is an approximating sequence for Y. 
(iii) for every a € Ly, {¥eN La}xen is an approximating sequence 
for Ya, 
(iv) {f(Xx)} is an approximating sequence for f(X). 


PROOF. Properties (i)-(iii) are evident. To establish (iv), it is sufficient to 
show that ()p—, f(Xn) C (Np Xn). Let y € Nel, f( Xx); we have y = 
x, —F (xp), where x, € Xx. Since F is compact, we may assume without loss 
of generality that limp... z_ = x and consequently y = limp, f(x,) = 
f(z). Since x € (2... Xx, this completes the proof. 
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We are now ready to formulate the definition of continuity for the co- 
functor Ag : (Lo, ) — Ab. 

Let Y be an object of £. Take an approximating sequence {Y;,} for ¥ 
and consider the homomorphisms 


thn = Aolixn) : A(Ye) ~ A(Yn), 

Sk = Ao(Gn) = Ye) > AY), 
induced by the inclusions z;,, : Y, > Ye, k <n, and j, : Y ~ Y,. Taking 
into account the obvious commutativity relations in Ab, 

thm = tnm tk,  fork<n<m, 

dk =In thn fork <n, 
we see that {A(Y;), 7, } is a direct system of abelian groups and {jf : 
MY) — A(Y)} is a direct family of homomorphisms. 


(2.3) DEFINITION. A functor Ao : & — Ab is said to be continuous if for 
each object Y and any approximating sequence {Y;,} for Y the direct 
limit 

lim jg : lim{A(Vi.), dfn} > ACY) 
k k 
is an isomorphism. 


Approximating systems 


The proof of the main theorem of this section requires some preparatory con- 
siderations concerning a suitable refinement of the approximation technique 
for compact fields. 


(2.4) DEFINITION. Let f €£(X, Y) be acompact field. A sequence {Yx, fx} 
of objects Y; in £ and fields f;, € &p(X, Y;) is called an approximating 
system for f if: 

(i) {Y,} is an approximating sequence for Y, 
(ii) fe ~ je f in £, where j, : Y — Yj is the inclusion, 
(iii) fr © tknfn in Lp, where zen : Yn <> Yx is the inclusion (k < n). 


(2.5) PROPOSITION. Let f € £(X,Y) be a compact field. Then for every 
ke there is a field f, € &o(X,Y)) such that 
f(x) —fr(x)|| < 1/k = for alla € X; 
moreover, {Y ‘*), f,} is an approximating system for f. O 


In what follows, any system {Y“), f,} as in (2.5) will be called a standard 
approximating system. 

In the rest of this section we assume that the cofunctor Ap : £6 — Ab is 
continuous. 
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Let f € £(X,Y) be a compact field and {Y,, f,} an approximating 
system for f. In view of (2.4)(iii), every h-commnutative diagram in Lo 


Y;,. tkn Y,, 
we Je 
Xx 


where k < n, yields a commutative diagram in Ab: 


Yi) = MYn) 


fi 5 A 
A(X) 
Consequently, {ff} is a direct sequence of homomorphisms. and therefore 


we have the map 


lim ft : lim{A(Ye), tf} 9 A(X). 
k k 


(2.6) PROPOSITION. Let {Yx, fr}. {¥i.. fic} be two approximating systems 
for a compact field f € L(X.Y), and let jf : (Yn) — A(Y) and 
jx: \(Ye) > A(Y) be induced by inclusions. Then 

(+) (Ling ff) © (lim Jf) * = (ling Ff) © (lim 3f)*. 

PROOF. The proof will be carried out in three steps. 


STEP 1. Assume first that Y;, C Y,. for each k, and fr = |, o fy, where 
li, : Yx — Y; is the inclusion. Since for each k the diagram 


Yr 


whe 
Y X 
NS 
Yr 
commutes in Lo, its image under Ag in Ab is also commutative: 


Yr) 
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By considering the corresponding commutative diagram in the category of 
direct systems of abelian groups and by applying to it the direct limit functor 
we obtain the following commutative diagram of abelian groups: 


lim A(Y;.) 


MY) limiz A(X) 


lim A(¥x) 
Now by the continuity of Ap the two arrows on the left are isomorphisms, so 
lim fi = (lim ft) 0 (lim Ft)? © lim jf, 
and this implies (*). 
STEP 2. Next, we suppose that the systems {Y;., fr}. {Ys. fu} have the same 
approximating sequence {Y;} for Y. Consider the enlarged sequence {W;,}, 


where W; = Yx for k € N, and define gp, Gn € Lo(X, We) by ge = ln o fr, 
Ok = leo fer, k € IN, where 1; : Y;, — W,, is the inclusion. We claim that 


(xt)  {We, gx}, {We, gn} are approximating systems for f and 
(lim gf) © (lim (Jn jx)*)~* = (lim 9%) © (lim (Un jx)*)~*- 


Fix k € N. In view of the homotopy relations fy ~ j.f ~ f in £, we 
can find a homotopy ni* YX = Y, in Lj joining fr, fre € £(X, Y;,). Take a 
finite-dimensional homotopy ni”) : X — E such that 


yr’ (2) — A (x) |] <1/k for all (x,t) € X x I. 


Clearly, ni) may be regarded as a homotopy he : X — W, in £o, and 
from the evident homotopy relations g, ~ ne), On & pi*) we get gr © Gr- 
This implies gf = gj, for each k € N, and thus (**) follows. 


STEP 3. Finally, assume that {Yx, fr}, {¥i., fr} are two arbitrary approx- 
imating systems for f. For each k € N, set We = (Y,U ¥;,)*) and define 
9k» G—_ & Lo(X,We) by ge = lk o fs Ge = ly © fy, where Ip : Ye Wee, 
1, : ¥, — Ws are the inclusions. In view of (xx), {Wr gn}. {We Gn} are 
both approximating syster.is for %. wd because each of the pairs {Wx, gx}. 
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{¥i, fr} and {Wr Gn}, {Ye fue} satisfies the assumptions of Step 1, we get 
(lim fg) © (lim jf)7* = (lim gf) © (lim (In jx)*)~* 
(lim fit) © (lim 7f)—? = (lim Gf) © (lim (lnje)*)7?. 
Now our assertion follows from (**) of Step 2, and the proof is complete. 
(2.7) DEFINITION. Given a compact field f € £(X,Y), let {Yx, fx} be an 
approximating sequence for f and let 7, : Y — Yj, be the inclusion. 
We define the induced homomorphism f* : A(Y) — A(X) by 
f* = (lim fg) © (lim jg)". 


In view of Proposition (2.6), the definition of f* does not depend on the 
choice of the approximating system {Y;, fx} for f 
We now establish the main properties of f*: 


(2.8) PROPOSITION. If the fields f,g € £(X,Y) are homotopic in L, then 
f= 9. 
PROOF. Let hy : X — Y bea homotopy in £ joining f = ho and g = hy. For 


each k € NN, using an argument as in (2.5), choose a homotopy ni :X o¥V, 
in £9 such that 


Wri”) —hy(x)|| <1/k for all (x,t) EX x I 


and define fic, 9x € Lo(X,¥e) by fr = hg”, gx = hY. We note that {¥q. fr} 
and {Yx, 9.} are approximating systems for f and g, respectively, and since 
fe © gx in Lo for each k € N, we get f; = 9;, and hence f* = g*. O 


(2.9) PROPOSITION. The induced homomorphism f* has the following 
properties: 
(a) ly = Lyx): 
(b) (go f)" = frog 


PROOF. Property (a) is evident. The proof of (b) is carried out in two steps. 


STEP 1 (Special case: g € £9). Given f € £(X,Y) and g € Lo(Y, Z), let 
h = g0 f; we shall prove that 


hb” = fog". 


Let {Y), f,} be a standard approximating system for f. The Tietze 
theorem gives a finite-dimensional extension 9 : Y¥) — E of g over YO), 
For each k € N let W, = 9(Y)) UZ and note that both {W;,} and {Wy} 
are approximating sequences for Z 
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In the diagram 
f 9 


KC ee 


INNS b 


Y¥(*) > W, 


define 9, € Lo(Y™), W,) by gox(y) = g(y) for y = Y*) and let gx = Gr 0 ik, 
hy = Grofz, where i, : ¥Y oY) and jp: ZO W;, are the inclusions. Since 
for each k € N both f;, and gx are finite-dimensional, we have gf = ij 0 G;., 
hi. = fx ° Gj, and therefore 


lim hy = (lim ff) 0 (lim Gf) = (lim ff) 0 (lim ig)? 0 lim gf, 
and thus 
(Ling hf) 0 (Lizn Jf)-? = f* 0 (ling gf) 0 (Lim 3g)? 


We also remark that {W,, hz} and {Wz, 9x} are approximating systems 
for h and g, respectively. This together with the last formula implies that 
h* = f* og*, and the proof is complete. 


STEP 2 (General case). Let f € £(X,Y) and g € L(Y,Z) be arbitrary 
fields and h = go f. We shall prove that h” = f* og*. Let {Z™), hy} 
and {Z°*), g,.} be standard approximating systems for h and g, respectively. 
From the inequalities 


hp. (2) —h(x)|| <1/k for alla Ee X, 
lo. 0 f(x) —h(z)|] < 1/k for alla E X, 
we infer that for every k € N the fields 9,0 f, hy : X —- Z (kK) are homotopic 
in £. In view of (2.8) this implies that hy = (g,0 f)*, and therefore, because 
gx is finite-dimensional, we get (9, 0 f)* = f* og by Step 1, and thus 
lim hj, = lim(f* 0 gg) = f* © lim gp. 
This implies h* = f* o g* and completes the proof. O 
Now define a function » from the Leray-Schauder category £ to the 
category Ab by putting A(X) = Ao(X), A(f) = f* Observe that if the field 
f is in £9(X,Y), then it is clear (by taking {Yz, f,} with Y, = Y. f, = f) 


that A(f) = Ao(f), i-e., A extends Ag over L. 
We can now summarize the preceding discussion in the following 


(2.10) THEOREM. Let Ao : Lo — Ab be a continuous homotopy invariant 
cofunctor. Then Ao admits a unique extension over £ to a homotopy 
invariant cofunctor \.£— Ab. oO 
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3. The Cech Cohomology Groups H*~"(X) 


This section is concerned with setting up some algebraic invariants of ob- 
jects V of the category £, called the finite-codimensional cohomology groups 
H*~"(X). Throughout this section, and in fact throughout the rest of this 
paragraph, the following notation will be used. Let G be a fixed abelian 
group. We denote by H* = {H%,6"} (respectively H, = {H,,,0"}) the Cech 
cohomology (respectively the reduced singular homology) with coefficients 
in G: when no confusion can arise, the graded Cech cohomology (respec- 
tively reduced singular homology) of a space X over G is denoted simply by 
H*(X) (respectively H,(X)). 


A lemma on Aletander Pontrjagin duality 


The main results of this paragraph are based on the Alexander Pontrjagin 
duality theory in R” We now describe explicitly some special results of the 
theory that will be needed. 

Given a compact subset X C R*, we let D, denote the Alexander- 
Pontrjagin isomorphism 

D, : H*®-"(X) > Hn-1(R* — X) 

determined by the standard orientation of R* (see Spanier’s book [1966]. 
p. 296). Let Xo = XN R*-!, i: Rk-!— Xq — R* —X be the inclusion and 
A the Mayer--Vietoris homomorphism of the triad (X:* N R‘,X 9 RE). 
From the definition of D,, it follows that the following diagram is sign- 
commutative: 


Hk-1-"(X,) a H*-"(X) 


Ds] |>. 


H,-\(R*-! — Xo) —> H,-1(R* — X) 

that is, Dp o A = apni, 0 Dp_1, where Qgn = £1. 

We now let bpn, & > n, be defined inductively on k by 

ban =, bin = Ahn Op—1n- 
Define the isomorphism 
D, : H* "(X) 3 Hy_-)(R¥ — X) 

by Dy = brn Dp. 

From the above property of Dz and the definition of D; we obtain 


(3.1) Lemma. For X c R**! compact, let Xp = XNR*, and let A be the 
Mayer -Vietoris homomorphism of the triad (X; Xan, xXnR*'), 
Then the following diagram is comnutative: 
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H*-"(Xo) bao a Hk-"+1(X) 


o| [Pes 


Hy—1(R* — Xo) > Hn-1(R**} — X) 


where i: R* — X, — R*+1 — X denotes the inclusion. O 


Orientation in E and the cohomology groups H*~"(X) 


Denote by R® the linear space of all real sequences x = (21, 22,...) with 
finitely many nonzero terms each, normed by ||z|| = (3> 2?)}/?, and set 


RF = {x € R® | x; =0 fori > k+1}, 

RE = {2 € R* | x, > 0}, 

RE = {x € R* | xy < 0}. 
Call two linear isomorphisms 1j,l2 : La — R®%@) equivalent if 1, o la ae = 
GL,(d(a)), i-e., the determinant of the corresponding matrix is positive. 
This equivalence relation decomposes the set of linear isomorphisms from 
Lo to R%@) into two equivalence classes, called orientations of La. 

For each a € £, choose an orientation Og of Lg; we call the family O = 

{O..} an orientation of E. Given a relation a < @ in £L with d(8) = d(a)+1 


(for brevity such relations will be called elementary), and ly € Og, there 
exists 1g € Og such that Ig|L, = 1., and we let 


- d(p — _ 7-1; pd(A)y. 
we note that the definition of Lg and Lg depends only on the orientation of 


Lq, and Lg, and so these orientations determine the triad (Lg; Ls, Le) with 


L,, = L3 NLG. This implies that given an object X in £ and an elementary 
relation a ~ 6 with a, @ € Lyx, the orientations of Lo and Lg determine the 
triad (Xe; X3,XQ4): where 
_ + - _ - _ yt - 
XfP=XNL§, Xg=XNLZ, Xa=XZNX;G. 
Moreover, if f € £o(X,Y), then fg : Xg — Yg maps the triad (Xg; Xg, Xj) 
Let n > 1 be an integer, X an object in £, and U = EF — X. First we 


fix an orientation O = {O,} in the space E and choose an I, € Og for each 
a € L£. For any a € Ly with d(a) > n, define 


Da : HYO-"(X,) — Hn-1(Ua) 


to be the Alexander—Pontrjagin isomorphirm transferred from R@(@) to Ly 


008 VI. Selected Topics 


via l,, i.e., the map that completes the diagram 


HAe)-"(X,) le)” HA)—" (10 (Xe)) 
| 
Da | Da(a) 


Y 
Hy -1(Ue) pom n—1(la(Ue)) 


From the definition of Dg and Lemma (3.1) we obtain 
(3.2) LemMMA. For an object X in £, U = E — X, and an elementary 
relation a <~ 3 in Ly (i.e., with d(B) = d(a) +1), let tag : Ua — Us 
be the inclusion, and let 
Aap = AM): HH-"(X,) > HAA"(Xp) 
be the Mayer-Vietoris homomorphism of the triad (Xg;X3,Xq). 
Then the following diagram is commutative: 
Huel=n( x.) Aca, H48)-"( Xp) 
Da Dg 


Hy—1(Us,) o> Hn-1(Up) 


Now for any relation a < 8 in Ly we define a homomorphism 
Aap: HUO-"(X,) > HY-"(Xp) 
as follows: if a = 8, we let Agg be the identity; if a < B is elementary, we 
let Agg be the Mayer—Vietoris homomorphism defined above. 
In order to define AS for an arbitrary relation a < 6 in Lx, we need 
(3.3) LemMMA. Let X be an object in £, anda < B a relation in Lx such 


that d(@) = d(a) +2. Then for any chains a x 7 < B, ax ¥ XB of 
elementary relations joining a and 3, we have 


(*) A469 Agy = A5g 0 Aas. 
PROOF. This follows at once from Lemma (3.2). A direct proof of (3.3) is 
given at the end of this section. O 


(3.4) DEFINITION. Let a < @ be an arbitrary relation in Lx, and let 
Q = Q9 XQ] X--: X Gp41 = BG be a chain of elementary relations in 
Lx joining a and Z. We define 
Aap = Aap ++ ° Aare: © Aces 


as the composition of the corresponding Mayer-Vietoris homomor- 
phisms. 
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It follows from Lemma (3.3) that the definition does not depend on the 
choice of the chain joining a and £. 

For an object X in £, consider the abelian groups H@“)-"(X,,) together 
with the homomorphisms Agg for all a < @ in Lx. It follows from Lemma 
(3.2) that {H%)-"(X.), Aas}accy is a direct system of abelian groups, 
which we call the (co — n)-cohomology system of X corresponding to the 
orientation O of E. 


(3.5) DEFINITION. For an object X in £, we define an abelian group 


H-"(X) = lim {H%-"(Xq), Ava} 
aeclx 


to be the direct limit over Lx of the (co — n)-cohomology system 
of X. 


(3.6) THEOREM (Alexander—Pontrjagin duality in FE). For any object X 
an £, we have an isomorphism 


H®-"(X) & H,-i(E - X). 


PRooF. In view of Lemma (3.2) the (co — n)-cohomology system of X is 
isomorphic to the direct system {Hp_-1(Ua), (tag)«} of singular homology 
groups, where U = E— X. 

Consider the direct family of homomorphisms 


(t0)* : Hn-1(Ua) + Hn-i(U), 
where ig : Ug — U are inclusions. We are going to show that 


i, = lim (ta)« : lim{Hn-1 (Ue), (2ag)+} + Hn-1(U) 
Qa 
is an isomorphism. 

(a) i, 7s epic: Let c € Z,-1(U) and denote by |c| the compact support 
of c. Using (6.2.3) take a finite-dimensional €-approximation f- : |c| + U of 
the inclusion map 7 : |c| —<+ U, where € < dist(|c|],0U). Because the maps 
i, fe : |c| - U are homotopic, the cycles C,-1(fe)(c) and c represent the 
same homology class in H,-1(U). Since the support of the former cycle lies 
in some U,, this proves that 7, is an epimorphism. 

(b) i, is monic: Suppose that a cycle b € Zp-1(Uq) is the boundary 
of some singular chain c in U. Let fe. : |c| — U be a finite-dimensional 
€-approximation of j : |c| <* U with fe(|c]) C Lg, where Lg D> La and 
€ < dist(|c|,0U). Because j, f. : |c| + U are homotopic and C,(f.-)(c) is 
a chain in Ug, we infer that the cycle b represents in H,-1(Ug) the same 
homology class as the cycle 


Cr-1(fe)(b} =C.. ( f:Oc) oo O[Cr(fe)(c)]. 
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and thus this homology class is zero. This implies that 7, is a monomorphism, 
and the proof of (3.6) is complete. O 
Direct proof of Lemma (3.3) 
We shall use the following notation: 

Qh) = {xe RS? | rey) = 0}, 

Qh = {rE Q** | repo 2 0}, 

AFT = {2 Q*" | te40 <0}, 

pet? = {re RN? | Tr41 > O}, 

PA¥? = {a € R*? | a4) < 0}. 
Letting k = d(a). we have ety = d(¥) = k +1 and d(f) = k + 2. Define a linear 
isomorphism W - R*+2 — R*+ 

(21, ---yLks Tho. Ce42) > (T1,--- ky Lk42) lk41) 


and choose linear isomorphisms la : La 2 R*, ly: Ly > Re In: Ls — R**? such 


that la E Oa, ly E Oy, ls E O. and 
le(x) = 1,(r) = l5(z) for all r € La. 
There is a unique isomorphism |: Lg — R**? such that 


as L(x) for all x € Ly, 
()=) Go I=(z) for all x € Lx. 


Consider the following triads: 


T; = i nim} R*t, [aes Ry. 
T> 25 Fj lin Ry, RY ); 


T4 


X nN ye ne prt): 


By straightforward computation, (Tj, Tz), (T3, Ty) are consecutive pairs of triads satisfying 
the assumption of Lemma (1.10), and therefore 


(1) A(T2)A(T1) = -A(T1)A(T3). 


There are two cases to consider: either | € Og or not. We show that in both cases we 
obtain the desired conclusion (*) of Lemma (3.3). 
If | € Og, then W ol ¢ Og, and we have 


Aay=A(T}), 43 = A(T), 
A, = A(T). As, = -A(T4). 
Thus, in view of (1), we obtain (+). If 1 ¢ O,, then YW ol € Og, and we have 
Bay = A(T),  Ayg = -A(T)), 
Az = ATs), sg = A(T4), 


and (*) follows again, completing the proof of Lemma (3.3). O 
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4. The Functor H%~" : (£,~) — Ab 


In this section, given any n > 1 we construct an h-cofunctor Hj°~" from 
(Lo, *) to the category of abelian groups. Then, using the continuity of Cech 
cohomology and an algebraic lemma on interchanging double direct limits, 
we show that the functor Hj°~ is continuous. Finally, applying Theorem 
(2.10), we obtain the unique extension H®~" of Hj°~” over (£,~). The 
section ends with the Alexander—Pontrjagin invariance theorem. 


The induced homomorphism f* 


Having defined the Cech cohomology groups H*°~"(X), we now proceed to 
define, for a finite-dimensional field f, the homomorphism f* induced by f. 

Let f € £4,(X,Y) be an ao-field, where ag € Lx. Given a relation 
a < 6 in Lyx with ap X a, consider the diagram 


HAe)-n(y,) _ fo. HU)-2(X,) 
(D) Aap Aap 
HAe-n(y,) 8 AO)-2(Xp) 


and observe that if d(8) = d(a) +1, then fa(Xz) Ge Ye, Ia(Xp) CY, . 
and hence the above diagram commutes by the functoriality of the Mayer— 
Vietoris homomorphism. Therefore, in view of the definition of Ag, we see 
that (D) in fact commutes for any relation a < f# in Lyx. Consequently, f 
induces the map 


{ fz}: {HX-"(¥,), Aag} = {HX-" (Xa), Aap} 


between the corresponding (co — n)-cohomology systems. 
For f € £o(X,Y), we now define the induced homomorphism 
ft = lim ft: H°-"(Y) + H°-"(X) 
ately 
to be the direct limit over Ly of the family {f3}. 
Let H®~" be the function assigning to an object X of Lp the cohomology 
group H®~"(X) and to a field f € &p(X,Y) the induced homomorphism 
f* :H°-"(Y) — H°-"(X). 


(4.1) THEOREM. H5°” is an h-cofunctor from the category (£o, ~) to the 
category of abelian groups. 


ProoF. This follows readily from the definitions involved with the aid of 
the Mayer-Vietoris homomorphism. oO 
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Continuity of the functor H5°~” 


Let Y be an object in £, and {Y;,} an approximating system for Y. Denote 
by 
deiYOYn, int YoY, (k <1) 
the inclusions and consider the direct system {H@“)-"(Y;,),ij,} over N 
together with the direct family of homomorphisms jf : H~"(Yx) — 
He" (y). 
(4.2) THEOREM. The map 
Lim jf : lim {H°°-"(Yi). fy} @ H-"(Y) 
k k 
is an isomorphism; in other words, the functor : (LQp.%) 
Ab is continuous. 


PRooF. For any a € Ly andk EN, let Y* = ¥;, La and denote by 
jreiYaeOVe: AyiY, Yo (key 


the corresponding inclusions. Now for any pair of relations k < 1 and a x 6 
in N and Ly-, respectively, consider the diagram 


(th )° 


HAle)—nyk) ts HAla)—ny!) 


Aca Aap 
-B \e 
HuB)-ncyky et, Fata)—ncyt) 


In view of Definition (3.4), the above diagram commutes, and consequently. 
the groups H“)-"(Y+) together with the homomorphisms (i@,)* and A‘, 
determine a double direct system of abelian groups over N x Ly. Further- 
more, by taking into account the commutativity relations between the vari- 
ous inclusions involved, we see that the family {j;,,} of homomorphisms 7;,, : 
Ha)-n (yk) _, HAe)—"(Y,.) maps the double direct system {H4(%)-"(y*)} 
to the direct system {H4()-"(y,)}. 

Now, for each a € Ly. by continuity of Cech cohomology, the map 
lim, Jka is an isomorphism, and therefore so is the map 


° ° a 
lim lim jee: 
a ok 


In view of the lemma on interchanging double direct limits (cf. Appendix, 
Theorem (D.8)), the map 


is also an isomorphism, and the proof is ee Oo 
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In view of Theorems (4.2) and (2.10), we summarize the preceding dis- 
cussion in the following 


(4.3) THEOREM. The functor Hj?" extends uniquely from (£o.) to an 
h-functor H°—" : (L,~) — Ab. O 


(4.4) COROLLARY. If the objects X and Y are equivalent or homotopy 
equivalent in (L,~), then H*-"(X) = H™-"(¥) for eachn >1.0 


(4.5) ‘THEOREM (Alexander -Pontrjagin invariance in E). Let X and Y be 
equivalent or homotopy equivalent objects in (L.~). Then the singular 
homology groups 


Ayn-1(E —-X;G) and Hy-\(E-Y;G) 
are isomorphic for any n > 1 and any group G of coefficients. 
PROOF. This is an immediate consequence of (3.4) and (4.4). 0 


(4.6) COROLLARY (Leray- Alexandroff invariance theorem). Let X and Y 
be equivalent or homotopy equivalent objects of the Leray-Schauder 
category (£,~). Then the complements E — X and E—Y have the 
same number of components. O 


5. Cohomology Theory on £ 


Having defined the absolute cohomology functors H*~", we now turn to 
the case of relative cohomology. Throughout the section we lett F=EQR 
be the direct product of FE and the real line R, and we regard E as a 1-co- 
dimensional linear subspace of F; we let yt = (0,1), whereO0 € E,1€ R. 


The relative cohomology functor H°~” 


We begin by fixing an orientation {O,} in the space EF. Denote by Le = 
{a, B,y,...} and Lp = {@, B, 7,---} the directed sets of finite-dimensional 
linear subspaces of E and F,, respectively, and let Lp = {L3 € Lp | yt € La}; 
clearly, Lo is cofinal in Lp. For a € Le, we denote by a’ the element of Lo 
given by Lor = Le ® Ry*. 
Starting with the orientation {O,} in E we define an orientation {Og} 
in F by the following rule: 
(i) If @ € Ly, we let Oz = Ox: 
(ii) If @ Z Le and @ ¢ Lo, we define Og arbitrarily. 
(iii) If @ ¢ Le and @ E€ Lo, we first take a B € Le such that f' = a; 
then we choose a representative | = (I1,...,/k) : Lg + R* in Og, 
where k = d(), and define a linear map |: Lg > R** by 


Fe (0,J;(z),.--.UK(x)) for z € Lg, 
(x) = 1.0. ..Q) for x = y*. 
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We let Ox be the orientation of Lz determined by /. Thus, we have defined 
an orientation {Oa} in F, which we call an extension of {Og} from E over 
F. From now on, we assume that such an orientation {O;} in F is fixed. 
Next. consider the categories £— = L(E), £f = L(F), and observe that 
Le and Ly(E) are h-subcategories of Lf and Lo(F), respectively. We will 
denote by £2, and £2. the corresponding h-categories of pairs. 
Let C: 2 — Lp be the cone functor given by 


CA= a alia oe (a,t)€ AxI} for ACE, AO, 
for A = @. 


and 
Cf(z) =tf(a)+(1—-t)yt, 2 ECA, 


for any f: A— Bin Lz. The reader will easily verify that: 
(i) C is well defined. 

(ii) C sends £9(F) to &£o(F). 

(iii) C is homotopy invariant with respect to ~. 

(iv) C|£o(£) is homotopy invariant from (£Lo(F).~) to (Lo(F). +). 

Now, given (X, A) in £2, let o(X,A) = X UCA, and for f : (X.A) > 
(Y, B) in Lp let o(f) = f: X UCA— Y UCB be defined by 

Fa) = oe for all z € CA, 

f(z) foralreX. 


(5.1) PROPOSITION. The assignments (X, A) t+ XUCA, f rH f determine 
an h-functor @ from £2, to Lr such that o(£2(E)) C Lo(F). O 


Now, for (X, A) in £2, we shall define the relative groups H*~"(X, A). 
To this end, for a € Le such that Ag = ANLg £9, let 


a: (Xa, Aa) 7 (Xa UCAg, CAg), 
Ja? Xq UCAg — (XqUCAg, CAg), 
tat CAg Xe UCAS 


denote the corresponding inclusions. Because eg is an excision, the induced 
map 
e, : H"(XqgUCA,, CAg) — H"(Xq, Aa) 


is an isomorphism. Writing the exact sequences 
+. + H"(XqUCAg, CAg) 23 H" (Xa UCAg) 4 H"(CAg) > 


of the pair (X, UCA,,CAg) and taking into account that CA, is con- 
tractible, we see that 7%, is epic and 7* is an isomorphism for n > 1. 
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Let Na : H"(Xq, Aw) + H"(Xq UCAg) be given by Na = 7% 0 (e%,)7?; 


a 
clearly, 7, is an isomorphism for n > 1, and we note that the sequence 


H"(Xo, Aq) 23 H"(XqUCAg) “3 H"(CAg) 


is exact. 

Let a < £ be an elementary relation in Le and suppose that Ag is 
nonempty. Then (Ag, AZ, Ag) is a proper subtriad of (Xg;X3,Xgj), and 
we let 

Aap = Al) : HX" (Xq, Ag) > H4-"( Xp, Ag) 


be the corresponding relative Mayer—Vietoris homomorphism. Note that 
(XUCA)y = XqUCAg. Let Agg: denote the Mayer--Vietoris homomor- 
phisms of the triads ((X U CA)g; (X UCA)Z,, (X UCA),,) and ((CA)@; 
(CA)j, (C-A)G,)- Clearly, we have the following 


(5.2) LEMMA. The following diagram commutes: 


Hile)-n(X,,, Ay) —2> HHO)-"(X,, UC Ag) 2 > HHe)-"(CAg) 


aes| ave [200 


HUP)—"( Xp, Ag) > H#P)—" (Xp UCAg) > H*)-"(CAg) 0 


Assume now that a ~ £ is an arbitrary relation in £4 and let a = ao x 
Q) <-+- ~ Qp41 = B be a chain of elementary relations joining a and £. 
We define 
Bog = Aa.g ++: ° Aa 


as the composition of the corresponding Mayer-—Vietoris homomorphisms. 
In view of (3.3) and (5.2) and since 7,4, jg are isomorphisms, the above 
definition does not depend on the choice of the chain. Furthermore, the 
groups HX)-"(X,, Aq) together with the homomorphisms A,g form a 
direct system of abelian groups over £,, which we will call the (co — n)- 
cohomology system of the pair (X, A) coresponding to the orientation {O,} 
in £. 


(5.3) DEFINITION. For n € N we define the relative cohomology group 


H®-"(X, A) = lim {H“)-"(Xq, Aa), Aas} 
aela 
as the direct limit of the (co — n)-cohomology system of the pair 
(X, A). 


Evidently, this definition extends that of the absolute group H*~"(X) given 
in Section 3. 
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Now we apply the construction of the previous section to the space F’ 
and denote by H°~" : £- > Ab the functor corresponding to H* and the 
orientation {Og} in F. 

In view of Lemma (5.2), we see that the family {nq} of isomor- 
phisms is in fact a direct family of maps from {H#0)-"(X,, Aa); Ae} to 


{H42)-"-1((X UCA)a’), Ae and consequently the direct limit map 
n= lim na: H*~"(X, A) + HX UCA) 
is an isomorphism. Moreover, the sequence 


H(i) 


H™-"(X, A) > H°-(4*N(X UCA) — He ™N(CA), 


in which 1: CA — X UCA denotes the inclusion, is exact. 


(5.4) DEFINITION. For f : (X,A) — (Y,B) in £% we define the induced 
map f* = H*~"(f) by imposing commutativity of the following 
diagram: 

H®-"(Y, B) —S> H&-"-(Y UCB) 
Jamon |r 
H°-"(X, A) > H&-"-1(X UCA) 


Since both arrows denoted by 7 are isomorphisms, the induced map 
f* is well defined. 


(5.5) PROPOSITION. The assignments (X,A)-> H*~"(X, A) and f - f* 
define an h-cofunctor H©—" from the category £2, to the category of 


abelian groups. Moreover, n is a natural equivalence from the functor 
H~-" to H~-(e4+)) 0 0. 


PROOF. This follows from the definitions involved and Theorem (4.3). O 


The homomorphism 6° 


We now establish some results that will be used in defining the coboundary 
transformation 6°~”. Recall that for an object A in L¢ we write La = 
{aeLlp| Ag #9}. 


(5.6) DEFINITION. For (X, A) in £% and a € La let 
6" . Hka)-n-1/( A, _ HOI X.. A a) 


be given by 6” = (— 1) 6x. Ao , where 6(x,,A,,) is the coboundary 
Pomonioephicas of the pair (X... A, ). 
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(5.7) Lemma. If (X, A) is in £2, then for every relation a < B in La the 
following diagram commutes: 
HU)" 1( A 2) 8, Fdla)—n x Ag) 
agg as 


H4(6)-n-1/4,) 8s palB)—-n( x, A 
(Ag) (Xg, Ag) 


PROOF. Assume first that a < £ is elementary. Let 
én: HM0)-"-1( A) + HM)-"(X, UCAg) = HUO-"-1(X U CAdat) 


be the Mayer—Vietoris homomorphism of the triad (X, UCA,; CAg, Xq). 
Evidently, we have 


88 = (-1)" ng, 0 68. 
Next, by observing that the consecutive pairs of triads 
(XygUCAg;CAg, Xa),  ((X UCA)g;(X U CA)pi, (XUCA)z,), 
(Ag;Ag,Ag), (XgUCAg;CAg, Xz) 
satisfy the assumptions of Lemma (1.10), we have 
ra oft = —53 o A 


Now we consider the diagram 


Hae)-m-1( 4.) “2 > Fyale)—2(X,, Aq.) 22> H42)-"(X,, U CA) 

ale acy att, 
HHO)-"-1(Ag) > HAOI-"(Xp, Ag) > H4)-"(Xp UCAp) 

The composition of the top row homomorphisms equals (—1)%@)6", and 


the composition of the bottom row is (—1) 4) 62. Since the right square is 
commutative by (5.2), we have 


ng © AY ob, = A) aigt Na 0 6g = G1Ae Al. 06" 
= (-1 x8) 50 ° AG = 78065 © A 
From this, since ng is an isomorphism, we get AY 06g = 050 A. and 
the proof is complete. O 


The next two results fellow at once from the definition of 62. 
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(5.8) PROPOSITION. Let (X,A) be in ae Then, for every a € La, the 
sequence 
aay 


a es Hala) (Xa) = qian 4.) oS HtUo)-™4I(X, | Ag) eee 


is exact, where all unmarked maps are induced by inclusions. O 


(5.9) Proposition. Let (X.A), (Y,B) be in £%, and f : (X,A) — (Y,B) 
an ag-field. Then, for any a € La such that ag < a, the following 
diagram commutes: 


HAla)-n-1(B,) “2 » HMO-(Y,, Ba) 


Un" | cE 


Anal A.) ny yda)—n(X, Ag) Oo 


The coboundary transformation 6*~" 


Let (X, A) be in £2. From (5.7) it follows that the family {67} is a direct 
family of homomorphisms, and we define the coboundary homomorphism 
6(x.A) >» H°@-"-1(A) = H™-"(X, A) 
by 
O¢x.a) = lim da. 
We let the homomorphism 
Bix) : H(A)  H-"-1(X UCA) 
be given by ay = 70 O(x.A)* 
We let 0 : £2(E) — £7(E) denote the functor defined by 
0(X, A) =(A,0)=A for (X,A) in £7(£), 
Of)=flA:A>B for f : (X,A) > (Y,B) in £7(E). 
(5.10) PROPOSITION. The family 6°-" = {ox.ayt indexed by (X, A) in 
£2, is a natural transformation from H&-"-109 to H-" 


PROOF. Given f : (X,A) — (Y, B) in £7(£), consider the diagram 


607” 


Hxwnn-l (B) > wn (Y, B) eg Hx-7-1 (¥ U CB) 


nay | | [7 


H™-"-1( A) 2 > pyre" X, A) —2> F-"-1(X UCA) 
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Assume first that we have proved f*o6—” = §%-"o (f|A)* Then, because 
the right-hand square is commutative, we have 


10 f* 05°" = ft ono5*™ = 5" 0 (f|A)* = 06%" o(f | A)’. 


and since 7 is an isomorphism, this implies f* 0 6%—" = 6*—" 0 (f | A)* 
Thus in order to prove our assertion it is enough to show that for a field 
f : (X,A) — (Y, B) in £2, the following diagram commutes: 


H*-"-1 (By S75 Foo-n-1/y UCB) 


nay [7 
He-e- 1A) SFOS Ffoc—n-1X U CA) 


To this end, assume first that f is finite-dimensional. In this special case, we 
pass to the direct limit in the commutative diagrams of (5.7) and (5.9). and 


then observe that the desired conclusion follows from Com A)= N° 8x., A): 


Consider now the general] case and take an approximating ae fl; 
(X,A) — (Yz, By) for f. The definition and the proof of the existence of 
such a system are similar to those in the absolute case and are omitted. It 
follows from (5.1) that the sequence f) : XUCA — ¥;, UCB, forms an 
approximating system for f: XUCA—YUCB. 

Consider the inclusions 

RBI YUCBOY,UCB,, i, BO By, 

in 1 Y¥; UCB, — Y, UCBy, i, : Bi By (kK<l). 
By the special case of our assertion, the following diagram commutes for 
each pair k < l: 


yon 
5x. A) 


H®-"-1(A) H*~-""(X UCA) 


ig we 


(fk ° He-n1 (Bi) —> He-71 (Y; U CB) (FE))° 


Fil e, 


H—* 1 (Bg) AA BX SY, UCB) 


_ , 


(34,)" H®-"—1(B,) > H&?-""ly, UCB) ik 


eA pie SY _______> f7°-"-l(y UCB) 
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Applying the direct limit functor to the corresponding commutative diagram 
in the category of direct systems of abelian groups, we obtain the following 
commutative diagram: 


HPA) cigars H= ®-l\(XUCA) 
instr fim 
liny, H°°—"—" (By) —> lim, H*~" (Yi, U CBr) 

wat" | : us Ik 

H*-"-1(B) 8) Hy UCB) 


By Theorem (4.2) the homomorphisms lim (7,,)* and lim (j,)* are invertible. 
This, in view of the definition of the induced map, implies our assertion, and 
thus the proof is complete. oO 


We summarize the preceding discussion in the following 


(5.11) THEOREM. H®-* = {H*—",6°—"} is a cohomology theory on L?. 
Moreover, H*—!(S) ~ H® (point), i.e., the coefficients of the theory 
H*~* coincide with those of the theory H* 


ProoF. (i) The exactness axiom follows from (5.8) and the definition of 
H~~—" by passing to the limit with a. 

(ii) The homotopy axiom has already been established. 

(iii) To show that the excision axiom is fulfilled, let (X; A,B) be a triad 
in £, ie, AUB =X; ifk: (A, ANB) - (X,B) is the inclusion, then so 
isk: AU C(AN B) — X UCB. Since (Ka)* is an isomorphism for each 
a, it follows that so also is k* = lima kt. From this, by considering the 
commutative diagram 


H*-"(X, B) —2 H*-"-1(X UCB) 
nna) fe 
H*-"(A, AN B) > H&-"-(AUC(ANB)) 


we infer that H*~"(k) is an isomorphism, and the proof of strong excision 
is complete. 

(iv) To show that the dimension axiom is satisfied take the (oo — 1)- 
cohomology system {H“(*)-1(S,); Aas} of the unit sphere S in E; note that 
ifa X (is elementary, then Ag, coincides with the suspension isomorphism. 
Consequently, for sufficiently large a, we have H-!(S) & H4)-1(5,), and 
our assertion follows. O 
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(5.12) COROLLARY. If (X,A) and (Y,B) are two equivalent (or more gen- 
erally, h-equivalent) pairs in £2, then for every n > 1 we have an 
tsomorphism H*—"(X, A) = H*%—"(Y, B). 0 


6. Miscellaneous Results and Examples 


A. The functor H*—! and the Leray Schauder degree 


Let A.g = {2 € E|r < |lzl| < R}.0 <r < R. Clearly, H*— (A, 2:Z) & Z. We 
identify the above groups with Z by isomorphisms compatible with those induced by the 
inclusions A,,p C A,,,R, forr1 <r < R< Ry; we let 1 denote the generator of Z. 


(A.1) Let X be in Of, Uy,U2,... be the (finite or transfinite) family of all bounded 
components of EF — X, x; € Uj, and let f; : \ — A;.p for some R >r > 0 be given by 
fi(x) = 1-2, for x € NX. Show: 

(a) f; does not depend on z;. 

(b) H™°—1(X; Z) is a free abelian group with generators {a, = f*(1) | i= 1.2....}. 


(c) If g: X — A,,R is a compact field, then g*(1) = ae NjQi,. 
(A.2) Let U be an open bounded subset of E. Show: To each compact field f : (U,QU) > 
(E, E — {0}) corresponds an integer deg(f) with the following properties: 
(i) (Normalization) If zo € U and f : (U,QU) — (E, E — {0}) is given by f(z) = 
x — xo, then deg(f) = 1. 
(ii) (Homotopy) If the fields f.g € €((U.OU),(E. E — {0})) are homotopic, then 


deg(f) = deg(g). 
(iii) (Additivity) If Vi, V2 are two open disjoint subsets of U such that Z(f) C Uy UU2. 


then deg(f) = deg(f|Vi) + deg(f|V2). 
(A.3) Show: The integer deg( f) coincides with the Leray -Schauder degree. 


B. Compact fields and a-fields 


We use the terminology and notation of Section 1. Given an object X in £. we set Ly = 
{a € L| Xa # O}. BY 7: Le — Ens we denote the cofunctor assigning to X in £ the 
set 2(X, E — {0}) of homotopy classes of compact fields f : X — E — {0}. We use the 
following notation: 
€(X) = €(X, E — {0}), a(X) = 2(X.E — {0}). 

€Ca(X) = €Ca(X, E — {0}), Ta(X) = Ta(X, E — {0}), 

€(Xa) = €(Xa. La = {0}). 7(Xa) = 1( Xa. Lo = {0}). 
(B.1) Let f’ be a map in €(Xq). Show: There exists an a-field f € €o(X) such that 

a= f|Xa = f'. 


(B.2) Let f, g be two a-fields in €a(X), and assume that hy : Xa — La — {0} is a 
homotopy joining fa and ga. Show: There exists an a-homotopy ht X — E — {0} in 
€o(X) joining f and g, such that he|Xq = h} for t € I. 


(B.3) For X in £ and a € Lx, let Ta : Ta(X) — 7(Xa) be given by [fla — [fa]. Show: 
The map Tq is bijective. 
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(B.4) Let fig: X — E— {0} be two fields such that f ~ g in €(.X). Show: There exist 
ana and a-fields g € Ca CN) satisfying (i) f ~a g in Cal X): (ii) fr ~f.g~gin CX). 


(B.5) Let f €¢.,(N) and g € €3(.N). Show: If f ~ g in CCX), then there exists ay € Ly 
with a <4, .3<7 such that f ~4 9 in €,(Y). 


(B.6) (Inessential fields) Let X be an object in £. We say that a field f in €( X) (respec- 
lively in €.,(.N)) is messential if for any Y in £ containing Y. there exists an f in €(Y) 
(respectively in €4()°)) such that f\X = f. Show: 
(i) Any €(.Y) (respectively Ca (VY )) contains an inessential field (respectively a-field). 
(ii) Any two inessential fields (respectively a-fields) f’, f’ \ — E — {0} are homo- 
topic (respectively a-homotopic) in €(.X) (respectively in Ca (.V)). 


(B.7) Let «A and B be two objects in £, and f : A — B a compact field. Show: If a field 
vy: B — E — {0} is inessential, then so also is the composite yo f : A — E — {0}. 


(B.8) Denote by 7 : £ — Ens the cofunctor assigning to an object in £ the set 
m(.X) and to a compact field f .X — ¥ the induced map 7(f) : 7(Y) — m(X). Show: 
a: & — Ens” is an h-cofunctor fron £ to the category Ens” of based sets. 

[Let 0 denote the zero homotopy class in €(X) consisting of all inessential fields, and 
consider 0 as the base point in 7(.X). Prove that if f :.Y — Y isa field, then m(f)(0) = 0.] 


(B.9) Prove: The cofunctor 7 : £ — Ens” is continuous. 


C. The homotopy systems {ta(X).ta3} and {7(Xa). jaz} 
In this subsection VY stands for a fixed object in £. 


(C.1) For each a € £ regard 7o(X) as a based set with the 0,-homotopy class as the base 
element. For any relation a < 2 in Ly, let igg : Ta(X) 4 73(NX) be given by [fla > [f],3- 
Prove: The family {7a(X),ig3} is a direct system of based sets over Ly. 


(C.2) For each a € Ly let ta : ta(X) — m(.X) be defined by [fla — [f]. Show: 
(i) The family {ia} is a direct. family in Ens* over Ly. 
(ii) The direct limit map 


a” = limig : lim{ra(X)séaa} — ™(X) 
a 


is invertible in Ens* 


(C.3) For each relation a < B in Lyx, define jg, : (Xa) — m(Xg) in Ens” to be the 
composite 


24 (ay or | eee 
T(Xa) > ta(Xg) > 7(Xg), 
where the first map is the inverse of the bijective based map re : Ta(.X,3) — 7(Xa) given 


by [fla — [fa]. and the based map ip: Ta (4X3) — 7(Xy) is defined by [fla - [f]. Prove: 
The family {7(Xa). jag} is a direct system in Ens” over Ly. 


(C.4) For an object X in £, let 7(X) = lime {7(Xa), jag} and for a field f : NX > ¥ in Lo 
define the based map 7(f) = f : 7(Y) — 7(X) by f = lima fQ. where {fo : Xa — Ya | 
f(Xa) C Ya for a > y} and y are determined by f. Prove: 7 is an h-cofunctor from 
(Lo,) to Ens* 
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(C.5) For X in £ and a € Lx, let Tx : ta(X) — a(Xa) be given by [fla +> [fa]. and 
for any relation a < 8 in Ly consider the commutative diagram 


ta (X) —2> 9(X) 


TaX | |. x 


1(Xq) —2> m(Xg) 


Define a family 7 = {7x} of based maps Tx : m9(.X) — #(X) by 7x = lima Tax. Prove: 
(i) Tx is a bijective based map for each X in £. 
(ii) 7 : 79 — 7 is a natural equivalence of the cofunctors 79.7 : £9 — Ens* 
(The above results are due to Geba- Granas [1965a], [1965b].) 


7. Notes and Comments 


Finite-codimensional Cech cohomology 


The main results of this paragraph are due to Geba-Granas ([1965a,b], 
[1967a,b], [1969], [1972]). The H&—* theory generalizes the Leray-Schauder 
degree (cf. “Miscellaneous Results and Examples”) and provides a conve- 
nient tool for the treatment of various infinite-dimensional problems. Geba 
[1978] showed that H®~-* cohomology can be used to give an “algebraic” 
proof of the basic bifurcation results in Banach spaces (Theorem (13.1.10)). 

Some other uses of H°°~* cohomology and related results may be found 
in Colvin [1982], Gel’man [1975], and Dawidowicz [1994]. For some refine- 
ments and extensions of the H®~* theory the reader is referred to Szulkin 
[1992] and Abbondandolo [1997]. For finite-codimensional cohomology and 
duality results on Banach manifolds, see Eells [1961], Mukherjea [1970], and 
also Eells’s survey [1966] and Namioka [1965]. 


Historical comments 


In a letter sent to J. Schauder in 1935, J. Leray asserted the possibility of 
extending to infinite dimensions Betti groups etc. (cf. Schauder [1936]); the 
details, however, never appeared in print. The first attempts of extending 
to the infinite-dimensional case the topological invariants other than the 
Brouwer degree were made by L. Lusternik. 

In the early 1930s, L. Lusternik observed that many problems of the 
“calculus of variations in the large” can be reduced to the study of the 
topological properties of “locally linear spaces” (1) (Banach manifolds). 
Furthermore, soon after the discovery. in 1935, of cohomology groups, he 


(') These spaces, presently known as Banach manifolds, were introduced in Lavren- 
tiev-Lusternik [1935]; the notion was ?lsc faaiiiar to Schauder [1936]. 
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became aware that these groups provide an effective tool for the study of 
“(00 - /)-dimensional cycles” in locally linear spaces. Given a locally lin- 
ear space A/. Lusternik [1943a] defines its length Long(AZ) (') and proves 
that Long(A/) < Cat(A/)—1, where Cat(A/) is the Lusternik-Schnirelmann 
category of A. 

Consider now the (locally lincar) space A/qp of rectifiable arcs joining two points @ 
and 6 of S?_ Using cohomology, Lusternik [1943a], [1943b] outlines a method for showing 
that Long(A/,,) = %, and as application proves the existence of infinitely many geodesics 


joining two given points of S? For details concerning the method (which could, in fact, 
also be applied to other similarly defined spaces), see Lusternik’s tract [1947]. 


Around 1954, the first author of this book learned from his Ph.D. super- 
visor L. Lusternik the following: 


PROBLEM (Lusternik). Is it possible to construct the “(oo — k)-dimensional 
homology groups” in a Banach space within the framework of the Leray- 
Schauder theory? 


This problem (especially on the technical side) turned out not to be 
evident. We now describe the main consecutive steps which have led, over a 
number of years, to a positive solution of the Lusternik problem. 


L. Lusternik, 1950 


In the 1930s and 1940s, K. Borsuk discovered that a number of geomet- 
ric results concerning the topology of R” can be developed by using only 
simple notions of homotopy theory. To this circle of ideas belonged Borsuk’s 


() For finite-dimensional manifolds, the notion of length was introduced by Froloff- 
Elsholz, Mat. Sb. 42 (1935), 637 613. 
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approach to the disconnection theory in R" based on describing the struc- 
ture of the cohomotopy group 7”~!(X) of a compactum X C R" Granas 
[1959], [1962] showed that some of these ideas and results can be extended 
to the framework of compact fields in Banach spaces. 

The techniques developed in those papers (and based on the homotopy 
extension theorem for compact fields) provided tools for extending Borsuk’s 
cohomotopy groups to infinite dimensions. 

Let E be a normed linear space, X a closed bounded subset of E, and 
let 7(X) = 2(X, E — {0}) denote the set of homotopy classes [f] of non- 
vanishing compact fields f : X — E — {0}. We first consider two special 
finite-dimensional cases. 

(a) The case dim E = 2. In this case, F = C, and 7(X) can be identified 
with the set 21(X) of homotopy classes of maps f : X + C — {0}. Observe 
that 71(X) is an abelian group with multiplication [f][g] = [f - g]. 

In Eilenberg’s 1935 thesis, the following result was established: 


THEOREM (Bilenberg). Let X C C be compact, U,,U2,... the sequence 
(finite or infinite) of all bounded components of C — X, and 2, € U;. Then 
for any f : X — C — {0} we have 


f(z) = (2 244)... (@ — zig )B 


for some integers ki,...,km that do not depend on the choice of 2; in U;. In 
other words, the homotopy classes [(z—z1)|X], [(z—z2)|X], ... are generators 
of the free abelian group 7'(X). 


(b) The case dim E = n. In this case, FE = R", and 7(X) coincides with 
the set 7”—!(X) of homotopy classes [f] of maps f : X — R” — {0}. Given 
fig: X — R” — {0} such that for each x € X, either f(z) = 1 or g(x) = 1 
(where 1 denotes the point (1,0,...,0) of R”), the product f(z)-g(2) is well 
defined if we assume the obvious rule 1-p = p = p-1 (for each p € R”); thus, 
in this particular case, f and g are “multipliable”. By a theorem of Borsuk 
[1936], for each pair f,g : X + R” — {0}, there exists a pair of multipliable 
maps f, G such that [f] = [f] and [9] = [9]. We set [f] [9] = [f - g]; this 
definition does not depend on the choice of f, g and in this case, as was 
shown by Borsuk, 7"—!(X) becomes an abelian group. 

The following extension of the Eilenberg theorem due to Borsuk [1950] 
describes the structure of the cohomotopy group 7”—1(X). 


THEOREM (Borsuk). Let X C R” be compact, Ui,U2.... the sequence 
(finite or infinite) of all bounded components of R" — X, and x; € Uj. 
Then the homotopy classes [(x — t1)|X ], ((z — x2)|X], ... are generators of 


the free abelian (cohomotopy) jroap a"~ NX) 
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(c) The case dimE = oo. In this case 7(X) is the set 7°—~*(X) of 
homotopy classes of compact fields f : X — E — {0}. 

The following result (Granas [1962]) extends Borsuk’s theorem to the 
framework of compact fields: 


THEOREM (Granas). Let X C E be closed and bounded, U;,U2,... the 
sequence (finite or transfinite) of all bounded components of E — X, and 
x; € U;. Then 
(i) 7°-"(X) admits the structure of an abelian group, 
(ii) the homotopy classes [(x—<x1)|X], [(z—22)|X], ... are the generators 
of m~—1(X). 


The last theorem suggested the study of “the groups 7°~"(X)” and 
provided a starting point for constructing the first full-fledged infinite-dim- 
ensional cohomology. In his 1962 thesis, K. Geba constructed in fact such a 
theory by extending to Banach spaces the theory of cohomotopy groups of 
Borsuk as well as the Spanier- Whitehead duality. 

To describe the main results of this theory (Geba [1962], [1964]), we intro- 
duce some notation. Let E = E™ be an infinite-dimensional normed linear 
space together with a sequence {E~~" @ E”} of direct sum decompositions 
of EF such that 

i) PCE CE c.., 
Gi) > EAs a Be? De, 

(iii) codim B°-" = dim E” = n. 

Let O = {Og} be a fixed orientation in E. For each n > 1 choose an 
isomorphism |, : £” — R” representing the orientation of E” such that 
l,(z) = Ingi(x) for 2 € E”, and let U®-" = E-— EF", yx" = F- 
Iri(R). 


THEOREM (Geba). Let £ = Lg be the Leray-Schauder category associated 
with E. 
1° There exists a sequence {t™—"}°°, of contravariant functors t©—" : 
£? — Ab such that t®—"(X, A) is the set of homotopy classes of 
compact fields f € €((X, A), (U~-",V™-")). 
2° There exists a family of natural transformations 6°-" : m°-"(A) > 
m—nt1(X, A) such that the following properties hold: 
(i) (Homotopy) If the fields fo, fi : (X,A) — (Y, B) are homotopic, 
then n°" (fo) = 1°" (fr). 
(ii) (Exactness) For each (X,A) in £7, the sequence 


= ne" X, A) = t™(X) = me-" (A) ae Ror EN A) rae 


as exact, where all uninark.d maps are induced by inclusions. 
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(iii) (Strong excision) The inclusion e : (A,AN B) — (AU B.,B) 
induces an isomorphism 


am" (e): 2*—"(AUB, B) — r*"(A, ANB) 


for alln =1,2,.... 
3° The graded group {n™—"(S)}°_,, where S = {x € E | |la]] = 1}. 
is {Lm4tn—1(S™)}°2,, where Lm4n—1(S™) is the stable homotopy 
group of S™. 

The technique used in the proof of this theorem suggested how to pro- 
ceed with the construction of the H*~* theory; in the joint work of Geba- 
Granas between 1967 and 1969, the solution of the Lusternik problem was 
completed. 


Generalized degree 


Let K denote a closed ball in E with center 0, let S = OK be its boundary, 
and U°-* = EF — E*-} 

For each n = 1,2,... we define the class €'") of compact fields by the 
condition f € ¢™ if and only if f : (K,0K) — (EX~", Ex*~-" — {0}). If 
fee), we let f = f\S:S + E®-" — {0} and j : EX" — {0} - U*-" 
be the inclusion. 


DEFINITION. Let f be in ¢() We define the generalized degree DEG(f) of 
f as the element of the Geba cohomotopy group 7*°~"(S) given by 


DEG(f) = [if]. 
where if] is the homotopy class of the field jf: Sa Un, 


THEOREM. Let f be in€™). If DEG(f) is a nontrivial element of the group 
nme-" then Z(f) #0. 


Since the group 7°~"(S) = £*°—"(S) is isomorphic to the stable ho- 
motopy group of spheres Ym+4n—1(S™), the above theorem can only be of 
interest when the latter is nontrivial (this is known to be the case, for ex- 
ample, for n = 1, 2,3, 4,7, 8, but not for n = 5,6). 

For some applications of the generalized degree to nonlinear problems 
see Nirenberg [1970]. 


General infinite-dimensional cohomology theories 


Let £ = Lp be the Leray-Schauder category. By a cohomology theory h*~—* 
on £ is meant a sequence {h°-"}*_, of contravariant functors h*~” : £? > 
Ab together with a sequence of natural transformations 6°~” : h*~"(A) > 
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h~ "ICN. A) satisfying the homotopy, exactness, and strong excision ax- 
ioms: the graded group {h*7"7!(S)}, where S is the unit sphere in E£, is 
the group of cocfficients of the theory. A systematic and unified treatment 
of such theories, based on the important work of G.W. Whitehead [1962], 
can be found in Geba Granas [1973]. 

We list some of the central results of the general cohomology theory. 


(I) THEOREM. To any cohomology theory h* on the category of polyhedra 
corresponds a cohomology theory h*~* on £ with the same group of coeffi- 
cients; moreover. the assignment h* > h*°** is natural unth respect to the 
theories. 


Thus, in particular, to any spectrum (') A in the sense of G.W. White- 
head corresponds a theory {h*~*, A} called the cohomology theory on L 
with coefficients in A. If A = K(z) is the Eilenberg-MacLane spectrum, 
then we get the “ordinary Cech cohomology” H*~*(-: 7) on £ (which was 
described in §18) with coefficients in 7. If A is the sphere spectrum S, then 
the corresponding theory, denoted by '*~*, is called the stable cohomotopy 
on £. The Hopf Hurewicz map h : S — K(Z) between the spectra induces 
a natural transformation h* from ©*~* to H*~*(-: Z). 


(II) THEOREM. There erists a natural equivalence between the functors 
nm<—" and U*~" from L? to Ab. 


This theorem implies that the stable cohomotopy theory “*~* can be 
in fact identified with the cohomotopy theory 7*~* 


(111) THEOREM (Duality theorem in E). Let A be either the spectrum of 
spheres S or the Eilenberg-MacLane spectrum K(7) and let h*—"(-: A) (re- 
spectively h,(-:A)) be the cohomology (respectively homology) with coeffi- 
cients in A. Then 
(i) for each pair (X.Y) in£ andV=E-Y.U=E-X there exists 
a duality map 


D:h*""(X,Y; A) — ha(ViU;A). 


(') Let CW, be the category of based CW-complexes. By a spectrum A is meant a 
sequence { A, } of objects of CW. together with a sequence of maps an : YAn — An+1 in 
CW.. where © is reduced suspension. The simplest example is provided by the spectrum 
of spheres § = {S",an}, where an : 5S" > §"t? is the natural identification. To any 
spectrum A there corresponds a homology h.(-;A) and cohomology h*(-;A) on CW, with 
coefficients in A. If A = K(z) is the Eilenberg MacLane spectrum corresponding to an 
abelian group 7, then h.(-:K(7)), A*(-:]K(z)) are naturally isomorphic to the singular 
homology H.(-:7) and singular cohomology H”*(-;7) with coefficients in 7. The homology 
and cohomology theories with coefficients in S are isomorphic to the stable homotopy and 
cohomotopy theories, respectively. For details see G.W. Whitehead [1962] and Switzer's 
hook [1975]. 
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(ii) D maps the cohomology sequences of a triple (X,Y, Z) into the ho- 
mology sequences of the complementary triple (W,V.U) = (E - Z, 
E-Y,E-—X), i.e., the following diagram commutes: 


"> RO" KY; A) > AO" (X, Z; A) > hO-"(Y, Z; A) > lial 0, € Y;A)>:"- 
jp jp J jo 
>> — > hn(V, U; A) ——~ hn(W, U; A) —~> hn(W, V; A) —~> hn-1(V,U; A) —--:- 


(iii) D is natural with respect to the Hopf-Hurewicz map of spectra h : 
S — K(Z), i.e., the following diagram commutes: 


Deo-n (X,Y) > H-" (X,Y; Z) 


o| |p 
En (V,U) ——* H,,(V,U; Z) 


The duality combined with the Hurewicz theorem in S-theory yields the 
following: 


(IV) THE Hopr THEOREM. For any pair in £ the first nonvanishing stable 
cohomotopy group is isomorphic to the first nonvanishing cohomology group 
over Z. More precisely, we have 
(i) t°~-9( X,Y) = VO-U X,Y) = 0 & H~-4(X,Y;Z) = 0 for any 
O<q<n, 
(ii) af tO-9( X,Y) = L--"( X,Y) = 0 for 0 < gq < n, then the Hopf 
map h* : °-"(X,Y) = H°-" (X,Y; Z) is an isomorphism. 


Codimension 


Let Y be a closed bounded subset of EF, and let U C E be open. Call U an 
extension object of Y provided given any closed subset A of Y, any compact 
field f € €(A,U) admits an extension f € €(Y,U). We let 


L(U~-*) = {Y e L| U~-* = E— E*~’ is an extension object for Y}. 


Let X C E be closed and bounded, and let H™~*( ;G) be the cohomology 
theory on £ with coefficients in an abelian group G. We say that: 
(a) the codimension of X with respect to E is equal to n (we write 
Codim X = n) if: 
(i) X € £(U%-*) for each k € [n — 1), 
(ii) X ¢ L(U%-*) for k=n; 
(b) the cohomological codimension of X with respect to E is equal to n 
(we write Codimg X = n) provided n is the smallest integer such 
that H©-"(X,A;G) 4 0 for some closed subset A of X. 
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We note that: 

(i) if X and Y are two equivalent objects of the category £, then 
Codim X = CodimY and Codimg X = Codimc Y, 

(ii) in the finite-dimensional case the definition of codimension coincides 
with a theorem of P Alexandroff characterizing the dimension of 
compacta by inaps into S”. 

The main theorems of the previous subsection yield the following result: 


THEOREM. Let X be an object of the Leray-Schauder category £. 
(a) Codim X = Codimz X. 
(b) If Codim X > 2, then bo(E—X) =0 ('), i.e., X does not disconnect 
the space E. 
(c) (Phragmén-Brouwer theorem) Jf (Y;¥1, Y2) is an additive triad in 
£ and Codim(Y; N Y2) > 2, then 


bo(E — Y) = bo(E — Yi) + b0(E — Yo). 


We remark that (a) is analogous to the well known “fundamental theorem 
in dimension theory” due to Alexandroff. 


L. Lusternik [1940a,b], in the context of his studies on variational problems in “locally 
linear spaces” (= Banach manifolds), introduced the notion of codimension. Let AJ be a 
Banach manifold. A submanifold N C AM is said to be of codimension k (or dimension 
oo — k) if N can be locally determined by a system of equations #,(r) = 0, 7 € [k], with 
linearly independent differentiable functionals ®j,.... Dy). 

Fix n > 1 and consider the differential equation 


b 
(*) y" +9(z,y.y') =Ay. (a) = y(b) = 0. i y*(r) dr = 1, 


where y is continuous and y(z, y.z) = —y(z.—y. —2). 

If y = 0, there exists a for which (*) has a solution that vanishes exactly n times 
inside [a,b]. In 1941, L. Lusternik gave a procedure that allows extending this result to 
the case y # 0 and established the following 


THEOREM (Lusternik [1941]). Under suitable growth conditions on y: 
(i) there exists a countable sequence d1.2.... of eigenvalues of (*). 
(ii) to each eigenvalue d;, there corresponds an eigenfunction yj. that vanishes exactly 
n times inside [a,b]. 


Lusternik’s proof of this theorem was based on using the continuation method in conjunc- 
tion with the following important property of codimension: If AI is a connected Banach 
manifold and N C M a submanifold with Codim N > 2, then N does not disconnect MM. 


(7) Here bo(E — X) denotes the number of hounded components of EF — X. 
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§19. Vietoris Fractions and Coincidence Theory 


Given two maps f,s : I — X between spaces I and X, by a coincidence 
point for the pair f,s is meant a point yo € I for which f(yo) = s(yo). In 
this paragraph, using Cech homology and the well known Vietoris theorem 
as the main tools, we establish a general coincidence theorem which includes 
the Lefschetz fixed point theorem for compact maps of ANRs given in §15. 
The paragraph ends with applications to the fixed point theory of set-valued 
maps. 


1. Preliminary Remarks 


Throughout the entire paragraph only metrizable spaces are considered, and 
we always use Cech homology with compact supports over the rationals Q; 
when no confusion can arise, the Q will be omitted in the notation, so that 
the graded homology of X over Q is denoted simply by H,(X) = {H,(X)}. 
In this section we gather the relevant facts of the Cech theory that will be 
needed. 

Given two spaces X and Y, we say that a map s : X — Y is inverse 
acyclic if the fiber s~!(y) is acyclic (1) for each y. Note that an inverse 
acyclic map is necessarily surjective. 

The main results of this paragraph rely heavily on the following theorem: 


(1.1) THEOREM (Vietoris). Let s : X — Y be an inverse acyclic map 
between compact metric spaces X and Y. Then the induced homo- 
morphism sy : H,(X) — H,(Y) is an isomorphism. O 


Assume that [ is a compact metric space, P a finite polyhedron, and 
let f: ! — P, s: I — P be continuous maps with s inverse acyclic. We 
first note that s;!: H,(P) — H,(I) is well defined, in view of the Vietoris 
theorem, and therefore f,s;! : H.(P) — H,(P). We define the Lefschetz 
number {(f, s)| of the pair (f,s) by 


A(f, s)] = A(fese"), 
where A(f,871) is the ordinary Lefschetz number of the endomorphism 


fxs_+; clearly the latter is defined, because the homology of P is of finite 


type. 
With this terminology, we are now in a position to state the basic coin- 
cidence theorem: 


(') Recall that X is acyclic if: (i) X is nonempty, (ii) Hg(X) = 0 for g > 1. (iii) the 
reduced Oth homology group H(Y) is 0. 


532 VI. Selected Topics 


(1.2) THEOREM (Eilenberg-Montgomery). Let I’ be a compact metric 
space, P a finite polyhedron, and let f : [ > P,s:T — P be 
continuous maps with s inverse acyclic. If d{(f,s)]| # 0, then the 
maps f and s have a coincidence. 


The original proof of the Eilenberg-Montgomery theorem is quite ele- 
mentary and closely analogous to the proof of the Lefschetz-Hopf theorem 
given in §9; it uses. however, the notions of Vietoris cycles and the chain 
approximation technique, which are not discussed in this book. 

Observe that if we take in (1.2) [ = P and s = id, then the integer 
A{(f.s)] coincides with the Lefschetz number \(f); thus Theorem (1.2) in- 
cludes the Lefschetz—Hopf fixed point theorem for polyhedra. 

It is our objective in this paragraph to extend the Eilenberg—-Montgomery 
theorem to wider classes of maps and spaces. We now describe the approach 
and the main steps of our discussion: 

(a) Using the concept of a Vietoris map, we first enlarge the category of 
metrizable spaces by adding new morphisms (Vietoris fractions). 

(b) We extend the Cech homology functor over this larger category of 
Vietoris fractions. 

(c) Assuming the Eilenberg—Montgomery coincidence theorem for poly- 
hedra to be known, we derive the main coincidence results by using essen- 
tially the same algebraic and factorization techniques that were previously 
employed in the Lefschetz fixed point theory for compact maps. 


2. Category of Fractions 


We begin by collecting some simple notions of category theory that will be 
needed. 


(2.1) DEFINITION. Let T be a category and ¥ a family of morphisms in 
T such that 
(F.1) the identities of T are all in ¥, 
(F.2) ifs: X —Y andt:Y — Z are in Y, then so is ts, 
(F.3) any diagram in T 


o——>0 
| 

l Ss 
Y sf 
o—_——~—> 0 


with s in ¥ can be completed to a commutative diagram in T 


f' 
o ——~—> 0 
</ Ss 
9 oe cre 
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where s’ is in ¥ and s’, f’ is a pull-back of the pair s, f (for 
the definition of pull-back, see Appendix). 
When (F.1)-(F.3) are satisfied, we say that the family Y admits a 
calculus of fractions. 


Given objects X and Y in T, let (X,Y) denote the set of pairs (f, s) 
of morphisms 


X= 0_4y, 
where the morphism s “in the wrong direction” belongs to ¥. Given two 


pairs (f,s),(g,¢) in B(X,Y), we write (f,s) ~ (g,t) if there exists a com- 
mutative diagram 


with an invertible morphism wu in T. 

It is clear that ~ is an equivalence relation in Z(X,Y); the equivalence 
class of (f,s) is denoted by f|s. We let #(X,Y) denote the corresponding 
set of equivalence classes; its elements are called fractions from X to Y. 


(2.2) DEFINITION. We now define a new category ¥('T) as follows: 
(i) the objects of ¥(T) coincide with those of T, 
(ii) given X and Y in ¥(T), the set of morphisms from X to Y in 
¥(T) is defined as the set (X,Y) of fractions from X to Y, 
(iii) the composition law 


F (X,Y) x F(Y,Z) — F(X, Z) 
is given by [glé][f|s] = gf'|st’, where t’ € V and v’, f’ is a pull- 
back of the pair t, f making the following diagram commutative: 


f' 9g 


o—> 0 —_ > 7 


[: 
re) a ore y 
| 
xX 


Conditions (F.1)-(F.3) imply that the composition law is well defined 
and makes ¥(T) a category called the category of fractions of T by ¥. 
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3. Vietoris Maps and Fractions 


Let now T denote the category of metrizable spaces. In this section we 
introduce a family “ of morphisms in T (called Victoris maps) that admits 
a calculus of fractions and consider the corresponding category of fractions. 


(3.1) DEFINITION. Given X and Y in T, we say thats: X — Y isa 
Vietoris map (we write s : X => Y) if (i) s is proper and (ii) s is 
inverse acyclic; we denote by ¥ the family of Vietoris maps. 


The following theorem asserting that the family ¥ admits a calculus of 
fractions is of fundamental importance. 


(3.2) THEOREM. The family ¥ has the follounng properties: 
(F.1) the identities of T arein ¥, 
(F.2) ifs: X oY andt:Y —Z are in ¥, then so ists: X — Z, 
(F.3) the pull-back of a Vietoris map is a Vietoris map. 


PROOF. (F.1) is obvious. 

(F.2): Assuming that s and ¢ are in ¥, we note that ts is proper. To 
prove that (ts)~!(z) is acyclic for each = € Z, note that since s is inverse 
acyclic and sends s~!(t~!(z)) = (ts)~‘(z) to t7}(z), the restriction map 
$= s|s—!(t—"(z)) induces an isomorphism %, : H,((ts)~'(z)) ~ H,(t7'(z)) 
by (1.1). Since t~!(z) is acyclic, the required conclusion follows. 

(F.3): We have to complete in a suitable manner the diagram 


o——>][" 
| 
| | 
Y 
P= Sy 


Let 
PxyI"={(x.y)eP xl" | f(x) = s(y)} 


be the fiber product of f,s, and let the pair of maps f’: I x ;- ’’ — I’ and 
s': xy I’ —T given by f’(z,y) = y, s(x. y) = 2 for (x.y) € FP xy I’ be 
the pull-back of the pair (f,s). It can be easily seen that the diagram 


T xy he ae | Ba 
f 
SS) 
commutes and also that s’ is proper and inverse acyclic. () 


Using the terminology and notation of Section 2, we let ¥(T) denote 
the category of Vietoris fractions of T by ¥, and given two spaces X and 
Y we denote by ¥(X,Y) the set of Vietoris fractions from X to Y 
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To compose two Vietoris fractions p = fils € F(X.Y) and w = glt € 
F(Y,Z) we write a commutative diagram: 


xy pl. p 4.7 


in which I" xy I” is the fiber product of f,t, and f',t’ is the pull-back of 
f,t. Now the composite y = (g|t)(f|s) is equal to gf’|st’. 

In what follows we regard the category T of metrizable spaces as a 
subcategory of the Vietoris fractions ¥(T). 

In order to define a homomorphism of homology groups induced by a 
fraction, we need to extend Theorem (1.1) to abitrary Vietoris maps. 


(3.3) THEOREM (Vietoris mapping theorem). Let s: X — Y be a Vie- 
toris map between spaces X and Y in T. Then the induced map s, : 
H,(X) — H,(Y) is an isomorphism. 


PROOF. We recall the definition of the Cech homology functor with com- 
pact supports. Given X in T, let Dx = {X,} denote the set of all compact 
subspaces of X partially ordered by inclusion. Assigning to each such X, 
its graded Cech homology H,(X,.) and to each pair X. C Xg the homo- 
morphism (igg)+ : Hs(Xa) — Hs(Xg) induced by inclusion, we obtain the 
direct system {H,(Xq), (iag)+} of graded vector spaces. 

Given s : X — Y in T and letting Dy = {Y)} denote the partially 
ordered set of all compact subspaces of Y, we see that the assignment X, ~~ 
s(X,,) determines an order preserving map Dx — Dy. This implies that the 
family {sq}, where sg : Xq — 8(Xq) is defined by s, determines a map of 
direct systems 


{(Sa)a} : {Hs (Xa)s (tag)+} 4 {He(Vd); (Gru)et- 


The functor H from T to the category GrVect of graded vector spaces is 
defined by taking direct limits: 


H(X)= lim {H.(Xq);(iag)s} for X in T, 


aeDx 
H(s)=s,= lim (se)s for s:X —Y in T. 
aecDx 


We now start the proof and assume that s: X — Y isin ¥V We will 
show that s, = lim (Sq) is au isomorphism. To this end, for each X, € Dx 
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let Xx: = s—!s(X,,) and observe that s sends each xX o onto s(Xq); Moreover, 
since the restriction map S$, = s|\Xq from Xq onto s(Xq) is inverse acyclic, 
the induced map (Sq)+ : H+(Xa)  H.(s(Xq)) is an isomorphism by the 
Vietoris theorem (1.1). 

Next we note that the set D = {X, | Xa € Dx} is cofinal in Dx and this 
gives s, = lim (Sq)+ = lim (Sq). Now because each (S.).« is an isomorphism, 
the conclusion follows. O 


4. Induced Homomorphisms and the Lefschetz Number 
(4.1) DEFINITION. Let X, Y be in T, and let y = f|s € F(X,Y) bea 
fraction. The homomorphism induced by ¢ is defined as the composite 
awl 
H,(X) =» H.(P) & H,(Y), and we write f.s7! = H.(y) = Ye. 
It is easily seen, by considering the commutative diagram (*) appearing in 
the definition of the equivalence relation ~ in D(X, Y), that the definition 
of y, = (fis). : H.(X) — H,(Y) does not depend on the choice of a 
representative f|s of y, and thus the above definition makes sense; we also 
note that if py = flidx = f, then f, = y,. 
We now define a function H, : ¥(T) — GrVect by 
H,(X)=H,(X) for X € V(T), 
H.(y)=9. for pe ¥(X,Y) € V(T). 
(4.2) PROPOSITION. The function H, : V(T) — GrVect is a functor 
extending the Cech homology functor H, : T — GrVect. 


ProoF. Let y = f|s € F(X,Y) and p = gt € F(Y, Z) be two fractions. 
Clearly to establish our assertion we need only show that (wy), = Ws. To 
this end consider a commutative diagram 


Pxy P+ pr 4s 7 


| | 
r—t—y 
{ 
xX 
By definition of the homomorphism induced by a fraction we have 
(wy) = [(glt)(Fls)]« = (gf'|st’)« = (gf'). (st)? = (ge f)(t)z's72 
= [9.t2*] 0 [fess "1 = [(alf).] 0 [(fls).] = dey. O 
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Using the functor H we now define for the Vietoris fractions some notions 
analogous to those introduced for ordinary maps in §15. 


(4.3) DEFINITION. Let X, Y be in T, and let y = f|s € F¥(X,Y) bea 
fraction. We say that y = fis € F(X,X) is a Lefschetz fraction if 
the induced map y, : H,(X) — H,(X) is a Leray endomorphism; for 
such a y we define its generalized Lefschetz number by A(y) = A(z). 


With this terminology, we have the following simple general result that is 
frequently used: 


(4.4) LEMMA. Let a € F(K,X) and B € F(X.K) be two fractions. 
Then Ba € F(K,K) is a Lefschetz fraction if and only if so is af € 
F(X,X). In other words, given commutative diagrams 


K x 
Ye ana WY \e 
X—z> K K—~>X 


in V(T), if one of y, © is a Lefschetz fraction, then so also is the 
other, and A(y) = A(®). 


PRroor. Applying the functor H, : ¥(T) — GrVect to the above diagrams 
we obtain the commutative diagrams of graded vector spaces 


H,(K) H,(X) 
H,(X) > H.(K) H,(K) — H,(X) 


Now the desired assertions follow at once from the definitions involved and 
(15.2.2)(A). 0 


5. Coincidence Spaces 


(5.1) DEFINITION. Let I’, X be in T, and let f: [4 X,s:I — X be 
two maps. Given € > 0, a point y € Tis called an €-coincidence point 
for the pair (f,s) if d(f(y), s(y)) < €, where d is a metric in X. 


(5.2) Lemma. Let f,s: I — X be two maps such that s is proper and f 
is compact. If for each € > 0 there exists an €-coincidence point for 
(f,s), then the pair has a coincidence point. 


Proor. The proof is strictly analogous to that of (6.3.1) and is left to the 
reader. O 
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Let p = fis € ¥#(X,X) be a Vietoris fraction, and (f,5),(g,t) two 
ene of y. We let 


Coin(f.s) = {ye | f(y) =s(y)},  Coin(g,t) = {y € I” | oly) = ty) }, 


and observe that if tu = s and ug = f for some homeomorphism u: I", 
then u maps homeomorphically Coin(g, £) onto Coin(f,s). Thus, up to hom- 
eomorphism, we can assign to each Vietoris fraction y € -¥(X,X) its coin- 
cidence set Coin(f]s). 

We say that a fraction y = f|s € -A(X.X) has a coincidence if the set 
Coin y is nonempty. 


(5.3) LEMMA. Assume that each of the diagrams 


xX Y 
“em Ys 


is commutative in the category of fractions ¥(T). Then 


y has a coincidence <= © has a coincidence. 


PROOF. Consider the following two commutative diagrams, which appear in 
the definition of py = Ba and $ = af: 


rx Pep sx mxyrHerp—ly 
| [ | | 
p——y pr—t-+x 
| | 
x Y 


The reader can now verify that if (x,y) € I x}: I” is a coincidence point 
for (gf’. st’), then (yz) € I’ xx T and (y,.r) is a coincidence point for 
(fg', ts’); this clearly yields the desired conclusion. 0 


We call a fraction y = fils € F(X, Y) compact if the map f is compact. 
We remark that if a = f|s € F(X,Y) and p = g|t € F(Y,Z) are two 
Vietoris fractions, then their composite Ba € F(X. Z) is compact whenever 
either a@ or /3 is compact. This clearly follows from the definitions involved. 


(5.4) DEFINITION. We say that X is a coincidence space if: 
(i) any compact y = fils Ee F ae X ) is a Lefschetz fraction, 
(ii) A(y) # O implics thet ys bes a coincidence. 
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We describe two simple ways of forming new coincidence spaces from old 
ones. 


(5.5) LEMMA. If X is a coincidence space, then so also is every retract A 
of X. 


PROOF. Let r : X — Abe the retraction andi: A X the inclusion. Given 
a compact Vietoris fraction y = f|s € F(A, A), consider the commutative 
diagram 


AC?t»x 
oe 
ACs x 


and note that the fraction 7% = ipr € ¥(X, xX) is also compact. Now the 
desired assertion follows from (4.4) and (5.3). 0 


If Kk is compact, the existence of a coincidence for a fraction py: K — K 
can sometimes be determined by factorization. 


(5.6) LEMMA. Let K be a compact metric space and assume that a fraction 
y € ¥(K,K) factors through a coincidence space X, 1.e., there are 
maps a and B making the diagram 


vt 
X—j> K 
commutative. Then p is Lefschetz, and A(y) # 0 implies that y has 
a coincidence. 


ProoF. This is an obvious consequence of (4.4) and (5.3). 0 


(5.7) LemMMA. Let K be a compact metric space such that every fraction 
yp = f\|s € F(K,K) factors through a coincidence space. Then K is 
a coincidence space. O 


6. Some General Coincidence Theorems 


Using the Eilenberg—Montgomery coincidence theorem for polyhedra we first 
establish a preliminary result. 


(6.1) THEOREM. Every open subset of a normed linear space is a coinci- 
dence space. 
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ProoF. Let U be open in a normed linear space E, and let 
p={U£T4LU}€ F(U,U) 


be a compact fraction. We first show that y is a Lefschetz fraction. By 
applying the approximation theorem (12.3.1) to f, choose a sufficiently small 
€ > 0 and an e-approximation f,: I — U of f such that f-() C Pe CU, 
where P- is a finite polyhedron and f, is homotopic to f. To prove that y 
is Lefschetz, consider the fraction 


ye ={UEr SUSE FU) 
and the commutative diagram 
P: C_,+ U 


17 


P, —+U 


where the fractions y. and Y are determined by ¥,. Since the homology 
H,(P-) is of finite type, the fraction yj, is Lefschetz, and by (4.4), so also is 
the fraction y-, and A(yv.) = A(y_-). Because f ~ fe we infer that A(y) is 
defined, and moreover, 


A(y) = A(Ye) = A(¥%)- 


Assuming now that A(y) # 0, we have A(y.) 4 0, and hence by the 
Bilenberg—Montgomery theorem (1.2), the fraction yi : P- — P. has a 
coincidence. From this, in view of the commutativity of the above diagram 
and (5.3), we infer that also y, has a coincidence, and thus f.(x9) = s(z0) 
for some 2X; this shows that x9 is an €-coincidence point for the maps f 
and s. Since f is compact, s is proper, and € > 0 was arbitrary, it follows 
by (5.2) that f and s have a coincidence. 0 


Recall that a space Y is called a NES(compact metric) space if for any 
pair (X, A) of compacta (') and any f : A— Y there exists a nbd W > A 
and an extension F: W — Y of f. Our aim now is to show that any metric 
NES(compact metric) space is a coincidence space. 

Using the terminology of (4.3) and the factorization technique, we first 
establish the following preliminary result: 


(6.2) THEOREM. 
(a) Let K be a compactum and assume that a fraction yp: K — K 
can. be factored as 


aay a 


(1) Recall that a compactum js 2 corspact iretric space. 


§19. Vietoris Fractions and Coincidence Theory 541 


where X is a metric NES(compact metric) space, 2 is a fraction, 
and f is an ordinary single-valued map. Then » is a Lefschetz 
fraction, and A(y) # 0 implies that y has a coincidence. 

(a)" Let X be a metric NES(compact metric) space and suppose a 
fraction @: X — X can be factored as 


x2K4x, 


where K is a compactum, BG is a fraction, and f is an ordinary 
map. Then © is Lefschetz, and A(@) # 0 implies that has a 
coincidence. 


PROOF. In view of (4.4) and (5.3), it is clearly enough to establish (a). To 
this end consider in ¥(‘T) the diagram 


Be a 
h 


cA 


X —> K 


ho 


whereh: K > K isa homeomorphism of K onto a subset K of a Hilbert 
space H. Since X is a NES(compact metric), there is an extension g : U — X 
of the map fh7' : K — X over an open nbd U of K in H, ie., gj = fh7, 
where 7 : K — U is the inclusion. Consider now the composite 


Ky 2S 


We have (8g9)(jh) = B(g7)h = B(fh-')h = BF = ¢—, which shows that y 
factors through an open set U C H. Now because U is a coincidence space 
by (6.1), we conclude by (5.6) that the fraction y is Lefschetz, and A(y) 4 0 
implies that y has a coincidence. O 


As an obvious consequence of (6.2)(a)* we obtain at once the desired 
extension of the Eilenberg-Montgomery theorem: 


(6.3) THEOREM. Any metric NES(compact metric) space, and in particu- 
lar, any ANR, is a coincidence space. 


(6.4) COROLLARY (Eilenberg-Montgomery). Let I’ be a compact metric 
space, X a compact ANR, and f :T — X,s:I — X two maps, 
with s inverse acyclic. If \{(f.s)] = A(fes,') 4 0, then the maps f 
and s have a coincidence. Oo 
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7. Fixed Points for Compact and Acyclic Set-Valued Maps 


We now return to the study of fixed points for set-valued maps. The results 
of Section 6 are applied to obtain some fixed point theorems for set-valued 
maps analogous to those in §15. 

In the remainder of this paragraph the set-valued maps are denoted by 
capital letters; for convenience, we write S: X — Y instead of S: X — 2”. 


(7.1) DEFINITION. Let X and Y be two spaces, and let S: X — Y bea 
set-valued map. Then: 
(i) S said to be acyclic if S is upper semicontinuous (u.s.c.) (") and 
has acyclic values. 
(ii) S is called compact if the image S(X) = U{Sz | « € X} is 
contained in a compact subset of Y. 


Let X be aspace and S : X — X be an acyclic map. Let I = {(z.y)E XxX | 
y € S(x)} be the graph of S, and let f : I — X ands: I’ — X denote 
the natural projections given by (z,y) > y and (x,y) > Zz, respectively. 
Because s~!(xz) is homeomorphic to S(x) for every x € X and s is proper, 
we see that the projection s : [ — X is a Vietoris map, and hence in view 
of the Vietoris mapping theorem, we may form the endomorphism 


S. = f.s,': H.(X) > H,(X). 


(7.2) DEFINITION. We say that S : X — X is a Lefschetz map if S, : 
H,(X) — H,(X) is a Leray endomorphism. For such a map S the 
integer A(S) = A(S,) is called the Lefschetz number of S. 


Note that whenever X is of finite type, then any acyclic S$: X — X isa 
Lefschetz map and A(S) coincides with the ordinary Lefschetz number \(S) 
of S. 

We now prove a general fixed point theorem for compact acyclic maps. 


(7.3) THEOREM. Let X be either a metric NES(compact metric) space 
or an ANR, and S: X — X a compact acyclic map. Then S is a 
Lefschetz map, and A(S) #0 implies that S has a fixed point. 


PROOF. Clearly, it is enough to prove the assertion in the case where X is 
a metric NES(compact metric) space. To this end let I’ be the graph of S, 
and let 


y={x&r4x}eF(X,X) 


be the fraction determined by S. We make the following observations: 


(1) We recall that a set-valued map S$: X — Y is upper semicontinuous if (i) S(z) is 
compact for each « € X and (ii} fh) aay open) CV the set {2 € X | S(x) C V} is open. 


§19. Vietoris Fractions and Coincidence Theory 943 


(i) S, =y,, where y, = f,s;' is induced by y. 
(ii) f is compact, and therefore so is yp. 
(iii) A(S) = A(y.) is defined by (6.3). 
Assume that A(S) = A(y.) 4 0. Then, by (6.3), the maps f,s: I —~ X 
have a coincidence, i.e., for some pair (zo, yo) with yo € S(zo) we have 
f (xo, yo) = s(z0, Yo); now because f(xzo, yo) = yo and s(x, yo) = Xo, this 
gives 2p € S(zq), and the conclusion follows. 


As obvious consequences, we obtain the following results: 


(7.4) COROLLARY (Eilenberg--Montgomery). Let X be a compact ANR 
and S: X — X an acyclic map such that (S) # 0. Then S has a 
fixed point. O 


(7.5) COROLLARY. Assume that X is one of the following: 
(i) an acyclic metric NES(compact metric) space, 
(ii) an acyclic ANR, 
(iii) a metric ES(compact metric) space, 
(iv) an AR, 
(v) a convex (not necessarily closed) subset of a locally convex met- 
rizable space. 
Then any compact acyclic map S of X into itself has a fixed point.0 


Observe that (7.5)(v) represents a generalization of fixed point results for 
compact Kakutani maps in (7.8.4). 


Now, as an immediate corollary of (7.5), we shall establish some results of 
the Leray-Schauder type for compact acyclic maps in normed linear spaces. 
Let E be a normed linear space; given a bounded subset A C E we let 
[|All = supf{lal] | @ € A}- 


(7.6) THEOREM (Nonlinear alternative). Let E be a normed linear space, 
and let Ky be the closed ball {x € E | |lz|| < o}, where o > 0. 
Then each compact acyclic map T : Ky — E has at least one of the 
following two properties: 
(a) T has a fized point, 
(b) there are xz € OK, and Xd € (0,1) such that z € AT x. 


Proor. Let r: E > Kg be the standard retraction given by 


_ Jy for |ly|l < oe. 
(*) r(y) aa for Ilyll > 2. 


; : T : ; 
and consider the composite map E > K o — &. Since Tor is compact 
and acyclic, we infer by (7.5}{v) that if has a fixed point, ie.. 2 € Tr(z) 
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for some r € FE; this obviously implies that y = r(x) is a fixed point for 
rT: Ny > No, 1e., ye rTy. 

We now examine two possible cases: (i) ||Ty|] < 0 and (ii) [Tyll > e- 
In case (i), rTy = Ty, and therefore y € Ty, i.e., property (a) holds. In 
case (ii), there exists a z € Ty with ||z|| > @ and y = r(z), and hence, in 
view of (*), we get 


€OK, and z= 


lial 
y= = Gk 
Tal Al 0 


This gives y € ATy with = o/||=z|| < 1. Thus, property (b) holds, and the 
proof is complete. 0 


Several fixed points for compact acyclic maps can be derived from (7.6) 
by imposing conditions that prevent the occurrence of the second property. 


(7.7) THEOREM. Let T: Ky — E be a compact acyclic map and assume 
that for allz € OK, one of the following conditions is satisfied: 
(i) Z2l] < max{|[x\) | — Tell}. 
(ii) Tal] < (ie — Tel? + Ye 2)". 
Then T has a fized point. 


ProorF. The routine verification that property (b) in (7.6) cannot occur is 
left to the reader. oO 


Let T : E — E be an acyclic map. We say that T is completely continuous 
if it is compact on bounded subsets of E. 
Theorem (7.6), applied to completely continuous acyclic maps, yields 


(7.7) THEOREM (Leray-Schauder alternative). Let T: E — E be a com- 
pletely continuous acyclic map, and let 


€(T) ={z € E|x €ATz for some0 << 1}. 
Then either €(T) is unbounded, or T has a fixed point. 


PROOF. Assume that €(T) is bounded, and let K, be a ball containing €(T) 
in its interior. Then T|K, : Kp — E is a compact acyclic map, and since 
no z € OK, can satisfy the second property in (7.6). the map T has a fixed 
point, and the proof is complete. O 


8. Miscellaneous Results and Examples 


A. Degree mod 2 for set-valued acyclic maps 


Throughout subsections A, B, C, only metric spaces are considered. By H.(X) we denote 
the Cech homology of X with Ze * i'r ients and with compact supports. Set-valued 
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maps are denoted by y,w,..., and single-valued maps by f.g....; for convenience we 
write py: X — Y instead of p: X +2” Withy: X —Y we associate the diagram 


XA Tey 


in which I’ = [yy is the graph of y, and p, g are the natural projections. 

A map y: X — ¥ is called acyclic if y is u.s.c. and y(:r) is acyclic for each r € X; 
for such a y, the sets p'(zx) are also acyclic, and by the Vietoris Uieorcm, p induces an 
isomorphism p+ : H+(I°) & H»(X). The homomorphism y. = q+p,! : H.(X) — H.(Y) 
is said to be induced by y. 

Let y: S" — R"*! — {0} be an acyclic map. Since Hn(S") & Hp(R"+! — {0}) = Ze, 
we may identify ys with an integer mod 2. This integer is called the degree mod 2 of p 
and is denoted fl d(y); for any yo € R"*t! — ~(S"). we let d(y.yo) = d(u), where 
Y(z) = v(x) - 


(A.1) Show: If py: (K"*1,S") — (Ret. R"*! _ {0}) is an acyclic map with d(y|S") 
# 0, then 0 € y(zp) for some xp € K"* 
[Supposing the contrary, consider the commutative diagram 


91 
i i R"+! _ (9} 


where 7, 7 are inclusions and p;, g; are the natural projections of the respective graphs; 
to get a contradiction. apply the Vietoris theorem to show that d(y|S”) = 0.] 


(A.2) Define the relation of acyclic homotopy between acyclic maps and show: 
(a) If the acyclic maps y.y : S" — R"*! — {0} are acyclically homotopic, then 
d(y) = d(w). 
(b) If f: S” — R"*t! — {0} is a selector of an acyclic map y: S"” — R"~! — {0}, 
then d(y) is equal to the ordinary degree mod 2 of the map f. 


(A.3) (Generalized Brouwer theorem) Let py: K" — K™" be an acyclic map. Show: y has 
a fixed point. 

B. Antipodal theorem for acyclic maps 

Throughout this subsection M is a compact space with H.(A/) = H.(S"). 


(B.1)* (Generalized Borsuk theorem) Let h: Af — M be a fixed point free involution. 
Show: If a map f Af — S" satisfies f(x) # f(h(z)) for all c € Af, then fs : Hn(AI) — 
H,,(S") is nontrivial (Jaworowski [1955)). 


(B.2) A set-valued map @: M — M is called a set-valued involution if y € (2) implies 
x € O(y) for all (x,y) € ALx M. Let & : Af — M bean involution and y : AJ — R"+1_ {0} 
an acyclic map satisfying the following condition: 


(*) no ray starting at 0€ R"+! intersects both y(x) and y((xr)) for any x € A. 


Show: The homomorphism ys - Mnid!t-- Un" **- {0}) is nontrivial. 
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[Consider the commutative diagram 


f 


Z— prt >» g” 


1 ot 


1 eee oP 


where P"t! = R"*! _ {0}, 
Z = {(x,y, u,v) |u€ v(x), ve € y(y), rE P(y)} C AL x M x prtly prt 
p. q are natural projections and s, f, r are given by 
s(ryuy) =r, r(u)=u/llull, — fle.y.ue) =u. 


Prove that Z is compact and establish successively the following assertions: (i) f is well 
defined; (ii) r. and ps are isomorphisms; (iii) s is the composition of the maps (z, y, u, v) — 
(x.y, u) > (x,y) > xr, having counterimages homeomorphic to y(y), y(x), and (z), 
respectively; (iv) ss is an isomorphism, and thus H.(Z) = H.(S"). Letting h: Z — Z be 
the involution (z, y,u.v) > (y,z,.v,u), observe that the map g = rf : Z — S" satisfies 
g(z) # g(h(z)) for each z € Z. Using (B.1), conclude that gs Hn(Z) — Hn(S") is 
nontrivial, and hence so is y.] 


(B.3) Let py : (K"*t!, §") — (R"*!, R"*! — {0}) be an acyclic map such that no ray 
starting at the origin intersects both the sets y(x) and y(—z) for any r € S” Show: 
0 € y(xq) for some zp € K"*} 


(B.4) (Generalized Borsuk-Ulam theorem) Let y : S" — R” be an acyclic map. Show: 
There exists a point x9 € S” such that y(zo) NYy(—z9) # O. 


C. Invariance of domain for acyclic maps 


(C.1) Let A C R"*! be compact, and a € A. Show: a € Int A if and only if there exists 
an acyclic map y: K"*! — A such that y(S") C A— {a} and d(y|S".a) # 0. 


[For sufficiency, first show that a € Int AJ < Ker[Hn(A — {a}) — Hn(A)] ¥ 0; then 
observe that the above kernel contains ys(Hn(S")) which is nonzero by assumption.] 


(C.2) A set-valued map y : X — Y is called an e-map if y(x1) N y(x2) 4 O implies 
d(x\,7r2) < € for all z},22 € X. Let yp: K"*+! — R"+! be an acyclic 1-map and 
y = y|S” Show: For any yo € y(0) we have d(y. yo) 4 0. 


[Letting G(x) = y(z) — yo and b= |S", note that 0 € G(0). Let 
W=T5={(zu)|re S", we A(r)}, 


Z = {(2,y) € K"*" x K™*? | o(2,y) = 1}, 
AM = {(z,y,u,v) | (x,y) € Z, wu € G(z), v € Ply)}, 
Y = {(x,y.u,v) € AL | y = O}. 


Observing that (z,u) > (z,0,u 0) @.fnws a wep 7: 4" — Y, consider the commutative 


§19. Vietoris Fractions and Coincidence Theory 547 


diagram 
bake 


Zo be 


yY <—— 


Ly, ¥ 
Z<* mM —> pati 


where p, q are the natural projections, j is the inclusion, and s, t, h, and f are defined by 


s(z,y,u,v) =(z,y), h(z,0,u,v) =2, 

t(z,0,u,v) =(2,0), f(z,y,u,v) =u—v. 
Then establish successively the following assertions: (i) t and f are well defined; (ii) s is 
the composition of the two Vietoris maps (z,y,u,v) +> (z,y,u) > (x,y); (iii) ss, te, Re 
are isomorphisms; (iv) is and j, are isomorphisms and hence H.(M) & H.(S"). Define 
k: M — M by (z,y,u,v) © (y,2,v,u), and note that k is an involution such that 
fk(z) = —f(z) for z € M. Applying (B.2) with k taken for and f for y, find that 
f« #0, implying that g. 4 0, and thus d(y, yo) # 0.] 
(C.3) (Lemma on e-maps) Let € > 0 and Ke(xg) = {x € R"*? | ||x — zol| < €}. Show: If 


y: Ke(xo) + R”*? is an acyclic e-map, then every point yo € (zo) is an interior point 
of p(Ke(xo)). 


(C.4) (Invariance of domain) Let U C R"*! be open and y: U > R"*! an acyclic map 
such that y(21)N y(z2) = O for any x1 # ze in U. Show: y(U) is open in R"*t} 
(For the results of subsections A, B, C, see Granas-Jaworowski [1959].) 


9. Notes and Comments 


Vietoris fractions and coincidence theory 


The idea of using “Vietoris fractions” in the context of the fixed point theory 
of set-valued maps is due to Calvert [1970]. The present sharp formulation 
of the method was first conceived by Granas in an unpublished work (+) and 
further developed in joint publications with L. Gdrniewicz (cf. Gorniewicz- 
Granas [1981], [1989], where the Vietoris fractions appear under the name of 
“morphisms” ). An appropriate coverage of the theory of Vietoris fractions 
would require a separate volume. In this presentation, we are content to 
develop the theory to the point where it can serve as a convenient tool in 
the study of fixed points of set-valued maps. 

Here we remark that as shown in Gérniewicz—Granas [1981], the principal 
notions and main results of this paragraph extend to nonmetrizable spaces; 
using the Cech homology H,(-,@Q) with compact supports and the Vietoris— 
Begle theorem (cf. Begle [1950]), the main Lefschetz-type fixed point results 


(1) The main results of this work were presented in Granas’s lectures at the University 
of Bonn in 1975. 
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of §17 can be extended to the framework of coincidence theory. Thus, for 
example, we have the following generalization (Gérniewicz -Granas [1989]) 
of the Eilenberg- Montgomery coincidence theorem: 


THEOREM. Let I be a space, X an ANES( compact) space, and f,s: PF — X 
two maps such that f is compact and s is proper and inverse acyclic. Then: 
(i) the Lefschetz number A(f,s) = A(f.s7') is defined, 
(ii) if A(f,s) 40, then the maps f and s have a coincidence. 


Fixed points for acyclic maps 


The fixed point theory for acyclic maps was founded in 1946 by S. Eilen- 
berg and D. Montgomery. Using the Vietoris mapping theorem (and also the 
chain approximation technique, which appears in the original proof of the 
above theorem by Vietoris [1927]), Eilenberg-Montgomery [1946] extended 
the Lefschetz: Hopf theorem to set-valued acyclic maps. It soon became 
clear that the same method can be used to extend to acyclic maps other 
known topological results. Thus, the Borsuk antipodal theorem, the invari- 
ance of domain, and the mod 2 degree were extended to acyclic maps (see 
Jaworowski [1956], [1957], Granas—Jaworowski [1959], and “Miscellaneous 
Results and Examples”). Theorems (1.2) and (6.4) are due to Eilenberg— 
Montgomery [1946]. Theorem (7.3) represents an extension to acyclic com- 
pact maps of the Lefschetz fixed point theorem for ANRs given in §15:; the 
proof of this result in the special case where X is a topologically complete 
ANR was found by Powers [1970] and independently by Gérniewicz-Granas 
[1970]. We remark that (7.3) yields in particular the generalized Schauder 
theorem for compact acyclic maps of ARs. 

For other results on acyclic maps the reader may consult the survey of 
Borisovich et al. [1980]. 


Lefschetz theorem for maps having acyclic decompositions 


Let # be the class of set-valued maps such that S : X — X is in # if 
and only if X is a compact ANR and for some sequence y = (S..... Si) 
of acyclic maps S; : X; — Xj41, 7 € [k] (where Xj = Xn4, = X), S = 
S,0-+-051; any such ¢ is called an acyclic decomposition of S. If §: X — X 
isin # and yp = (Sx,..., 51) is an acyclic decomposition of S, we let A(y) = 
A(ps), where ys = (Sx), 0---0 (51), : H,(X) — H,(X), and call A(y) 
the Lefschetz number of yp; clearly, different acyclic decompositions have in 
general different Lefschetz numbers. 

The class # was introduced by M. Powers [1972] to whom the following 
extension of the Eilenberg—Montgomery theorem is due. 


‘THEOREM (Powers). Let S : X — X be a map in #. If for some acyclic 
decomposition p of S we ham My) AU. the. S has a fixed point. 
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Set-valued maps determined by fractions 


Let X be a space and y = f|s € F(X, xX) a fraction. We say that a set- 
valued map S$: X — X is determined by y if S(x) = f(s~4(z)) for z € X 
(Gérniewicz—Granas [1981]; see also Jankowski [1975]). 

We say that S : X — X determined by f|s is a Lefschetz map if fs; : 
H,(X) — H,(X) is a Leray endomorphism; for such an S we define its 
Lefschetz number A(S) by A(S) = A(f.s,*). 

Because any set-valued map determined by a fraction is upper semicon- 
tinuous, the general coincidence result stated at the beginning of this section 
implies (cf. Gérniewicz—Granas [1981], [1991]) the following 


THEOREM. Let X be an ANR, or more generally an ANES(compact) space, 
and assume that S: X — X is a set-valued map determined by a compact 
fraction. Then S is a Lefschetz map, and A(S) 4 0 implies that S has a 


fixed point. 


Because any composition of acyclic maps is determined by a fraction, 
this theorem implies the above theorem of Powers and a number of other 
Lefschetz-type results for compact set-valued maps that admit acyclic de- 
compositions. 

For details and more general or related results, see Powers [1972], Gér- 
niewicz [1976], Dzedzej [1985], Kryszewski [1994], and Gérniewicz’s book 
[1999], where further references can be found. 


The local index for acyclic maps of polyhedra 


Let * be the class of all triples (X,y,U), where yp: X — X is an acyclic 
selfmap of a compact polyhedron X, U C X is open, and Fix(y|OU) = 90. 
The following result was established by H. Siegberg and G. Skordev. 


THEOREM. There exists on A* a local indez (X,p,U) > 1(X,, U) with val- 
ues in Q satisfying the properties: (i) strong normalization; (ii) homotopy; 
(iii) additivity; (iv) excision; and (v) commutativity. 


This index is developed through the use of chain approximations (not 
necessarily induced by simplicial approximations). The same technique per- 
mits one in fact to extend the above index to maps in the class # and 
to prove the mod p property of the index. For details and more general or 
related results the reader is referred to Siegberg—Skordev [1982], Skordev 
[1984], von Haeseler-Skordev [1992], and Kryszewski [1996]. 


Homotopy method 

We now briefly comment on the study of fixed points for set-valued maps 
that is based on homotopy considerations and relies only on using elementary 
tools of geometric topology. 
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In 1958, Granas asked the following question: Given a compactum X in 
R"” and an acyclic map yp: X — S™, does there exist an acyclic homotopy 
joining to a single-valued map? 

Brahana-Fort- Horstmann [1965] gave an affirmative answer to this ques- 
tion, assuming that the maps and the homotopies under consideration are 
cellular (1). A similar result (as shown by Kucharski [1988]) also holds for 
the class of strongly acyclic maps: Any strongly acyclic map yp: X — S" is 
homotopic via a strongly acyclic homotopy to a single-valued map. 

We remark that the first (respectively second) result implies that the 
Brouwer degree for maps S" — S” can be extended to cellular (respectively 
strongly acyclic) maps. 

We mention two other noteworthy results obtained by the homotopy 
method: 

(i) (The index for Z-acyclic maps of ENRs) Using the properties of 
strongly acyclic maps, Bielawski [1987] established the following result: Let 
F be the class of set-valued maps defined by the condition: yp € F if and 
only if p: U — X is compactly fixed and Z-acyclic (i.e., each p(x) has 
Z-acyclic Cech cohomology), where 2 X isan ENR andU C X is open. Then 
there exists a unique function I: F — Z satisfying the same properties as 
the index for single-valued maps of ENRs. 

(ii) (The index for Rs-maps of compact ANRs) Let X be a compact 
ANR, U Cc X open, and let @ay(U.X ) denote the set of all Rs-maps 
y:U — X with no fixed point on OU. A homotopy {\;} between members 
of sy (U, X) is understood to consist of Rs-maps with no fixed point on 
OU. We denote by Gay [U, X] the corresponding set of homotopy classes, and 
by Cau[U, X] the set of homotopy classes of single-valued maps f : U — X 
with Fix(f|OU) = 0. Gérniewicz--Granas~Kryszewski [1991] constructed a 
bijection between @ay[U. X] and Cou[U. X]. This implies the existence of 
the fixed point index for Rs-maps of compact ANRs with the usual proper- 
ties. 


We remark that from the above index theory for Rs-maps it follows that the Hilbert 
cube I is a fixed point space for Rs-maps. This in turn (by using the factorization 
technique) implies a broad generalization of the Schauder theorem: If X is an AR, then 
any compact Rs5-map of X into itself has a fized point. 


For details and related results the reader may consult Kryszewski [1996] 
and also the book of Gérniewicz [1999]. 


(1) Let p: S" — S" be an u.s.c. set-valued map. Then: (i) y is cellular if each y(z) is 
the intersection of a descending sequence of topological n-cells; (ii) y is strongly acyclic if 
the homotopy groups 7.(S” — y(:r)) vanish for all sr € S” and k= 0,1,... (cf. Kucharski 
[1988}); (iii) y is an Rs-map if each y(z) is an Re-set, i.e., an intersection of a descending 
sequence of compact ARs. 
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This paragraph is concerned with three topics not closely related to one 
another but each having points in common with the Leray-Schauder theory. 
The “Notes and Comments” end with a concise overview of a few important 
areas of the fixed point theory that were not treated in the book. 


1. Degree for Equivariant Maps in R” 


Topological degree in R” has been extended to various classes of equivari- 
ant maps. Our aim in this section is to outline one such extension, in a 
simple setting which does not require knowledge of representation theory 
and equivariant topology. 

Throughout this section, we let U denote an open bounded subset of 
R”. For the convenience of the reader, we first recall some definitions and 
relevant results. 

Let f : U — R* be a smooth map (1). We say that zp € U is a regular 
point of f if the differential Df(xzo) € Y(R”, R*) is surjective; otherwise, 
Xo is called a critical point. The images of critical points are critical values. 
An element y € R* is a regular value if it is not a critical value. 

With this terminology, we can state the following special case of the Sard 
theorem: 


(1.1) THEOREM. If f : U — R® is a smooth map, then the set of regular 
values of f is dense in R”. O 


Let K C R®” be compact, {Ui,...,U,} an open covering of K, and 
Us Lies U;. By a smooth partition of unity subordinate to {U;}*_, is meant 
a family {\;}*_, of smooth functions 4; : U — I such that: 

(i) suppA; C U; for i € [k], 

(ii) SOK, Aly) = 1 for all y € U. 

Using the well-known fact that such a partition of unity always exists, we 
now show that if K C R” is compact, then any continuous map f : K — R” 
can be uniformly approximated on K by smooth maps. 


(1.2) THEOREM. Let K C R” be compact and f : K — R” continuous. 
Then for each € > 0 there exists a smooth map g: K — R" such that 
lf —9|| <€, where || || 2s the supremum norm. 


Proor. Let € > 0 be given. Since K is compact, uniform continuity of 
f gives a 6 > 0 such that ||f(z) — f(y)|| < € whenever ||z — yl] < 26. 


(‘) Given X C R",amap f:X > R* is called smooth if there exists an open V > X 
anda C™ mapg:V — R* such thet aX =f 
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This implies that there exists a finite subset {7,..., 24} of A’ and an open 
covering {U,}* , of by balls U; = B(z;,6) such that || f(x) — f(y)ll < € 
whenever v.y € U,, 7 € [kK]. 

Take now a smooth partition of unity {\,} subordinate to {U;} and 
define a smooth map g: U — R" by 


k 
gr) = So A(x) fl). 2 EU. 


i=1 
Then for any 1 € A, 
k 


k 
f(z) - 9) < Qa r)ilf(z) — f(z.) <2 


7) 
II 
m 
O 


Admissible maps and homotopies 


A map f : U > R” is called admissible if f|U : U — R" is smooth and 
f(x) 4 0 for x € OU. We let «/(U) denote the set of all adinissible maps. 
A map f € «/(U) is called generic if 0 is a regular value of f|U. By an 
admissible homotopy is meant a homotopy h : U x I — R” such that 
h|U x I is smooth and h(r,t) 4 0 for (x,t) € OU x I; the set of admissible 
homotopies is denoted by #(U). 


(1.3) DEFINITION. Two maps f,g € <(U) are said to be homotopic in 
of (U) (written f ~ g in </(U)) if there exists an admissible homotopy 
h € fH (VU) joining f and g (i-e., such that h(z.0) = f(r), h(z,1) = 
g(x) for r € U). 


(1.4) THEOREM. For each f € & (U), there exists a generic map g € «/(U) 
homotopic to f in &(U). 


PRooF. Given f € «/(U), choose a > 0 with a < inf {|| f(x)|| | z € OU}. By 
Theorem (1.1) there exists a regular value yo € R” of f with ||yol| < a. Set 
g(t) =f(z)-y. xe, 

and 
h(z,t)=(1—-t)f(x)+to(z), (xt)heUx I. 


Clearly, g is generic, and (since ||h(.x.t) — f(.r)|| < tllyol] < a) h is the desired 
admissible homotopy joining f and g. O 


Let f :U > R" be generic. By the inverse function theorem, the set 
f71(0) is finite: 
a ee rere sae 
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We let : 
o(f,U) =) sgndet Df (zi) 


and observe that o( f,U) = d(f,U). 


Equivariant maps and homotopies 


From now on, we deal with a fixed Euclidean space R” equipped with a 
splitting R” = R?®R’, where p, g are fixed natural numbers with p+q = n. 
For z € R”, we write x = (u,v) with u € R?, v € R? and we let 


T(u,v) =(u,—v) for (u,v) € R” 


Clearly, the map T : R” — R” is a linear isomorphism and an involution, 
1.€., T? = idpn ; 

A set X C R® is called T-invariant if T(X) C X; clearly if X is T- 
invariant, then T(X) = X and T|X : X — X is an involution on X. 

Let X C R” be T-invariant. A map f : X — R” is called equivariant if 


f(T(x))=T(f(z)) forxeEeX. 


If we write f = (fi, fo), where fi : X — R?, fo: X — R‘, then equivariance 
of f means that f;(u,—v) = fi (u,v) and fo(u,—v) = —fo(u.v) for all 
(u,v) EX. 

For convenience, call U C R” allowable if it is open, bounded, and T- 
invariant; then U is also T-invariant. Let U be a fixed allowable subset of R®. 
A map f :U — Rr’ is called T-admissible if f € o/(U) and f is equivariant; 
we denote by &./(U) the set of all T-admissible maps. A homotopy h : 
UxI — R® is called T-admissible if hh € & 4(U) and each h; is equivariant. 
i.e., h(Tx,t) = T(h(z,t)) for (z,t) € U x I. The set of all T-admissible 
homotopies is denoted by 6# #7(U). 

(1.5) DEFINITION. Two maps f,g € €&#(U) are called homotopic in 
Ex (U) (written f ~ g in &x/(U)) if there is a T-admissible ho- 
motopy h € x H/(U) joining f and g. 

Clearly, homotopy is an equivalence relation in &a/(U); we let [f] be the 

homotopy class of f € &2/(U) and denote by &x/[U] the set of all such 

classes. 


Generic equivariant maps 


Our aim now is to show that under suitable conditions every homotopy 
class in &./(U] contains a generic equivariant map. We first establish some 
lemmas. 


dod VI. Selected Topics 


(1.6) Lema (Homotopy extension lemma). Let (U,Uo) be a pair of open 
bounded T-invariant subsets of R", and let fy,go € E@(Uo) be ho- 
motopic in 6.e/(Uo). Assume that fo extends to a map f € €# (U). 
Then there exist g € €/(U) and an open T-invariant set V C Up 
such that: 

(i) f~g in &xX/(V), _ 

(ii) g(x) = f(x) for allx EU — Up, 
(iii) gg *(0)N Up =g (0) NU CV, 
(iv) g(r) = go(x) for allz EV 


ProoF. Let k € 6x H(Uo) be a T-admissible homotopy joining fo and go. 
Choose an open T-invariant (1) subset V of Up such that V C Up and 
k(x, t) # 0 for all (x,t) € (Uo — V) x J and then choose an open T-invariant 
subset V; of Up such that V C Vi C Vi C ‘Up. Let A: R® — I be a smooth 
T-invariant function such that 


1 forreV 
Mz) = : 
(2) forxe€ R"” -—YV\. 


Letting now 


_ J f(z) for x €U —Vj, ry=h(z.1) i 
Mes) { k(x, X(x)t) for xr € Up, Gta teed). Tone es 

we obtain a map g and a T-admissible homotopy h: U x I > R® joining f 
and g and satisfying the assertion of the lemma. O 


To state the next lemma, we need some terminology. 

Let A be a compact T-invariant subset of R”, and k a positive integer. 
By a (T,k)-simple covering of K is meant a family {U;}*_, of open subsets 
of R” such that: 

(i) U; AT, 3) = @ for each i € [k]. 

(ii) AC Us, (Ui UT(U;)). 

A compact K C R” is said to be (T,k)-simple whenever it has a (T,k)- 
simple covering. 

In what follows, given f € €x/(U), we let 


R(f) = {r € f~'(0) | Df (x) is an isomorphism} 


denote the set of regular zeros of f 

In the remainder of this section we let U denote an allowable subset of 
R” such that T acts freely on U (i-e., Tx # x for all x € U. in other words, 
Un RP =). 


(') Observe that if ¥ C Up is open, then V = VUTY © Up is also open and 
moreover T-invariant; Sin aENYy given a smooth Urysohn function \. R” — I, the function 
A: R" — I defined by 4 = 4 Me Tis a smooth T-invariant Urysohn function. 
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(1.7) Lemma. Let f € 6x (U), where U is (T,s)-simple for some s > 2. 
Then there exists a g € (UV) such that: 
(i) fr g nméx(V), 
(ii) the compact set g~1(0) — R(g) is (T,s — 1)-simple. 


Proor. Assume that {U;}%_, is a (T, s)-simple cover of U. Set 


kK=U- We UT(U;)) 
1=2 

and observe that: 

(i) K is a compact subset of U; UT(Uj), 

(ii) ee ky UT(K), where ky =Kf U;. 
Take a regular value yo of f[UM Uj, such that ||yol| < inf{|| f(x)|| | 2 € dU} 
and choose a smooth function A: R” — J with A(z) = 1 for x € Ky; and 

Max = 0 forrze R"- U,. 
The reader can now verify that g: U — R” given by 


f(z) — A(z) yo forr EU, NU, _ 
g(x) = § f(z) -—A(Tz)Tyo for ec € T(Ui) NU, 
f(z) for x € U —(U, UT(U;)), 
has the desired properties. O 


(1.8) LemMA. Let f € @x(U) and assume that the set f—1(0) — R(f) is 
(T,s)-simple for some s > 1. Then there exists ag € 6X(U) such 
that: 

(i) f~g néx(U), 
(ii) the compact set g~'(0) — R(g) is (T, s — 1)-simple. 


PROOF. Since by assumption, f—!(0) — R(f) is (T, s)-simple, there exists an 
open T-invariant set Up C U such that: 
(i) f-*(0) — R(f) C Uo, 

(ii) R(f) CU-Uo, 

(iii) Uo is (T, s)- ae 
Set now fo = f|Up : Up — R® and observe that fo € Ea (Uo). By Lemma 
(1.7), there exists a homotopy h€ EMH (Uo) joining fo to some go such 
that the compact set g9 (0) — R(go) is (T, s — 1)-simple. By the homotopy 
extension lemma, there exists a g € pre (UV) with f ~ gin @x(U) such that 
the compact set g~!(0) — R(g) = 99 (0) — R(go) is (T,s—1)-simple. O 


By an inductive procedure, Lemma (1.8) leads immediately to 


(1.9) THEOREM. Let U C R® be allowable and such that T acts freely onU, 
and let f € @(U). Then there exists a generic map g € €@(U) 
such that f~g in&s/(U} 
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Normal maps and homotopies 


Let U be a fixed allowable (i.e., T-invariant open bounded) subset of R® = 
RP p Ro p+q=n. For any f : U > R®, we write f = (fi, fe), where 
fi: U — R’, fo: U — R’. 
Given € > 0, we let 
U(e) = {z = (u,v) € U | lll] < e} 
and call a map f € 6a/(U) e-normal if 
r=(u,v)€U(e) > fo(u,v) =v. 


A map f € &.2/(U) is called normal if it is e-normal for some € > 0. More 
generally, a homotopy h € €x/ (U) is normal if there exists an € > 0 such 
that each h; : U — R” is e-normal. We let 


NEU) ={f € EAU) | f is normal}. 


(1.10) DEFINITION. Two maps f,g € VEL (U ) are called homotopic in 
NEU) (written f © g in VYExM(U)) if there exists a normal 
homotopy h € &e/ (UV) joining f and g. 


Clearly, homotopy is an equivalence relation in.’ €./(U); we let [f] be the 
normal homotopy class of f € “&a(U) and denote by .”&.2/[U] the set 
of all such classes. 

The construction of the degree for maps in &.0/(U) relies on the following 


(1.11) THEOREM. Jf U is an allowable open subset of R", then the map 
tT: WEA] EaU]. [fl] > (fl. 
is bijective. 


PROOF. (i) 7 is surjective: Let f = (fi, fo) € 6.0/(U) be given. We have 
to find ag € VYE&x/(U) such ae f ~g in 6XA(U). We first note that 
fo(u,0) = O for all (u,0) € U, because f is equivariant. Letting s = 
inf {|| f(u.v)]|] | (u,v) € OU} > O, ee an € > 0 so that for all (u,v) € U. 


lv] << 2e => || fo(u,v)|] < s. 


To establish our assertion, let \ : # — I be a smooth function such that 


1 fort<e, 
A(t) = He for t > 2¢, 


and define a homotopy h: U x I + R” by setting 
A(u,v,t) = (fi(uerd eles + A — tr(llvll)) fo(a, v)) 
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for (u,v,t) € U x I. It can now be easily verified that h is a homotopy 
in (UV) joining f(u,v) = h(u,v,0) and g(u,v) = h(u.v. 1). Clearly, g is 
normal, which proves the surjectivity of 7. 

(ii) 7 is injective: Given f,g in. YGx(U) with f ~ g in &xX/(U). we 
need to show that there exists a normal homotopy joining f and g. The 
proof is analogous to that in (i) and is left to the reader. 


Equivariant degree 


We first define the degree for maps in W@x@(U). As before, let U C R” be 
allowable and f = (fi, fo) € W@W (U). Set Uy = UN R? and, assuming 


Up #9, define go : Up — RP? by go(u) = fi(u,0); clearly. go € (Uo). 
We now let 


= £UG0.Uo) if Uo #9. 
o~ 10 if Up = 0. 


Because f is normal, there exists an e > 0 such that the formula 
g(z)= f(z) forxeU—U(e) 


defines a map gi in &.e/(U), where U; = U — U(e). Since T acts freely 
on Uj, there exists an integer d, such that d(g,,U1) = 2d, (*). 
We now define the T-eguivariant degree deg(f,U) of f by setting 


deg (f,U) = (do,di) € Z@ Z. 


(1.12) THEOREM. Let WY denote the class of all maps f € VYExX/(U), where 
U is an allowable subset of R"”. Then there exists a function 


degp: VW —-ZOZ 


assigning a degree deg(f,U) to each f Ee VEM(U) and satisfying: 

(1) (Existence) If degy(f,U) #0, then Z(f) 4 9. 

(2) (Excision) If Up C U is an open T-invariant subset of U such 
that Z(f) C Up, then degy(f, U) = degy(f|Uo, Uo). 

(3) (Additivity) If Vi, Ve are two disjoint open T-invariant subsets 
of U such that Z(f) C Vi UVa, then 


degy(f,U) = degr( fi. Vi) + degp(f|V2. V2). 
(4) (Homotopy) If h is a homotopy in WExX(U), then degy(he, U) 
does not depend ont € I. 


(*) This follows from the fact that if g) is generic and g1(x9)=0, then also g, (Tzo)=0, 
and sgndet Dgi(Txo) = sgndet gi(xo) (because g) = To gi oT and detT = +1 imply 
det Dg (Txo) = det Dgi(x0)). 
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We remark that for a map f €.Y@@(U) the “ordinary” degree d(f,U) 
is determined by the pair (do, d,) of integers via the formula 


d(f,U) =dg+2d, and dy =d(f,U(e)). 


The extension of the degree to arbitrary maps in & <4 (U) relies on The- 
orem (1.11). Starting off with f in &a@(U), we select a map g in VW@X(U) 
with [g] = [f] and define 


Degr(f,U) = degr(g, U). 
By the above theorem, Deg7(f,U) is independent of the choice of 9. CO) 


As a consequence of Theorem (1.12), we obtain the main result: 


(1.13) THEOREM. Let & denote the class of all maps f € €(U), where U 
is an allowable subset of R", n > 2. Then f ++ Deg;(f.U) defines a 
function Degp :€ — Z@ Z satisfying: 

(1) Existence 

(2) Excision 

(3) Additivity 

(4) (Homotopy) If h is a homotopy in @x(U), then Degy(ht.U) 
does not depend ont € I. C) 


2. The Infinite-Dimensional E*+-Cohomology 


Let E be an infinite-dimensional normed linear space and H?* the cor- 
responding finite-codimensional Cech cohomology. Let V C E be a closed 
linear subspace of finite codimension m, and Sy the unit sphere in V The 
dimension axiom for Hz“, together with the other Eilenberg-Steenrod 
axioms, iniplies that 


He "(Sy) =H ™|(point) for each q € Z. 


Therefore, the theory H;;~* distinguishes spheres according to their codi- 
mension, exactly as the usual Cech cohomology distinguishes them according 
to their dimension. 

But in an infinite-dimensional space, a sphere may have both infinite 
dimension and infinite codimension. The aim of this section is to outline the 
construction of a cohomology theory that can distinguish between such ob- 
jects. For technical reasons we will describe this construction in the context 
of real Hilbert spaces. 


Relative dimension 


Let E be a fixed infinite-dimensional Hilbert space over R, and G(E) the 
Grassmannian of E, ie., tix collestionr. «1 all closed linear subspaces of E. 
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We set 
G,(E) = {V € G(E) | dim(V) < 20}, 


G*(E) = {V € G(E) | codim(V) < cc}. 


If V € G(E), we let V+ denote its orthogonal complement, and Py the 
orthogonal projection of E onto V. 
In order to compare two different elements of G(E) we need the following 


(2.1) DEFINITION. Two linear subspaces V,W € G(E) are said to be 
commensurable (written V ~ W) if the linear operator Py — Py: is 
completely continuous. Commensurability is an equivalence relation 
in G(E), and if V ~ W, the relative dimension dim(V.W) of V with 
respect to W is the (possibly negative) integer defined by 


dim(V. W) = dim(V nN W+) — dim(V+ NW). 


Note that the subspaces VN W+ and V1 NW are finite-dimensional, being 
the sets of fixed points of the completely continuous operators 


Pw1°o Py =(Py—-Pw)oPy, Pyio Pw = (Pw — Py)o Py, 


respectively. 
We list a few simple examples and properties of commensurability: 
(i) Any V,W € G,(E) are commensurable, and 


dim(V, W) = dim V — dim W. 
(ii) Any V,W € G*(E) are commensurable, and 
dim(V, W) = codim W — codim V. 


(iii) If W, has dimension 7, then V @ W, ~ V for any V € G(£) such 
that VN W, = {0}, and dim(V @ W,,V) =r. 

(iv) If W, is an s-codimensional subspace of V. then V ~ W, and 
dim(W,, V) = —s. 

(v) If V € G(E), K € £(E,E) is completely continuous, and T = 
I+ K, then T(V) € G(E) and T(V) ~V. 


The E+ -cohomology 


We fix an orthogonal splitting E = E+ @E~, where Et and E~ are infinite- 
dimensional closed linear subspaces of &. We will construct a cohomology 
theory, the E+-cohomology H},, such that the spheres in closed linear 
subspaces commensurable with E~ have nontrivial cohomology, depending 
on their relative dimension with respect to E7. 

Let 77+ be the product topology of the weak topology of E+ and the 
strong topology of E~; clearly, 72+ induces the weak topology on every 
closed linear subspace cormmersurab.c with &t, and the strong topology 
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on every closed linear subspace commensurable with E~ In particular, any 
sphere in a subspace conmensurable with E~ is 7g+-closed. 

We now describe the basic category £p+ on which the Ft -cohomology 
will be defined. The objects of £4 are the 7T_+-closed bounded subsets of E, 
and its morphisms are the Tg--continuous maps f : X — Y of the form 


f(r)=r—-F(r) rEX, 


where the Tp+-closure of F(X) is 7—+-compact. Such morphisms will be 
referred to as E+-compact fields. Note that every linear compact field is 
also an E+-compact field. 

By an Et-compact homotopy in L-+ is meant a 7Tg+-continnous map 
h:X xI—-Y of the form 


h(a.t)=r—-HA(z,t) rexv,tel, 


where the 7g+-closure of H(X x I) is T~+-compact. Two E*-compact fields 
f.g: X —Y are said to be E*-compactly homotopic (written f ~ g) if they 
can be joined by such a homotopy. This is an equivalence relation. and L-+ 
is an h-category. The symbol a will denote the corresponding h-category 
of pairs. 

Let H* = {H4,6} be the Cech cohomology with coefficients in some 
abelian group G. We use here the integer grading, with the convention that 
H4(.X) = 0 for g < 0. 


(2.2) DEFINITION. By an E*+-cohomology Hi. = {H}..5h.}gez on Lo- 
(with coefficients in G) is meant a sequence of contravariant functors 
(.X.A) > HE, (X.A) (one for each g € Z) from ian to Ab together 
with a sequence of natural transformations 


r 7 +1 - 
6°(X, A): Hp,(A) — HEY (-X.A) 
satisfying the homotopy. exactness and strong excision axioms and 


the following property: if V C £ is a closed linear subspace commen- 
surable with £7 and Sy is the unit spliere in ¥’, then 


Hes (Si) = H9-™* (point) for q € Z, 


where m = dim(V, £7); we will refer to the above property as the 
dimension axiom for the E+-cohomology. 


We are now in a position to state the main result of this section: 


(2.3) THEOREM. For any abelian group G, there exists a cohomology theory 
Hys4 on Te unth coefficients in G. 

REMARK. The topology 7g+, the category p+, and the cohomology theory 

Hy4 all depend on the ort ogenn' splisting & = E+ ® E-. One could also 
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have used the subscript E~ in the notation. However, if one works in a 
Banach space, where a closed linear subspace need not have a topological 
complement, E+ turns out to be the relevant subspace. For example, the 
topology 7g+ could be defined as the weakest topology on E such that all 
the bounded linear functionals on E and the quotient projection E — E/Et 
are continuous. 


Construction of Hi, 


In the remainder of this section we will give a general idea of how the E*t- 
cohomology theory is constructed. The construction turns out to be similar 
to that of H°~*; for obvious reasons, we will only sketch the arguments, 
pointing out the main differences with the previous case. 

Let G,(E~) = {Lq,Lg,...} be the set of all finite-dimensional linear 
subspaces of &—. For notational convenience we establish a one-to-one cor- 
respondence between the symbols a, (,... and the elements of G,(Z—). We 
write a < @ if La C Lg and denote by L the set G,(E7) partially ordered 
by the relation ~<; clearly, £ is a directed set. 

Choose arbitrarily an orientation of each a € £ and observe that given 
a ~< 6 with d(B) = d(a) + 1 (where d(a) = dim La), the orientations of La 
and Lg determine in a unique way two closed half-spaces Le La, of Lg 
such that i % 

Le U Le, a Leg and Le, N Le. — Ge. 
If X C E and a, f are as above, define 77+-compact sets 
Xqg=XN(Et @La), 
XG. =XN(Et@ D3,)s 
Xp, = XN (Et @ Lz,): 
Now let (X,A) be an object of £2, . Since 
(Xg, Ag) = (XB, UX, , Ag, UAG ), 


(Xa, Aa) = (Xj NX, Ag NAG.) 
AZ, =AsNXZ,, Ag, =ABNXz., 
we have the relative Mayer-Vietoris homomorphism (see (18.1.6)) 
Aap(X, A) : HIt8#) (XQ, Aa) — HK) (X,, Ag). 
Now, given any a < in L, we define the homomorphism 
Aap : HIt&) (XQ, Aa) 2 HIt) (Xg, Ag) 


as follows: if d(8) = d(a) +1, we let Agg be the relative Mayer—Vietoris ho- 
momorphism Agg(X, A) as shove: otherwise. we take a chain of consecutive 
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elements of £ and define Agg to be the composition of the corresponding 
Mayer Vietoris homomorphisms. 

Although the argument of Lemma (18.3.3), based on the Alexander - 
Pontrjagin duality, does not apply here, the functoriality of the Mayer- 
Vietoris homomorphism (18.1.8) can be used to prove directly that the def- 
inition of .\,,,; does not depend on the choice of the chain in £ joining a 
and 3. Therefore, {H9t4™(X,_, Aa), Aastaec is a direct system of groups. 


(2.4) DEFINITION. For an object (X.A) in £%,, we define the abelian 
group 
Hes (xX, A) = lim {H9*%)(X,, Aa), Aap} 
ael 


to be the direct limit over £ of the direct system constructed above. 


As a first step to proving the dimension axiom, we shall compute the 
E*-cohomology of the unit sphere in a closed subspace of a particular type. 
Let Vt be a linear subspace of E+ of finite dimension r, and let V~ be a 
closed linear subspace of E~ of finite codimension s. Then V = V+ @ V— 
is closed, commensurable with E~, and dim(V.E~) = r —s. Let Sy be 
the unit sphere in V, and let L, be an s-dimensional complement of V~ 
in E~ The direct limit used to define HZ, (Sy) can be restricted to Lp = 
{a € L| a X a}, which is a cofinal subset of L. If a € Lo. we see that 
dimV N(Et @L.) =r+d(a)—s, and Sg = (Sv) is the unit sphere in 
V N(Et @ La), so 


Hatda) S.)= i ifg=r—s-—l, 

(Sa) 0 otherwise. 
It is easy to show that if a < £6 in Lo and d(f) = d(a) + 1, then the 
Mayer-Vietoris homomorphism Aygg : H¢t%)(S,) — H9t4)(S3) is an 
isomorphism. From this we infer that 


q _fG ifgq=r-s-l, 
Hp. (5v) = . otherwise. 

The complete version of the dimension axiom will follow once we prove 
the functoriality with respect to E+-compact fields: indeed, every closed sub- 
space commensurable with E~ is the image of a subspace of the above kind 
under a linear invertible isometry of the form J + T, where T is completely 
continuous, and such a map is an invertible morphism in £ p+. 

The functoriality is proved in two steps: first for a restricted class of 
morphisms, and then extended to all morphisms in £¢+ by continuity and 
homotopy arguments. To make this more precise, we need some terminology. 
We say that an E+-compact field f : X — Y, f(x) = x — F(z), is an 
(E+ @ La)-field if the image of F is contained in E+ @ L,; any such field 
(for some a € L) will also he called au 2? -finite field. Two E+-finite fields 
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f,.g:X —Y that are (E+ @ L,)-homotopic for some a € L are said to be 
E* -finitely homotopic. 

lf f: X — Y is an (Et @ L,,)-field for some ag € L, then for any 
a >= ao in L, f maps Xq into Y,, and hence fa : Xo — Yq determines the 
homomorphisms 


Hata) f,) ; Hata) y, ) — Hata) (Xq). 


The functoriality of the Mayer—Vietoris homomorphism now implies that 
the family {H9+4°)(f..)}a>05 is a direct He of homomorphisms from 
{H9+4)(Y,), Aae(Y)} to {HIt+4@) (X.), Agg(X)}. The homomorphism 


f* : HEALY) — HEX) 


is defined as the direct limit of the above system over the cofinal subset Lp = 
{a € L| ao x a} of L. It is easy to verify that contravariant functoriality 
holds for E+-finite fields and also that if two Et-finite fields f.g: X — Y 
are E+-finitely homotopic, then f* = g”. 

The key tool for extending this definition to arbitrary E+-compact fields 
is again the continuity property of H;,,. If X is an object in fp+. then by 
an approximating sequence for X is meant a descending sequence X, D 
X2 D--- of objects in £~g+ such that X = ()p_, Xx. The inclusion maps 
ik XO Xk and Kl : XI =? Xk; l > k, are (E* @ {0})-fields, so the diagram 


HY, (X) Ht HE, (X1) 


Ht, (X) 


commutes. Therefore, we can consider the direct limit 


lim ix : lim{ HZ. (Xx), thr} > Hie (X), 
k 
and the continuity property asserts that this is an isomorphism. This follows 
from the continuity of Cech cohomology, because the sets X; (Et @ La) 
are Tp+-compact, being 7g+-closed in a linear subspace that inherits the 
weak topology. Compactness is crucial here, and this explains why we are 
working with the topology 72+. 

Given an E+-compact field f : X — Y, by an approzimating system 
for f is meant a sequence {Y;, f,}, where {Y,} is an approximating system 
for Y, and f, : X — Y; are E+-finite fields such that f, is E+-compactly 
homotopic to jx 0 f, while f, is E+-finitely homotopic to i,; 0 f,, where 

tr: Yo VY, and in, : Y — Yj are the inclusions. It is not difficult to 
show that every E*+-compac? fiela has ai epvroximating system. Then the 
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commutative diagram 


He (Yx) ty ne (Yi) 


| 4 


Hy+(X) 
together with the continuity of Hj, allows us to make the following 


(2.5) DEFINITION. The £+-compact field f : X — Y induces the homo- 
morphism 


f* = (lim fg) 0 (lim jg)" : His (¥) > Hes (X) 
k k 


between the £+-cohomology groups. 


One verifies that this definition does not depend on the choice of the ap- 
proximating system, as in Proposition (18.2.6). Contravariant functoriality is 
proved as in (18.2.9), after we observe that E+ @ L, with the weak topology 
induced by 7g+ is a locally convex space, so the Tietze extension theorem 
holds for (E+ @ L,.)-valued maps. The construction of f* can also be easily 
generalized to E+-compact fields between pairs. 

Let (X, A) be an object in £2,,. For each a € £, we have the coboundary 
homomorphism 


69+) X., Aa) . HItte)( 4.) = Hatdla)tl(y Ag). 


Let a x f be a relation in £ such that d(@) = d(a) +1. An argument 
involving cone suspension shows that the diagram 


Hate) (Aq) saad Co Ag) 


Hatda)+1(X,, Ag) 
Ao] “Aaa (X,A) 


a(8) 
Hata) (Ag) oN XarAa) HItae)+1( x, Ag) 


anticommutes (by (18.1.10) and (18.5.7)). Hence {(—1) 69+) (X,, Aa)} 
is a direct system of homomorphisms from {H?%+4)(A,), Agg(A)} to 
{Hatale)+1(X,, Aa), Aag(X, A)}, so we can take direct limits. 


(2.6) DEFINITION. Given an object (X,A) in £2,,, the homomorphism 


Sis = lim {(—1) “6944 (XQ, Aa)} : HB, (A) > HED (X, A) 
ael 


is the coboundary hemomorphisn~ for lip, . 
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The exactness of the long cohomology sequence and the naturality of the 
coboundary with respect to E*-compact fields are proved as in (18.5.8) and 
(18.5.11). 


3. Lefschetz Theorem for \B-Maps of Compacta 


We now turn to another generalization of the Lefschetz—-Hopf theorem, by 
showing that with Cech homology it remains valid for the class of NB- 
maps of arbitrary compacta having Cech homology of finite type; this class 
contains all self-maps of compact ANRs. In this section we consider only 
compact metric spaces and always use Cech homology over the rationals Q;: 
when no confusion can arise, the Q will be omitted in the notation, so that 
the graded homology of X over Q will be denoted simply by H,(X) = 
{Hn (X)}. 

We begin by gathering the main features of Cech theory that will be 
needed, and first recall the continuity property of Cech homology on the 
category of compact pairs: 


(3.1) PROPOSITION. 
(a) Let (X,,A,) D (Xe, A2) D--- be a descending sequence of com- 
pact pairs with (X, A) = (\j2, (Xi, Ai). Then 


A, (Xx, A) = lim{ H, (Xk, Ax), (int) }, 


where (ix1)+ are the bonding homomorphisms. 

(b) Fix n and for each k, let jy, : Hn(X,A) — Hn(Xx, Ax) be induced 
by (X,A) C (Xx, Ax). If z € H,(X, A) is not zero, then there is 
an index k(z) such that j,(z) #0 for all k > k(z). O 


Proposition (3.1)(b) has the following, sometimes more useful formula- 
tion: 


(3.2) PROPOSITION. With the notation in (3.1), let {21,...,zs} be a lin- 
early independent set in H,(X, A). Then there exists an N such that: 
(a) {jn (21),---,Jn(2s)} is linearly independent in H, (Xx, Ax) for all 
k>N, 
(b) in particular, j, is monic on the subspace Rg = (2),...,2s) gen- 
erated by {z,...,2s} forallk > N. 


Proor. For each k € N, let Nx be the kernel of j,|R; : Rs ~ Hn(Xx, Ax); 
then {N;,}92, is a descending sequence of subspaces of H,,(X, A). To prove 
our assertion, we need only show that one of them is zero. Indeed, otherwise 
there is an m such that {0} 4 Nm = Nm+i =-::- Now, by applying (3.1)(b) 
to a nontrivial element z € .¥,,. we vbtain a <ontradiction. 0 
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A compact space is said to have homology of finite type if all its Betti 
numbers are finite, and almost all are zero. (Recall that the nth Betti number 
of a space .X is the dimension of H,(X).) 

We will need the following property of Cech homology: 


(3.3) PROPOSITION. Let Z be a compactum having homology of finite type. 
Then there exists an € = £(Z) with the following property: For every 
compactum X, any two e-close maps f,g: X — Z induce the same 
homomorphism f, = 9. : H.(X) — H,(Z). 


ProoF. Let Hn(Z) = lim{H,(N(U)), puv}, where N(U/) denotes the nerve 
of the finite open cover U of Z, and the pyy are the bonding morphisms; 
and let py : Hn(Z) — H,z(N(U)) be the projection of this inverse limit to 
H,(N(U)). Because H,(Z) is finite-dimensional, a proof entirely similar to 
that of (3.2) shows that there is a finite open cover U = {U;,...,Us} of Z 
such that pw : H,(Z) —- H,(N(W)) is monic for each W refining UW. Use 
normality to find an open cover V = {Vj,...,Vs} of Z such that V; C U, 
for each i € [s], and set € = mindist(V;, X — U;). 

Now let X be any compactum, and let f,g : X — Z be e-close; then 
g7'(Vi) C f~'(U;) for each i € [s], so with the simplicial map J determined 
by the vertex map g—!(V;) + f—1(U;) and the obvious homomorphisms f,. 
gs (induced by simplicial maps fy, g#) we have the commutative diagram 


H,,[N(g7'(V))] > An (N(V)) 


H,(X) v. Pvu Hy (Z) 


H,[N(f-!(U))| > Ha(N(W)) 


where the g; are the projections in the spectrum for H,(X). Let a € Hy(X) 
and set f(a) = b, g.(a) = 6; then g.q:(a) = py(b) and f.q2(a) = py(b), so 
by commutativity 

pu(b) = pvupv(b) = pyugen (a) = fede (a) = fege(a) = pull). 
Since py is monic, this shows that b= b, and because a is arbitrary, we 
find that f and g induce the same homomorphism H,(X) — H,(Z). Since 
H,(Z) #0 for at most finitely many n, the result follows. oO 


(3.4) DEFINITION. Let X be a compactum. 
(a) A Borsuk presentation B = {Z; | i € N} for X consists of a 
descending sequence Z, D Z2 D --- of compact ANRs such that 
Na Zi = X. 
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(b) A map f : X — X is called a B-map if for each € > 0 there is 
some Z,, and some gy, : Z, — X such that d( f(x), gn(z)) < e€ for 
alla e X. 


Since every compactum X can be embedded in the Hilbert cube and have ar- 
bitrarily small compact ANR neighborhoods there, each such X has Borsuk 
presentations. 

For any compactum Y, the set of B-maps X — Y is a nonempty closed 
subset in the function space Y* (with the sup metric) containing the con- 
stant maps. Given a B-map f : X — Y and any g: Y — Z, the composition 
is also a B-map; in particular, composition in X* preserves the B-property. 


(3.5) THEOREM. Let X be a compactum with homology of finite type and 
a Borsuk presentation B = {Z,}. If f : X — X is a B-map with 
A(f) #0, then f has a fixed point. 


PROOF. Choose ¢(X) as in (3.3) and fix e > 0 with e < e(X). Find Z,, 
and a map g, = 9g: Zn — X with d(gj(x), f(z)) < € for all c € X, 
where 7 : X <> Z,. Since gj, f : X — X are é-close, they induce the same 
homomorphism in homology, so A(jg) = A(g7) = A(f) 4 0. Because Z,, is 
an ANR, this implies that 79 : Z, — Z, has a fixed point zo, necessarily in 
X,s0 d( f(xo0), £0) = d(f (xo), 9(x0)) < €. Thus f has an €-fixed point for all 
sufficiently small ¢ > 0, which completes the proof. () 


The continuous image of an ANR compactum is locally connected; since 
the compactum X in (3.4) may not be locally connected, the requirement 
for a B-map that the approximating g, send Z;, into X appears to be rather 
restrictive. We shall now consider a class of self-maps of compacta more 
general than B-maps by requiring that the approximating gx, have values in 
small Z,, rather than in X. 


(3.6) DEFINITION. Let X be a compactum and B = {Z;} a Borsuk pre- 
sentation of X. A map f : X — X is called an NB-map if there 
exists an extension f : Z; — Z, of f with the following property: for 
each € > 0 there exists a Z,, such that for every k > n there is a map 
Onk 1 Zn — Zp with d( f(x), gnk(x)) < € for all x € Zp. 


Our aim now is to extend the Lefschetz—-Hopf theorem to \/B-maps of 
arbitrary compacta having Cech homology of finite type. 

The use of Borsuk presentations in the proof of our main result will be 
based on the following two general lemmas. 


(3.7) LEMMA (Borsuk homology embedding). Let {Z;} be a Borsuk pre- 
sentation for a comprrtvin X hariry vs nology of finite type. Consider 
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the diagram 
A, (Zr) 
Pe 
H,(X) +> H, (Zi) 


where k > i and jx, ps are induced by inclusions. Then there exists 
an N such that j, is monic for alli > N; and for each such i, there 
exists a k(i) >i such that Imp, C Imj, for all k > k(z). 


Proor. Choose a basis {z1,...,2n} for H,(X). It follows from (3.2) that 
there is a Zy on which these generators are linearly independent, so j, is 
monic for all i > N. Fix any such Z;; because Z; has homology of finite 
type, we find that for the inclusion w : (Z;,0) — (Z;,.X) the image Imw, 
is finitely generated, so if we let p : (Z;,X) — (Z;,Z%) be the inclusion 
(with k > i), another application of (3.2) shows that there is a k(z) such 
that uw. : H,(Z;,X) — H.(Z,.Z,) is monic on Imw, for all k > k(z). Now 
consider the diagram 


H. (Zr) 
Pe 
H,(X) —-> H,(Z;) —“> H,(Z;,X) 
|» a 
H.(Zi, Zk) 


All maps being induced by inclusions, the triangle is commutative; and both 
the horizontal and vertical lines are exact. For any y € H,(Z;.), we have 
AxPs(y) = 0 by exactness, so by commutativity, 


0 = A, pe(y) = Ue We Ds (Y)5 


because py. is monic on Imw,, this shows that w,p,(y) = 0, and therefore 
p+(y) € Kerw, = Imj,; since y was arbitrary, the proof is complete. O 


(3.8) LEMMA (Borsuk’s trace lemma). Let X, Y, Z be compacta, each 
having homology of finite type, and let 7: X —- Z andp: Y — Z be 
maps such that in the diagram of induced maps 


H,(Y) 
Pn 


H, (X)—22-» H,(Z) 


§20. Further Results and Supplements 069 


jn 18s monic and\m py, Clim jn. Then for any f : X 3X andg: ZY. 
if jf and pgj induce the same homomorphism H,(X) — Hy(Z), then 


tr(fn) = tr(pngn) = tt(9nPn). 


PROOF. By considering the commutative diagram 


Im j, <2~ H,,(Y) 
of | 
H,,(X) —*> H,(Z) 
we note that 
(+) i. DRED 


and therefore, by assumption, 
(+*) tinfn = Indn = PnGnin = tPnGnjn- 
From (*#*), since 7 is monic, we obtain 
(x4) jada = PrGnjn- 
Now, using («)-(+#**) and the commutativity of the trace, we obtain 
tr( fn) = tr(jn ‘in fn) = tr(jnfnjn') F tr(Pngndndn') 

= tr(PnGnijnin ) = tr(Dngnt) = tr(ipngn) 

= tr(Pngn) = tt(gnPn), 
and thus the proof is complete. O 

We are now ready to prove the main result of this section. 


(3.9) THEOREM (Borsuk—-Dugundji). Let X be a compactum with homol- 
ogy of finite type and a Borsuk presentation B = {Z;}. If f: X 4X 
is an NB-map with (f) #0, then f has a fixed point. 

Proor. Let N be a fixed integer. We start by finding a Z, C Zn such that 

the inclusion X — Z, induces a monic w, : H.(X) — H.(Z,). For this Z, 

there is an €, = €(Z,) satisfying (3.3). For € = 5 min(es,1/N) we find a Z, 

as in Definition (3.6); we can assume that Z, C Zs, so in particular, the 

inclusion X — Z,, also induces a monic j, : H,(X) — Hs(Zp). Now choose 

k > nso large (as we can by Lemma (3.7)) that in the diagram 


H,(Zx) 


H,(X) 2 F(Z.) HAZ.) 
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(with all homomorphisms induced by inclusions) we have Imps C Im j,, and 
let Ink =9 2 Zn 2 Zp be such that d( f(z), g(z)) < € for all z € Zn. Because 
the composites 


- J 9 ¢ P 8 
NX OZ, > Lp Ln Zs 


and 
Vee. 2. 


are €,-close, they induce the same homomorphism in homology, so that 
SsDeQejx = Sejefx- Because S,j, = Ws is monic, we find that s, is monic on 
Imj. D Imp,, 80 p94 Je = jefe : H(X) — Hi (Z,). Now, by Borsuk’s trace 
lemma (3.7) we conclude that A(pg) = A(f) 4 0. Because Z, is a Lefschetz 
space, it follows that pg : Zp — Zn has a fixed point zy; we note that 


zn € Zp C Zp and d(f(zn).2zv) < € < 1/N. Performing this construction 
for N = 1,2,..., we can, because X = ()y;y_, Zn. choose a subsequence of 


{=y} converging to some zy) € X. Then f (20) = zo. and since f|X = f. the 
proof is complete. O 


(3.10) COROLLARY. Let X be a connected compactum with homology of 
finite type and a Borsuk presentation B. 
(a) If X is acyclic, then any NB-map f :X — X has a fixed point. 
(b) If \(X) 4 0, then any homeomorphism h: X — X that is an 
NB-map has a periodic point. 
(c) If the odd-dimensional Cech homology groups H2,4;(X:Q) are 
all zero, then any NB-map f : X — X has a periodic point. 


4. Miscellaneous Results and Examples 


A. Special classes of maps 


In subsections A and B, in the context of the Lefschetz theory, we replace singular homol- 
ogy by Cech cohomology. Thus “Lefschetz maps”, “Lefschetz spaces” etc. are understood 
to be taken with respect to Cech cohomology. Using the continuity of the Cech theory, we 
derive some general fixed point theorems, different from those previously established. 


(A.1) (Asymptotically regular maps) Let X be a space and f X — NX a map. We say 
that f is asymptotically regular if there exists a family {vq | a € A} of nonempty compact 
subsets of X satisfying: 

(i) f(Ka) C Ka for each a € A, 

(ii) for any a, 3 € A there exists ay € A such that Ah, C han Kz, 

(iii) for any a € A and 33 € A with Ay C Ka there exists a positive integer n such 

that f"(Ka) C AY3. 

Observe that conditions (i) (iii) imply that Ko = (\ge4 Ka 4 9 and f(Ko) C Ko. 

(a) Let f X — NX be asymptotically regular. For a € A, let fg : H(Ka) > 
H(Kaq), fg : H(Ko) — (No) and i’, : {10K,.s - tg) denote the homomorphisms of 
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cohomology groups (!) induced by the contractions fa: Ka — Ka. fo . Ko — Ko of f 
and by ie . Ko > Ka. Show: 
(i) 7% maps N(fz) into N(f§), and hence determines a homomorphism 7%, 
H(Ke)/N( fa) —- HUKo)/N(f6)- 
(ii) If a € H(Ka) and ig (a) € N(fG), then a € N(f@). 
(iii) ¢% is injective. 
(b) Suppose fa : Ka — Ka is a Lefschetz map. Show: 

(i) Given a € H(Ko), there exists b € H(Ka) such that i4(b) —a € N(fo). 

(ii) i%, is surjective. 
[For (b)(i): using the fact that f is asymptotically regular, consider the commutative 
diagrams 


_ be NE is 
Kn! Kg -H( Ka) «22 H(Ka) 


fi U8 


Ky —-> Ky H(Ko) <2 H(Ko) 


where Kg C Ka and f"(Ka) C Kg for some n € N|] 
(c) Show: 
(i) If fo is a Lefschetz map, then so also is fa for each a € A. 
(ii) If fa is Lefschetz for some a € A, then so also is fo. 
(iii) If fg is Lefschetz for some 6B € AU {0}, then the Lefschetz numbers A(fo) 
and A(fa), a € A, are all defined and equal. 


(A.2) (Maps in the class #5) If X is a space and f : X + X. we let Cy = 1 £7(X) 
denote the core of f, and by ¥(C’r) the set of all open nbd's of Cy in X. We define the 
class %§ by the condition f € 4s if and only if f : X — X is locally compact and C's 
is nonempty and compact (7). 
(a) Let X be a regular space and f X — X be in .#3§. Show: For each U € ¥(Cf) 
there exists a Vy € ¥(C f) such that: 
(i) Vy CU, 
(ii) f(Vu) CV, 
(iii) Ky = f(Vu) UC is compact. 
[Given U € ¥ (Cy), using local compactness of f, choose a W € ¥(Cf) such that WCU 
and K = f(W) is compact. Consider the compact set kK M(X — W) and note that for 
each « € KM(X — W) there exists an nx € N such that x € X — f"*(K), because 
Nen f7(K) C X —-(KN(X — W)). From this, by compactness, KN (X —- W) C 
UE U(x — f:(K)) for some nz,,....Nz, € N. Let n = maxj<j<x nz, and set Vy = 
V=Wwns(wyn--nf-)(W). 
Fix xz € f(V) and observe that: 
(i) ME FW) C No F(K) CWNK., 


(ii) f(x) € W for i=0.1,...,n, and hence x € Woafi(W)n---nf-?(W). 


(') To simplify notation, we write H(X) for H*(.X;Q); we use the notation analogous 
to that of Section 1 of §15. 

(7) Observe that if f € 24% and the orbits {Oz} of f are relatively compact, then 
f € Ks (cf. (15.6.1)). 
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(iii) Since f"+1(x) € K and f?+!(z) = fi(ftt-*(a)) € f(W) fori =1,....2+1, 


we have 
n+l 


fr*l (x) e€ ( ‘a f'(W)) NKCWNKCW, 


i=] 


and thus r € f~("*)(W). a 
To conclude, note that (i) and (iii) imply f(V) C V. and since f(V) C f(W) C K, f(V) 
is compact. 

(b) Prove: If X is a regular space and f : X — X is in .%, then f is asymptotically 
regular. 

[Consider the family {Ky | U € 1 (C'r)} of compact sets and show: 

(i) f(Ku) C Ku for any U € ¥ (Cy). 

(ii) Cy =N{Ku | U € ¥(C5)}. _ 

(iii) For any U,W € ¥(C,,), there exists an O € ¥(C'f) such that Ko C Ku N Ky. 

(iv) For any U.W € V(C yf). there exists a positive integer n with f"(Ky) C Kw. 
To establish (iv), given W € ¥(C f), take an x € Ky and note that since the orbit 
Oz C Ky is relatively compact, there exists an nz such that f"*(r) € Vw D Cy, 
by (15.5.2). Deduce that the open sets f~"7(Vw), x € Ky, cover Ky, and therefore 
Ky C Ujz, f-"*" (Vw) for some 21,...,2m € Ky. Take now n = maxi<i<m(nz, + 1) 
and verify that f"(Ky) C Kw.] 

(c) Let f : X — X be in .%4, and let fy : Ku — Ku, fu Vu — Vy denote the 
contractions of f. Prove: The map fu : Vu — Vy is eventually compact. 

(i) Take W € ¥(Cy) such that Cp C W CWC Vy and using (A.2) choose an n 
with f"(Ky) C Ky; this implies f?*! (Vy) C f"(Ky) C Kw: from f(Vvy) CWC Vy, 
deduce f"*!(W) C Kw C Vy, showing that ie is compact. 

(ii) For z € Vy, f(z) € Vy, take an open W C W C Vy such that f(z) € W By 
assumption, there is an open nbd O of z in X such that f(O) is compact. Since ONf~!(W) 
is an open nbd of x in Vy and f(ON f-!(W)) C f(O)NW is a compact subset of Vz, 
the desired conclusion follows.] 


B. Cech cohomology and Lefschetz-type results 


In this subsection by an admissible Lefschetz space is meant a regular space X such that 
each nonempty open subset U of X is a Lefschetz space. 


(B.1) Let X be an admissible Lefschetz space, and let f : X — X be in #5. Prove: 
For each U € ¥(C fz), the map fy : Ky — Ky is Lefschetz, and Fix(fy) 4 @ whenever 
A( fu) # 0. 


[Consider the commutative diagram 


Ky <—— f(Ku)U f(Vy) <—— ---<——_ f" (Ku) U f(Vu) ——_ f (Vr) ——> W 


| |— IN 


Ky <— f(kKu)U f(W) <—— -:-<«——  f"(Ku) U f(W) <——_ f (Vy) ——> Wy 


where the horizontal arrows are inclusions and the others are evident contractions of f. 
Use (A.2), (15.6.3), and the general properties of Lefschetz maps to conclude that fy is a 
strongly Lefschetz map.| 
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(B.2) (Lefschetz theorem for maps in 5) Let X be an admissible Lefschetz space and 
f:X — X a map in 243. Prove: 
(i) The contraction f : Cy, — Cy of f is a Lefschetz map. 


(ii) If A(f) 4 0, then Fix(f) 4 0 and Fix(f) ¥ 0. 


(B.3) Let X be an admissible Lefschetz space, and f : X — X in .%45. Prove: If Cy is 
contractible or Cech-acyclic, then f has a fixed point. 


(B.4) Let X be a regular NES(compact), or more generally, ANES(compact) space. Prove: 
If f : X + X is in 445 and C, is contractible or acyclic, then f has a fixed point. 

(The results of subsections A and B are taken from an unpublished manuscript by 
G. Fournier and A. Granas.) 


5. Notes and Comments 


Degree for equivariant maps in R” 


If f : R” — R” is continuous and U C R"” open and bounded such that 
f\|oU : OU — R” — {0}, there is defined an integer d(f,U), the topological 
degree of f with respect to U. By considering smaller classes of maps and 
smaller classes of sets, one may attempt to define finer topological invariants. 
A simplest example of such an invariant was presented in Section 1, whose 
results are taken from an unpublished manuscript of K. Geba. 

More generally, one can replace R” by a finite-dimensional real rep- 
resentation V of a compact Lie group G and consider only G-equivariant 
maps and G-invariant open subsets. For example, in such a framework Ize- 
Massabd-Vignoli [1989] introduce a general G-equivariant degree; in their 
construction, f : V — W is a G-equivariant map between (possibly dif- 
ferent) representations of G and the degree is defined as an element of a 
certain equivariant homotopy group of spheres. In the case V = W this ele- 
ment determines an element of B(G), the Burnside ring (*) of the group G. 
A more direct (but less general) construction of the equivariant degree for 
G-equivariant maps f : V — V was given by Geba—Krawcewicz~Wu [1994]. 

For details about the equivariant degree and also the equivariant fixed 
point index, the reader is referred to Rubinsztein [1976], Dold [1983], Komiya 
[1988], Ulrich [1988], Kushkuley—Balanov [1996], the book of Krawcewicz- 
Wu [1997], and “Additional References” II(c). 


The E+ -cohomology and its applications to Morse theory 


The E+-cohomology outlined in Section 2 and due to Abbondandolo [1997] 
provides a noteworthy approach to infinite-dimensional Morse theory. Morse 


(*) See Chapter IV of T. tum Dieck, Trcnefe e-ation Groups, de Gruyter, 1987. 
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theory deals with the study of critical points of a smooth function on a man- 
ifold AJ. When M is finite-dimensional, the main ingredient of the theory 
is that the presence of a critical point of Morse index g changes the homo- 
topy type of the sublevel sets of f by attaching a g-dimensional ball along 
its boundary (see Milnor [1963]). This fact remains true for an infinite- 
dimensional Hilbert manifold, so Morse theory holds in this framework and 
it detects critical points with finite Morse index (see Palais [1963]). How- 
ever, since every infinite-dimensional sphere in a Hilbert space is an AR, the 
Morse theory fails to detect critical points with infinite index. 

Let E be a Hilbert space and f : E — Ra Morse functional on E (i.e., a 
C? function satisfying the Palais- Smale condition (!) and such that at every 
critical point z, the Hessian D? f(z) is nondegenerate). We recall that the 
Morse index m(z) of f at a critical point x is the dimension of the maximal 
subspace of E on which the form D? f(x) is negative-definite. We say that 
f is strongly indefinite if all of its critical points have infinite Morse index. 

One general class of strongly indefinite functionals consists of the func- 
tionals f on E of the form 


() f(a) = 5(La, 2) + 0(2), 


where L is an invertible self-adjoint bounded operator on E, with infinite- 
dimensional positive and negative eigenspaces, E+ and E-, and b is a C? 
function satisfying: (i) b is weakly continuous, (ii) the gradient Vb of b is 
continuous from the weak to the strong topology of E. Functionals of this 
type arise in a natural way in the study of periodic solutions of Hamiltonian 
systems, of wave equations, and in many other concrete variational problems 
(see Rabinowitz’s tract [1986]). 

Assumption (ii) implies that the Hessian of b at any point x, D?b(z), is 
a completely continuous operator. Then it can be shown that the negative 
eigenspace V~ of D? f(x) = L + D*b(x) is commensurable with E~. If x 
is a critical point of f, then we define the relative Morse index of x by 
E*-m(xz) = dim(V-, E7). 

The dimension axiom for the E*+-cohomology theory suggests that a 
Morse theory based on H;,,, rather than on a standard homology or coho- 
mology, should be able to detect the critical points of f. Many deformation 
arguments in Morse theory require the use of the negative gradient flow, i.e., 
the local flow obtained by integrating the vector field —Vf; in the present 
case, this local flow has the form 


(+) (x,t) H ez ~— K(x, t), 


(') A function f : E — R satisfies the Palais Smale condition if any sequence {z;} 
in E such that {f(x;)} is bound d and bdffr,"{ -~ 0, contains a convergent subsequence. 
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where K is continuous from the weak to the strong topology. So the class 
of morphisms and homotopies in the h-category £-+ has to be enlarged to 
include maps of this form. Using Ze as the coefficient group (*), it is possible 
to prove the homotopy invariance of H}., with respect to homotopies of the 
form 


h(z,t) = A,[x — K(z,t)], 


where +> A; is a continuous path of invertible linear operators preserving 
the splitting E+ @E-, and (z,t) H x—K(z,t) is an E+-compact homotopy. 
The flow (**) belongs to this class of homotopies. 

In this way, it is possible to prove generalized Morse relations: following 
an approach introduced by Conley (cf. Conley's monograph [1978], Conley- 
Zehnder [1984], Salamon [1985]), an object (X,A) of £2, is said to be an 
index pair if A is positively invariant with respect to X for the negative 
gradient flow of f, and it is an exit set from X for this flow. If (X, A) is an 
index pair, and f has only nondegenerate critical points in X — A, then the 
following identity holds: 


S> ABT mle) — S* "dim HB, (X, A; Ze) = (1+ A)Q(A), 
zEX—A neEeZ 
Vf(z)=0 
where @ is a Laurent polynomial with positive coefficients. 

Note that by assumption (i), the sublevel sets of f, defined by f? = 
{x € E | f(x) < a}, are 7g+-closed. However, they are not bounded, so in 
order to consider their E+-cohomology, the class of objects in 2+ has to 
be enlarged. The use of cohomology theory with compact supports, instead 
of Cech cohomology, in the definition of HZ, allows one to consider also 
unbounded sets. If f satisfies the Palais-Smale condition and a < b are 
regular values, one can take X = f° and A = f? in the above identity. 

The idea of using a generalized cohomology to construct a suitable Morse 
theory for the study of functionals with critical points of infinite Morse in- 
dex is due to Szulkin [1992]. The construction of the E*+-cohomology theory 
and its applications to Morse theory outlined in Section 2 are due to Abbon- 
dandolo [1997]. Applications of E+-cohomology to Hamiltonian systems and 
elliptic systems can be found in Abbondandolo [2000]. For closely related 
results the reader may consult Kryszewski- Szulkin [1997], Geba-Izydorek- 
Pruszko [1999], and Izydorek (2001). 


(') The impossibility of using arbitrary coefficients is due to the fact that the group of 
invertible linear operators on an infinite-dimensional Hilbert space is connected. A similar 
feature appears in degree theory, when one attempts to extend the Leray-Schauder degree 
from compact fields to Fredholm mars. 
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Fixed points for NB-maps 


By concentrating on the nature of the map rather than on that of the under- 
lying space, Borsuk [1975] showed that there is a general and fairly extensive 
class of self-maps of compacta for which the Lefschetz—Hopf theorem remains 
valid. In Section 3, following Dugundji [1976], a general and considerably 
clarified formulation of the Borsuk principles is presented; some further sim- 
plifications were suggested by C. Bowszyc. We remark that in Theorem (3.5), 
the choice of B is irrelevant; it is the existence of some 6 making f into a 
B-map that is of importance. Using the Leray trace, Dugundji [1976] ob- 
served that Theorem (3.5) can be extended to suitable compact maps of 
arbitrary metric spaces. 


THEOREM. Let X be any metric space and f : X — X a compact map such 
that f(X) has homology of finite type. If f(X) =(\<o Zi, where all Z; C X 
are compact ANRs, then f is a Lefschetz map, and A(f) #4 0 implies that f 


has a fized point. 


The hypothesis in Theorem (3.5) that X has homology of finite type 
can be eliminated by a procedure suggested by Borsuk, which associates a 
“Lefschetz set” A(f) with each B-map f : X — X: for any integers n, k, let 


A(f;n,k) = {A(g) | 9: Zn > X, dlg(x), f(z)] < 1/k for all x € X} 
and define 


Me XxX 
A(f) = (| LU Alfsn.&). 
n=0 k=0 
THEOREM. If X is any compactum, f : X — X a B-map, and 0 ¢ A(f), 
then f has a fized point. 


We remark that Gauthier [1980] extended the Borsuk—Dugundji results 
to arbitrary compact spaces, and Fenske [1982] constructed a fixed point 
index for maps with Borsuk-presentable fixed point set. 


3K 


In this book we concentrated mainly on themes closely related to the 
Leray—-Schauder theory. Accordingly, a number of special and important 
topics were, for obvious reasons, left out. Among these we mention: 

(a) Nielsen theory. 

(b) The Poincaré- Birkhoff theorem. 

(c) Symplectic fixed points. 

(d) The Lefschetz fixed point theorem for elliptic complexes. 

(e) Extensions of degree theory to noncontinuous maps. 

(f) Vertical fixed point theory. 
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We remark that an appropriate coverage of any of the above topics would 
require a separate volume. 


(a) Nielsen theory 


Let f : X — X be a map, and let AJ(f) denote the minimum number of 
fixed points of all maps homotopic to f; observe that A/(f) = 0 whenever 
there exists a map g homotopic to f with Fix(g) = 0. The Nielsen theory 
is a large and important chapter in topological fixed point theory, which is 
closely related to the Lefschetz theory; under suitable conditions the Nielsen 
theory can be used to obtain information about the number A/(f) for a given 
map f. 

Let X be a compact ANR, and f : X — X a map. Then the set Fix(f) 
admits an equivalence relation ~; that partitions Fix(f) into a finite number 
of closed-open subsets called fized point classes of f. If @ is such a class, we 
can use the local index theory (Theorem (1.1)) to define the index of & as 
follows: 

Let U Cc X be open such that  C U and UN Fix(f) = 0. Then the 
index i(®) of & is defined by i() = I(f,U). If i(G) # 0, the class @ is called 
essential; otherwise, it is inessential. The number N(f) of essential fixed 
point classes is called the Nielsen number of f. It turns out that: 

(i) If f,g: X — X are homotopic, then N(f) = N(q). 
(ii) If d,,...,, are all the essential fixed point classes of f, then 


j=l 
Clearly, in view of (ii), if N(f) = 0, then A(f) = 0. There are. however, 
examples of manifolds that admit homeomorphisms f with A(f) = 0 and 
N(f) > 2. 

We now examine the situations where [A(f) = 0] = [N(f) = 0]. Let 
(X,2%9) be a based compact connected ANR, and f : X — X a based 
map. Consider the based function space (X*, f) and the evaluation map 
e: XX — X given by e(g) = g(xo) for g € X*. Let 


en 214 (X*, f) + m(X, 20) 


be the induced homomorphism of the corresponding fundamental groups. 
The image J(f) of the homomorphism e, is called the Jiang subgroup of 
m(X,2o); it is independent of the base point and depends only on the 
homotopy class of f; the Jiang subgroup of the identity idx is denoted 
simply by J(X). 


THEOREM (Jiang [1964]). Let X be a compact ANR, and f : X — X amap 
such that J(f) =m (X). Then: 
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(i) all fixed point classes of f have the same indez, 
(ii) A(f) = 0 implkes N(f) = 0. 


By observing that J(X) C J(f) for any f : X — X, it follows that the 
condition J(X) = 7(X) implies the validity of the Jiang theorem for all 
self-maps f of X. 

Say that a compact ANR X is of type (W) if for any f : X — X its 
homotopy class contains at least one g having precisely N(f) fixed points. 
With this terminology the following theorem holds: Let X be a compact 
ANR of type (W), and f : X — X a map satisfying the Jiang condition 
J(f) =m (X). Then A\(f) #0 if and only if every map homotopic to f has 
a fited point. 

For details and more general or related results see the books of R.F. 
Brown [1971], Jiang [1983] and Kiang [1989]; some references on Nielsen 
theory are also given in “Additional References” III(a). 


(b) The Poincaré--Birkhoff theorem 


In some cases, a map f : X — X of a polyhedron may have fixed points 
even if A(f) = 0. An example of special importance is given by: 


POINCARE -BIRKHOFF TWIST THEOREM. Let X = {(r,6)€R? |a <r <b} 
be an annulus and f : X — X an area-preserving homeomorphism such that 
there exist continuous maps 6 + a(d) and 6 +» B(6d) satisfying a(d) < 4, 
B(6) > 6, f(a,d) = (a,a(d)), f(b,6) = (b,8(6)). Then f has at least two 
fized points. 


This result was conjectured by Poincaré [1912] in his attempt to use fixed 
points in the search for periodic solutions in celestial mechanics, and was 
proved by Birkhoff [1913]. 


A similar result can be proved for the sphere S?: If f : S? — S? is an orientation 
and area-preserving homeomorphism, then f has at least two fired points. For a proof, one 
can use the fact that the index J(f,p) of a fixed point p for such a map in two dimensions 
is always > 1, so that the conclusion follows from the index formula 


x(S°) = )°{J( fp) | p € Fix(f)} = 2. 


J. Franks established the following generalization of the Poincaré~Birk- 
hoff theorem: 


THEOREM. Let X = {(r,5) € R? |a <r <b} be an annulus and f :X > X 
a diffeomorphism such that: 
(i) f ts area-preserving, 
(ii) f 2s tsotopic to identity, 
(iii) Fix(f) 4 0. 


Then f has infinitely many periodic points in the interior of X. 
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For a proof of this result and its applications to the study of geodesics 
on S?, the reader is referred to Franks [1992]. For other generalizations 
and related results, see “Additional References” III(b) and Hofer-Zehnder 
[1994]. 


(c) Symplectic fixed points 


We now comment on symplectic fixed point results, which arise in the 
context of classical mechanics, and can be regarded as extensions of the 
Poincaré-Birkhoff theorem. We begin by describing some background and 
introduce the requisite terminology (1). 

The equations of motion in classical mechanics arise as minima of various 
action integrals. The action integral in classical Hamiltonian mechanics is 
defined on the phase space R?2”, where a point z = (p,q) € R2” describes 
the momentum p € R” and position q € R” of a particle. The Hamiltonian 
H (p,q, t), which may be a function of time, is the total energy (kinetic plus 
potential) and the equations of motion, which arise as minima of the action 
integral 


bur(2) = | (0.4) — He. a.d)at 


can be written in the form 


or 
Joz = Vi (2), 
where Jg is the 2n x 2n matrix (°.39). 

All the above notions extend in a natural way to the category of symplec- 
tic manifolds. Let (M/,w) be a symplectic manifold, where M is a compact 
smooth manifold of even dimension 2n and w is a nondegenerate 2-form on 
M (7). A smooth time-dependent Hamiltonian H : M x R — R determines 
a Hamiltonian vector field Xy on M by the formula w(Xy,-) = dH;(-). The 
vector field Xy generates a Hamiltonian flow y$, € Diff(M) satisfying 

d 
gen (2) = Xu(vul(2),t), 9H = ida. 
By a Hamiltonian map is meant a diffeomorphism 7 that is, by definition, 
the time 1-map of a Hamiltonian flow {y#,} on M, ie., ~ = yy. 


(1) For the terminology used in these comments and for further reading, see Arnold 
[1980], McDuff-Salamon [1995], Hofer-Zehnder [1994], and M. Schwarz [1993]. 

(*) This means that the nth exterior power w” does not vanish at any point of M; 
then the form vol = (1/n!)w™ is the canerieal re'uire form on M. 
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Let AJ be a compact smooth manifold. We let Arn(M) (resp. Crit(M/)) 
denote the minimal number of critical points for any smooth function (resp. 
Morse function) py: Al — R; if f : M — M we let #Fix(f) denote the 
number of fixed points of f. 


ARNOLD CONJECTURE. Let (A/,w) be a compact symplectic manifold, and 
let f : AJ — AI be any Hamiltonian diffeomorphism. Then: 
(a) #Fix(f) > Arn(M), 
(b) if f has only nondegenerate fixed points, then 
2n 


# Fix(f) > Crit(M) > S~ b, (A). 


k=0 
Except for certain special cases, the conjecture turned out to be too 
difficult to prove in the original form (a). 


We remark that at the Moscow Congress in 1966, V. Arnold stated his conjecture for 
the ordinary torus T? = §' x §'; even in this case, the problem proved to be very difficult 
and was resolved only in 1983 by C. Conley and E. Zehnder. 

Assume that H Mx R— Ris periodic in time (H(z,t) = H(x,t + 1)) and let w 
be the 1-map of the Hamiltonian flow {y',} on AI. Then p is a fixed point of w if and 
only if p = x(0) is the initial condition of a solution of the Hamiltonian equation which is 
periodic of period 1; any such solution is called a forced oscillation. This implies that the 
Arnold conjecture can be rephrased in terms of dynamical systems as a conjecture about 
the existence of a lower bound on the number of forced oscillations, depending only on 
the topological invariants of the manifold Af. 

In the special case of AJ = T?" Conley--Zehnder [1983] proved the Arnold conjecture 
by establishing the following: 


THEOREM. For each time-dependent Hamiltonian vector field on the standard torus j Ge 
which is 1-periodic in time, the associated flow has at least 2n + 1 periodic orbits. 


We remark that the detailed proof of this result (see Hofer-Zehnder [1994]) is quite 
sophisticated; the techniques used include the Lusternik-Schnirelmann theory, the Conley 
index, and the mod 2 degree for Fredholm maps. 


Completely new ideas to the understanding of Arnold's conjecture were 
introduced by A. Floer. Using a new approach to infinite-dimensional Morse 
theory, Floer established in 1989 the Arnold conjecture in the following 
weakened form: 


THEOREM (Floer [1989]). Let (A/,w) be a symplectic manifold with the trivial 
homotopy group 72(M), and let f : M — M be a Hamiltonian diffeomor- 
phism with nondegenerate fited points. Then # Fix(f) > cup(M) +1, where 
cup(A7f) is the mod 2 cuplength of M (+). 


(1) Recall that the mod 2 cuplength cup(M ) of a manifold M is the minimal number 
N such that for any cohomology classes a1,...,ay € H*(Af; Ze) with deg a; > 1, their 
cup product a1 U---Uay is aera, it can be praved that Cat(M) > cup(A). 
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Since 1989, the work of Floer has been extended by several authors. The 
following two recent results are of special interest and importance: 

(i) In 1998, G. Liu and G. Tian, and independently K. Fukaya and 
K. Ono, proved Arnold’s conjecture for general symplectic manifolds, as- 
suming that all fixed points of a Hamiltonian diffeomorphisms f : AJ — M 
are nondegenerate (see Liu-Tian [1998] and Fukaya—Ono [1999]). 

(ii) In 1999, Yu. Rudyak proved the original Arnold conjecture for ar- 
bitrary symplectic manifolds satisfying the Floer condition 72(A/) = 0 (see 
Rudyak [1999] and also his papers in “Additional References” III(b)). 


(d) The Lefschetz fired point theorem for elliptic complexes 


This theorem, due to Atiyah—Bott [1967], [1968] provides a remarkable re- 
finement of the Lefschetz—Hopf formula in the setting of smooth manifolds. 

Let M be acompact C'” manifold with cotangent bundle 7 :T* M — M. 
If £, F are smooth complex vector bundles over M, by a differential operator 
from E to F is meant a linear map d: I'(E) — I'(F) between the spaces 
of smooth cross-sections which in local coordinates is given by a matrix of 
partial differential operators with smooth coefficients. If d is of order k, the 
terms of order k define a bundle map, the symbol o;(d) : m*E — x*F, 
where z*F is the vector bundle over T*M induced by z : T*M — M. By 
an elliptic complex E on M is meant a sequence Fo, £),...,£, of smooth 
vector bundles over M and a sequence of differential operators d; : (Ei) - 
I'(£i41) such that 

(i) diz, 0d; =0 for 7 € [n — 1], 

(ii) the sequence 

* o(de) 
+ (Ex) 9 a*(Bxga) > 
is exact over the complement of the 0-section of T* M. 

In view of (i) the cohomology groups H?(f'E) = Kerd;/Imd;-1 are well 
defined and it is a consequence of (ii) that they are finite-dimensional. By 
an endomorphism T of the elliptic complex E is meant a sequence of linear 
maps 7; : '(E£;) — ['(£;) such that d;T; = Tj41d;. Such an endomorphism 
induces endomorphisms H*(T) : H‘(['E) — H*(IE) for all i. In analogy 
with the Lefschetz number we let 


L(T) = }\(-1)' tr H*(T). 


Let f : M — M be asmooth map with graph transversal to the diagonal 
in M x M (this implies that each fixed point p € Fix(f) is nondegenerate, 
i.e., det(1—df,) # 0, where df, is the induced map on T,M, and that Fix(f) 
is finite). A lifting y of f over the elliptic complex E is a family of bundle 


582 VI. Selected Topics 


morphisms y, : f* Ej, + E, such that for T; defined to be the composite 
: ;. Per 
T(E) © P(f* Ex) 83 P(Ex) 


we have T}.4:d, = d,T;. With this terminology M. Atiyah and R. Bott 
established the following: 


THEOREM. Let E be an elliptic complex over M, f : M — AM _ a smooth map 
with graph transversal to the diagonal, y a lifting of f, andT: TE TE 
the endomorphism induced by y. Then the Lefschetz number L(T) is given 
by the formula 


where 


s . _ tr(¥x,p) 
() = D1) eee — diay 


This theorem and its proof are quite sophisticated. The techniques de- 
veloped for the proof have had in fact a great influence on the development 
of several areas of topology and differential geometry. There are a number 
of significant applications. For the de Rham complex of exterior differen- 
tial forms on a smooth manifold, it is the classical Lefschetz—Hopf index 
theorem. Further specific cases yield precise descriptions for isometries on 
Riemannian manifolds. As an example one obtains the following 


THEOREM. Let Af be a compact, connected, oriented smooth manifold, and 
f: Al -— M a smooth map satisfying fe" = 1yy for some k and odd prime p. 
Then the number of fixed points of f is > 2. 


This theorem was also proved by very different techniques by Conner- 
Floyd [1964]. Good references for related results and further reading are 
Berline-Getzler-Vergne [1992], Kotake [1969], and Bott [1987], [1988]. 


(e) Extensions of degree theory to noncontinuous maps 


We shall now describe three extensions of degree theory to certain classes 
of noncontinuous maps. 


1° Degree for VMO maps. For simplicity, we shall only consider an ex- 
tension of the Brouwer degree for maps from S” to S”. First we gather some 
definitions and results about the class BMO of functions of bounded mean 
oscillation. 
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Suppose f : R" — R is integrable over compact sets in R® and B is any 
ball in R” with volume |B]. By definition, f belongs to BMO if 


1 
lfllamo = sup | \f(x) — fe|dzr < x. 
BcR* |Bl Jp 


where fg = |B|~' [, f(x) dx is the mean of f over B: ||f\lpno is the BMO 
norm of f, and the fal BMO(R") modulo adding constants is a Banach 
space under || f|lsmo or under the equivalent norm 


Ifle= sup roe ff ila) - Flu) dvay. 


L° functions lie in BMO(R"), but they are not dense; for example, 
g(x) = log |x| belongs to BMO(R”) but cannot be locally approximated by 
bounded functions near the origin. 

The definition of BMO makes sense as soon as there are proper notions 
of integral and ball in a space. Thus for example, we have the Banach space 
BMO(S”) of the BMO functions f : S" — R. Functions in the Sobolev 
class H'-?(S") belong to BMO($”), and the space BMO(S”) is contained 
in L?(S") for 1 < p < oo; the functions in C°(S™) are also not dense in 
BMO(S*). 

Let VMO(S™”) be the closure of C°(S”) in BMO(S”); the elements f € 
VMO(S™) are the functions of vanishing mean oscillation on S". These 
functions are characterized by the property that 


al _ 
im, 7 Ife) ~ folde = 0. 


We now define the function space VMO(S”, S”) on which an extension 
of the Brouwer degree will be defined. 

Let f : S" — R* be a map. Then we say that: 

(a) f = (fi,---, fe) belongs to VMO(S", R*) whenever each f; is in 

VMO(S"); 

(b) f € VMO(S", S”) if f € VMO(S", R"t) and f(z) € S” ae. 
We remark that if f €e VMO(S", S”), then there exists the smallest closed 
set Ess R( f) C S” such that f(z) € Ess R(f) a.e 

By a homotopy in VMO(S”, S”) is meant a continuous family {hz} of 
maps in VMO(S”, S”). 

The following results of H. Brézis and L. Nirenberg extend the Brouwer 
degree and theorems of Borsuk and Hopf to the class of VMO maps: 


GENERALIZED BROUWER THEOREM. There exists an integer-valued func- 
tion f +> deg(f) defined for f € VMO(S".S") such that: 
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(I) If deg(f) #0, then Ess R(f) = S” 
(II) (Homotopy) If two maps f and g are homotopic in VMO(S", S”), 
then deg(f) = deg(g). 


GENERALIZED BORSUK THEOREM. Jf f € VMO(S",S"”) is an odd map, 
then deg(f) is odd. 


GENERALIZED HOPF THEOREM. If f, g are in VMO(S", S”) and deg(f) = 
deg(g), then the maps f and g are homotopic in VMO(S", S”). 


The definition of deg(f) for a map f € VMO(S",S”) is based on a 
density argument: If ¢ > 0 is small, then f, : S" > R"*! defined by 


1 
fe(x) Brel Jess (y) dy 
(where B,(x) is the e-ball around z) is continuous and ||f — fellaa1o — 0 as 
e — 0. For sufficiently small ¢ > 0, f, maps S” into Rt! — {0} and one 
defines deg(f) as the Brouwer degree of f, : S" + R"*+! — {0}. For details, 
the reader is referred to Brézis—Nirenberg [1995]. 

The above theory of degree can be extended to VMO maps between 
arbitrary smooth manifolds without boundary. If AJ and N are such mani- 
folds, Brézis and Nirenberg proved that there exists a bijection between the 
0-homotopy sets 79(C(M, N)) and m(VMO(A/, N)). In fact, the more gen- 
eral result of A. Abbondandolo (see “Additional References” ITI(c)) asserts 
that the inclusion 7: C(AI, N) —~ VMO(AI.N) is a homotopy equivalence. 

We remark that using approximation properties of the VAIO maps one 
can also extend the degree for continuous maps f € Co(U) to the VMO 
maps defined on U for a bounded domain U C R® This more general 
theory can be found in Brézis—Nirenberg [1996]. For a survey of some of the 
above results the reader is referred to Brézis [1997]; for related and more 
general results see “Additional References” ITI(c). 


2° Degree for Sobolev maps ('). Let AJ and N be smooth compact ori- 
ented Riemannian manifolds of dimension n > 2, and let dr and dy denote 
the volume forms on Af and N, respectively, that are induced by the orien- 
tation and metric tensors of the corresponding manifolds; for convenience, 
we also assume that f,, dy = 1. 

Let f : AL — N be asmooth map. Then, according to the well known 
formula (going back to Kronecker), the Brouwer degree of f is given by 


(*) d(f; M,N) = / ft 


(1) For the terminology used in these comments and further reading see Iwaniec- 
Martin [2001). 
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where f*7 is the pull-back of a smooth n-form 7 on N. One can express the 
degree in equivalent form by the formula 


(xx) d(f; M,N) = / (x, fae, 


where the Jacobian determinant J(z, f) is the pull-back of the volume form, 
I(x, f)dx = f* (dy). 

If f : M — N is not smooth, but in the Sobolev class 1W7)-"(A/. N), 
then the Jacobian J(z, f) exists almost everywhere and is L}-integrable; 
one can therefore define the degree d(f;Af,N) of f again by the formula 
(**). This case, however, is covered by the Brézis-Nirenberg theory because 
W!"(M, N) Cc VMO(Af, N). Since, as shown by F. Bethuel. for 1 < p < 7, 
W1P(.M, N) need not necessarily be smaller than VMO(A/..N). the natural 
question emerged whether one can make sense of the degree formula (**) 
for maps with nonintegrable Jacobian. 

T. Iwaniec and his collaborators have developed, in fact, a viable degree 
theory for maps in some classes slightly below the Sobolev class 117!" (AJ. N). 
One typical example is the Orlicz-Sobolev space W1? (AI. N), where P = 
P(t) = t" /log(e + ¢). It consists of the maps f : AJ — N whose differential 
Df :TM —TN satisfies (') 


|Df(z)|" 
m log(e + |Df(z)|) 


Another example is the Marcinkiewicz Sobolev space Whe (Al . NV), which 
consists of the maps such that 


meas{z € M | |Df(xz)| > t} = o(t”). 


For a map in any of the above classes, the integral [ ny U(x, f) dz, appearing 
in (**), exists in a somewhat weaker sense: it will actually converge provided 
f is orientation-preserving, i.e., J(x, f) > 0 almost everywhere in A/. But 
this can only be done in the case when the cohomology H*(N) of the target 
manifold is nonzero for some 1 < k < n. If this is the case, the formula 
, J(z, f) 
CN) ete Ia DFE 

defines the degree, which is invariant under homotopy within each of the 
above classes of maps. For details of the above theory, the reader is referred 
to Greco-Iwaniec-Sbordone-Stroffolini [1995] and Hajlasz-Iwaniec—Maly— 
Onninen [2003]. 


dz < 0. 


(') It can be proved that each Orlicz-Sobolev class WhP(S" S$”) with P = P(t) = 
o(t”) contains an orientation-preserving map with nonintegrable Jacobian. This implies 
that there is no integral formula fur the dvgree ‘of au up in any such class. 
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For results concerned with homotopy properties of Sobolev maps, the 
reader is referred to articles of H. Brézis and his collaborators in “Additional 
References” III(c). For some applications of the degree to the problem of 
local invertibility of Sobolev maps, see the book of Fonseca -Gangbo [1995]. 


3° Degree in Wiener spaces. Let (H, ||-||) be a (separable) Hilbert space 
and v the standard cylindrical measure on H. It is known that: 

(i) H equipped with a norm weaker than the original one can be com- 

pleted to a Banach space W, 
(ii) there exists on IV a Radon measure p that extends the measure v 
over W 

The triple (IV. H, ) is called an abstract Wiener space (') with Cameron- 
Martin space H, and p is the Wiener measure; the injection j : H — W is 
continuous and completely continuous. 

In 1986 E. Getzler, using the framework of the Malliavin calculus (cf. 
P. Malliavin, Stochastic Analysis, Springer, 1977) introduced a notion of 
degree for suitable maps, not necessarily continuous, of a Banach space 
into itself. More precisely, let (WW...) be an abstract Wiener space and 
D3(W, H) be the Malliavin Sobolev space, of order s and exponent p, of 
H-valued functions v: W — H. By a Wiener map T : W — W is meant 
a transformation v + uv — F(v), where F € D}(W.H) = (),,, D5(W, A). 
Getzler [1986] proved that under suitable conditions (too technical to be 
stated here), one can assign to a Wiener map an integer. called the degree of 
T, which, in the case when F : W — H is smooth, may be interpreted as the 
sum of the signs of the derivative of T over all points of a regular fiber. For 
details and some applications (for example to the existence of solutions of 
stochastic partial differential equations), see “Additional References” II((d) 
and also an exposition of the theory in Ustiinel-Zakai [2000]. 


(f) Vertical fixed point theory 


Let B be a space (”). By a fiber space over B is meant a space E together 
with a surjective map p: & — B; for each b € B, the fiber over b is the 
subset E, = f—'(b). Clearly, with the obvious definition of morphisms, the 
fiber spaces over B form a category. 


(1) Let W = Co([0. 1]) be the Banach space of continuous functions u : [0.1] — R with 
u(0) = 0, equipped with the sup norm. For u € Co((0,1}) and ¢ € [0,1], let 1¢(u) = u(t): 
then it can be shown that there exists a unique probability measure pp on W such that 
(t,u) ++ W(u) is a Wiener process. Let H denote the Hilbert subspace of W’ consisting 
of the absolutely continuous functions with square integrable derivative and the norm 
jul? = fe |u’(s)|? ds; H is obviously dense in W’, and the triple (W, H, pt) is the simplest 
example of an abstract Wiener space. 

(7) In this section we assume for convenience that all spaces under consideration are 
metrizable. 


§20. Further Results and Supplements 587 


For U an open subset of E, a map f : U — E is called vertical if pf = p 
on U. For such a map, the fixed point set Fix(f) is then also a fiber space 
over B; for each b € B, we have fy : Uy — Us, where Up = p—!(b) NU, fy is 
the restriction of f and Fix(f) = Useg Fix(fe). 

The vertical fixed point theory is concerned with the existence of fixed 
points of f : U — E that cannot be eliminated using fiber-preserving ho- 
motopies of f. We now briefly comment on some basic results of this theory 
established by Dold [1974] in the framework of the category ENR gz. 

A fiber space p: E — B is called an ENRg (ENR over B) if for some 


open set V in B x R® there are maps E — V > E (over B) such that 
ri = idg; then, in particular, the fibers of p are ENRs. For example. it can 
be proved that: Jf E and B are ENRs, then a proper map p: E — B is an 
ENRg if and only if p is a Hurewicz fibration. 

We now make the following assumptions: 

(i) p: E — B is an ENR over a locally compact space B, 
(ii) f : U — E is a vertical map such that the restriction p|Fix(f) : 
Fix(f) — B is proper, 

(iii) h is a given general cohomology theory. 
In this setting, Dold assigns to f an index I(f) with values in h°(B). If 
f:E- Eand Bisa point, then I(f) coincides with the Lefschetz number. 
The elements of h°(B) that occur as indices are precisely the spherical stable 
ones, i.e., belong to the image of e : t°(B@pt) > h°(B), where € is a natural 
transformation from stable cohomotopy theory to h®. The Dold index has all 
the familiar properties (additivity, commutativity, homotopy invariance etc.) 
as in the classical case of B = point. A detailed exposition of Dold’s theory 
together with an extension to fiberwise ANRs was given in Crabb-James 
[1998]; this extension contains as a special case the index for compact maps 
of ANRs presented in Chapters IV and V. 

For related and more general results the reader is referred to “Additional 
References” ITI(e). 


Appendix: Preliminaries 


This appendix contains a condensed review of those parts of topology, func- 
tional analysis, and algebra that are used in the book. It is included to 
provide an easily available reference for both the necessary background ma- 
terial and the terminology. For the proofs of the results presented in this 
appendix the reader is referred to “General Reference Texts” in the biblio- 


graphy. 


A. Generalities 


We use the standard set-theoretic and logical symbols: @ for the empty set, 
| for the union of sets, (] for intersection, — for difference, and C for inclu- 
sion. The Cartesian product of two sets A and B is denoted by A x B, and 
the product of an indexed family by [],-, A;. The symbol x € A indicates 
that z is an element of the set A; the negation of a membership assertion 
is indicated by ¢. The subset of all elements z of a set X that have some 
property P (i.e., for which P(x) holds) is denoted by {2 € X | P(z)}. 
The connectives “implies” and “if and only if” are denoted by > and #, 
respectively. The set of all subsets of a set X is denoted by 2*. 


Notation 
The following fixed notations are used: 


N = set of natural numbers, 
Z = ring of integers, 

R = field of real numbers, 

C = field of complex numbers, 
Q = field of rational numbers, 


. Bs kar i? 
R” = Euclidean n-space.with frf} = V/Y0 r?, 
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kK" = Euclidean n-ball = {x € R® | ||z|| < 1}. 
S"-! = Euclidean (n — 1)-sphere = {x € R® | ||x]] = 1}. 


I  =closed unit interval (0, 1), 
I" =n-cube = {7 € R"|0 <2; <1 for1 <i<n}, 
I~ = Hilbert cube, i.e., the countable infinite product of closed unit 
intervals. 
Maps 


Given two sets X and Y, a map f : X — Y from X to Y assigns to 
every x € X a well determined f(x) € Y; the set of all maps from X to 
Y is denoted by Y*. If f : X 4 Y and g: Y — Z, the composite map 
gof :X — Z is defined by r+ f(g(x)). If A C X is a subset. the inclusion 
i: A — X is defined by i(a) = a for all a € A; if A = X, the inclusion 
7 becomes the identity map idx on X. The composite of i: A — X with 
f : X — Y is denoted by f|A : A — Y and is called the restriction of f 
to A; we say that f extends f|A over X. Fora map f: X ~Y,if AC X 
and B C Y, the image f(A) of A and the counterimage f-!(B) of B are 
given by 


f(A) = {f(z) | ce A}, f-'(B)= {rE X | f(z) € B}. 


A map f : X — Y is injective if f(z) = f(z’) implies x = 2’; it is 
surjective if f(X) = Y; a map that is both injective and surjective is said 
to be bijective. If f : X — Y andg: Y — X with gf = idx, then f is 
injective and g is surjective. For a bijective f : X — Y, the inverse of f is 
denoted by f~!: Y — X; it is characterized by the identities f—!o f = idx, 
fo | = idy. 

Ifx eX = [J,<¢, Xi, we write « = {x;}icy and call 2; € X; the ith 
coordinate of x; the map p; : X — X; given by x +> 7; is the projection of 
X onto the axis X;. 

A family {fi}iex of maps f; : X — Y; is separating provided for any 
©1,X22 € X there is a map f; with f;(%1) # f;(2). If {fi}ier is separating, 
then z+ {f;(x)}ier is an injective map of X into the product |];_; Yi. 


Order 


A binary relation < in a set X is called a preorder if (a) x < x for every 
xz eX, (b) x x y and y X z implies x X 2; it is called a partial order if 
also (c) x < y and y < x implies x = y. A set X together with a preorder 
(respectively partial order) < is called a preordered (respectively partially 
ordered) set. A subset A of a preordered set (X, x) is cofinal in X if for each 
x € X there is an a € A with z < a. An element Zp € X is called mazimal 
in X if there is no xz € X with « 4 «, < «a minimal element is defined 
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similarly. An element x9 € X is an upper bound for a set A C X if a X 2 
for all a € A. The partially ordered set is totally ordered (or a chain) if for 
each x.y € X, either x < y or y X 2; it is well ordered if each nonempty 
subset has a minimal element. 

The axiom of choice, which is assumed throughout the book, is used in 
one of the following forms: 


(A.1) KURATOWSKI-ZORN LEMMA. A partially ordered set in which ev- 
ery totally ordered subset has an upper bound contains at least one 
maximal element. 


(A.2) ZERMELO THEOREM. Every set can be well ordered. 


B. Topological Spaces 


A topological space is a pair (X,7) consisting of a set X and a collection 
7 = {U} of subsets of X called open sets such that: 
(i) any union and any finite intersection of open sets are open, 

(ii) the whole space X and the empty set @ are open. 

The collection 7 is a topology for X. The sets complementary to the open 
sets are called closed sets. Any intersection and any finite union of closed sets 
are closed; X and @ are closed. The closure A of A C X is the intersection 
of all closed sets that contain A. The interior Int(B) of B is the union of 
all open sets that are subsets of B. A is closed if and only if A = A, and B 
is open if and only if B = Int(B). The set 0A = AN X — A is the boundary 
of A, and its elements are boundary points of A. If AC BC X, then A is 
dense in B if A = B. A space X is separable if it contains a countable set 
dense in X. 

A space X is connected if it is not expressible as the union of two 
nonempty disjoint open sets. In any space X, the union of all connected 
sets containing an x € X is called the component of x in X; the set of 
components of the points of X forms a partition of X, and the members of 
this partition are called the components of X. Each component is a maximal 
connected subset of X and is closed in X. 

A base for the topology of a topological space is a collection @ C T of 
sets such that the open sets are all the unions of members of . A collection 
o CT is a subbase for 7 if the family of all finite intersections of members 
of o forms a base for 7 

A space with more than one point may be topologized in different man- 
ners. A topology 7 is weaker than a topology 79 if 7 C 7. The weakest 
topology is the one in which the whole space and the empty set are the only 
open sets. The strongest topology is the discrete topology in which every 
subset is open. 
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Continuity 


Let X and Y be topological spaces. A map f : X — Y is continuous if 
whenever U is open in Y, f~!(U) is open in X. Evidently if f : X — Y and 
g: Y — Z are continuous, then so is the composite map gf : X — Z.If fora 
bijective map f : X — Y both f and its inverse f—! are continuous, then f is 
called bicontinuous or a homeomorphism. If such a map exists for two spaces 
X and Y, then these spaces are called homeomorphic. A map f : X —~ Y 
is an embedding if f maps X homeomorphically onto f(X). An embedding 
f : X — Y is closed (respectively open) if f(X) is closed (respectively open) 
in Y. A continuous map f : X — Y is open (respectively closed) provided 
f maps open (respectively closed) sets in X onto open (respectively closed) 
sets in Y. If A C X, a continuous r : X — A with r|A = id, is called a 
retraction of X onto A; if such an r exists, then A is called a retract of X. 

A function f : X — Rona topological space X is lower (respectively up- 
per) semicontinuous if {x € X | f(x) < r} (respectively {x € X | f(x) > r}) 
is closed for each real r. The sum of two and the sup of any family of lower 
semicontinuous functions is lower semicontinuous; the inf of any family of 
upper semicontinuous functions is upper semicontinuous. 

Relations between topologies may be conveniently expressed in terms of 
continuous maps. If 7, and 72 are topologies on X, then 7; C 72 if and only 
if for any space Y every 7)-continuous map f : X — Y is also 7)-continuous. 


Neighborhoods and separation axioms 


Given a point x (respectively a set A) in a topological space X, the set U is 
a neighborhood of x (respectively of A) if there is an open set V such that 
z€V CU (respectively A C V CU). We often abbreviate “neighborhood” 
to “nbd”. 
Let be the set of neighborhoods of a point « € X. Then: 
(i) c EU for alU €.%, 
(ii) ifU € M andV Ee, thn UNVE%, 
(iii) ifU Ee M andUCYV, thenVeE%, 
(iv) ifU € %, there isaV €.% withU € % for allyeV 
Assume now that X is an arbitrary set such that for each z € X there is 
defined a nonempty family 4% of subsets of X satisfying conditions (i)—(iv). 
Then there is exactly one topology 7 in X that converts 4% into the set 
of neighborhoods of x for every x (U € 7 if for each x € U there is some 
V €.% with V C U). A subset % C % is a base of neighborhoods of x 
provided given U € % there isa V € 4% with V CU. 
A topological space X is Hausdorff if any two distinct points of X have 
disjoint neighborhoods. A space X is normal if any two disjoint nonempty 
closed subsets of X admit disioint neighborhoods. A space X is regular if 
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for each wx € NV and each nbd V of .c. there exists a nbd U of x such that 

U CV: and NX is completely regular if for each .«. € X and closed set A not 

containing .r, there is a continuous f : X — I with f(z) = 1 and f|A =0. 
In this book all topological spaces are assumed to be Hausdorff. 


(B.1) UrYSOHN LEMMA. Let X be normal, and let A and B be two disjoint 
nonempty closed subsets of X. Then there is a continuous X: X > I 
such that (a) = 1 forae A and X(b) =0 for be B. 


(B.2) THEOREM (Tictze-Urysoln). Let X be normal, A C X closed, and 
f:A— R continuous. Then there is an f* : X — R continuous that 
extends f over X. 


Generating new spaces from old 


From a given space, others are constructed by means of certain standard 
procedures. The simplest are relativization. products, and identification. 

Let .Y be a topological space and A C X; A can be made into a topolog- 
ical space by taking the intersections with A of the open sets in X to be the 
open sets in A; in this topology, the closed sets are the intersections with A 
of closed sets in X. 

Let {Xi}ie, be a family of topological spaces. The Tychonoff product 
of the -Y, is the set Ile 1-\1, With a basis for the topology taken as the 
collection of all products [[ U,. where U, is open in X; and U; = X, for all 
but a finite number of indices. 

Let X be a topological space and R an equivalence relation in X. Let 
X/R be the set of equivalence classes and f : X — X/R the function taking 
xz € X to its equivalence class. Then X/R is made a topological space by 
making U open if and only if f—!(U) is open in X. The space X/R is the 
quotient space of X by the relation R. 

These are special cases of two general methods of forming new spaces. 
Let X be a set together with a family of topological spaces {X,}ie7. Given 
a family {f, : X — X;}ie7 of maps, the projective (or weak) topology on X 
determined by the family {-X,. f,},¢, is the weakest topology for which each 
f, is continuous; this topology is characterized by the property: if Y" is any 
topological space, then a map g : Y — _X is continuous if and only if each 
f;°g:Y — X; is continuous (j € J). Dually, given {g; : X; ~ X}ie;, the 
inductive topology on X determined by {.X;, 9;}ie7 is the strongest topology 
for which each g; is continuous; this topology is characterized by the prop- 
erty: if Y is any topological space, then a map g : X — Y is continuous if 
and only if every go 9; : X; — Y is continuous (j € J). For example, given 
a family {A} of subspaces of a topological space X, the inductive topology 
determined by the inclusion maps K — X is called the topology generated 
by the family {hk}. 
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Compactness 


A covering of a topological space X is a collection {U} of sets whose union 
is X. If all the sets of a covering {U} are open, then {U} is called an open 
covering. A finite covering is one consisting of finitely many sets. A family 
of sets has the finite intersection property if any finite number of sets in the 
family have a nonempty intersection. 

A topological space is compact if it is Hausdorff and if every open cover- 
ing contains a finite subcovering. Equivalently, a space is compact if every 
family of closed sets with the finite intersection property has a nonempty 
intersection. A subset of a space is compact if it is compact when regarded 
as a subspace; it is relatively compact if its closure is compact. A topological 
space X is locally compact if every point of X has a compact neighborhood. 

Some elementary but frequently used properties of compact spaces are: 
(a) every compact space is normal; (b) a compact subset of a Hausdorff space 
is closed; (c) the continuous image (in a Hausdorff space) of a compact space 
is compact; (d) an injective map with a compact domain is an embedding; 
(e) a lower (respectively upper) semicontinuous function on a compact space 
attains its infimum (respectively supremum). 


(B.3) THEOREM (Tychonoff). The topological product of any family of com- 
pact spaces ts compact. 


Generalized convergence 


A preordered set (Y, <) is directed if for each pair x,y € Z there is some z 
such that x ~ z and y Xz. 

.Let 9 be a directed set. A net {ta}haeg in a set X is any function 
zt: Q—-X.A net {yg}geq with a domain % is a subnet of {Tehaeg if 
there is a function N : Jo > B such that (i) yg = Tyg) for each B € J; 
(ii) for each a € J there is a B € Y such that N(7) = a whenever 7 = Pf. 

Let {ta}aeg be a net in a topological space X. The net {ta}aeg con- 
verges to a point x € X (written limgeg Tq = x) provided for each nbd U 
of x there is an ao € J such that for all a = ag we have zr, € U. 


(B.4) THEOREM. 
(i) If A is a subset of a topological space X, then x € A if and only 

if there is a net in A converging to x. 

(ii) X is compact if and only if each net in X has a subnet converging 
to some point of X. 

(iii) X is Hausdorff if and only if each net in X converges to at most 
one point. 

(iv) f : X — Y is continuous if and only if limgeg tq = Z implies 
limeeg f(2a) = f(r) for cach net {tahaeg in X. 
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Metrizable spaces 


A metric on a set. i is a function d: X x X — R such that: 
(i) d(r,y) 2 
(ii) d(r,y) = aT eaaieataa = 7. 
(iii) d(x. y) = d(y, 2), 
(iv) d(x r.Y y< d(x ,z) + d(z, y). 
The topology 7 that has as a base the collection of all open balls 


B(z,e) = {y | d(x,y)<e} forallze X, e>0 


is said to be generated by d. Two metrics d,,d2 on a set X are equivalent 
if they generate the same topology 7 on X. A topological space (X,7T) is 
metrizable if there is a metric on X that generates 7. Every metrizable space 
(X,7) admits a metric d that generates 7 and satisfies d(x, y) < 1 for all 
r,yEX. 

Several useful properties of the metrizable spaces can be formulated in 
the sequential language: (i) In a metrizable (X,7), z, — r if and only if 
d(xyn,x) — O for any metric d that generates the topology 7; (ii) a map 
f : X —Y between metrizable spaces is continuous if and only if rz, —- x 
implies f(xn) — f(x) for any sequence {.r,,} in X; (iii) a metrizable (X,7) 
is compact if and only if it is sequentially compact: any sequence {x,} in X 
contains a subsequence {xy,} that converges to some x €-X. 

Let d be a metric on a set X. A sequence {z,} of points in X is a 
d-Cauchy sequence if for every € > 0 there is an integer K(e) such that 
d(X%n,;Lm) < € for n,m > K(e). The metric d is complete if every d-Cauchy 
sequence is convergent. A space (X,7) is topologically complete if there is a 
complete metric d that generates 7. 

A pair (X, d) consisting of a set X and a metric d on X is a metric space 
and d(z,y) is the distance between x and y. Every subset of a metric space 
X is itself a metric space with metric the same as in X. Given a metric 
space (X,d) the following formulas define the distance between a point and 
a set, the distance between two sets, and the diameter of a set, respectively: 


d(z,A) = inf d(x,y), dist(A,B) = inf d(z.y). 


6(A) = sup d(r,y). 
r,yEAa 
A bounded set in a metric space is one having a finite diameter. A map 
f : X — Y between metric spaces is an isometric embedding if dx(z,y) = 
dy (f(z), f(y)) for any z,y € X. An tsometry is an isometric embedding 
that is onto. Two metric spaces (X,dx) and (Y,d;-) are isometric if there 
is an isometry f:X -—Y. 
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A metric space (X, d) is complete if d is a complete metric for X. A subset 
of a complete metric space is complete if and only if it is closed. 


(B.5) THEOREM (Hausdorff). Every metric space (X,d) admits an isomet- 
ric embedding f : X — Y into a complete metric space Y such that 
f(X) is dense in Y. The space Y (called the completion of X) is 
unique up to isometry. 


(B.6) THEOREM (Cantor). Let (X,d) be complete and {A,} a decreasing 
sequence of nonempty closed sets in X such that 6(A,) — 0. Then 
the intersection (\>-_, An contains exactly one point. 


(B.7) THEOREM (Baire). Let X be either a complete metric space or a 
locally compact space. If X = 72, An, where each A, is a closed 
set, then some A, must contain a nonempty open set. 


A finite subset N = {21,...,2,} of a metric space (X,d) is an e-net 
(where € > 0) if X C U;_, B(zi,€); (X,d) is totally bounded if it contains 
an €-net for every € > 0. Every totally bounded space is separable. 


(B.8) THEOREM (Hausdorff). A metric space is compact if and only if it 
is complete and totally bounded. 


Paracompactness of metric spaces 


If {U} and {V} are two coverings of a space X, then {U} is a refinement of 
{V} if for each U there is some V with U C V. 

An open covering {U | A € A} of a space X is called neighborhood finite 
if each x € X has a neighborhood V such that card{\ | U.NV £ 9} is finite. 
A space X is paracompact if every open covering has an open nbd-finite 
refinement. Clearly, every compact space is paracompact. 


(B.9) THEOREM (Stone). Every metrizable space is paracompact. 


PRoor. Let d be a metric for X; for any A C X write (A,e) = {z | 
d(x, A) < e}, the e-nbd of A. We first show that any countable open cover 
{U;} of X has an open nbd-finite refinement {V;} with V; C U; for each 7. 
Let yp; : X — I be the function x + min(1, d(x, X — U;)); define Yi = Ui 
and for each n > 1 let 

n—-1 

Va = Unni () {x | p(x) < 1/n}, 

i=1 
which is an open set contained in U,. The family {V;} is an open cover: 
given x € X, let U,yz) be the first set U; to which it belongs; then y;(z) =0 
for each i < n(x), soz € ¥ ,,). Morcuver, . has a nbd meeting at most 
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finitely many Vj: for Ypix)(z) = s > 0, so {y | Yrizy(y) > 8/2} is a nbd of x 
meeting no V;. with k > max{n(z),2/s}. We now prove the theorem. 

Let {U, | A € A} be an open cover; we can assume that the indexing 
set A is well ordered. For each fixed integer n = 1,2,..., define a transfinite 
sequence of closed sets as follows: 


Hny ={x|d(x,X —U;)>1/n}, ..., 
Hn. = {2 | d(z,X —Ux) > 1/n}n {2 | a(z, UL Hawn) > fn}. 


<r 


These sets have the following properties: 

(a) (An,x,1/n) C U) for each (n, ), 

(b) if up < A, then d(An yp, An,y) = 1/n, 

(c) U, U,, Ayn, 2», @ 
(a) and (b) are immediate from the observation that if y € Hn, then 
(y,1/n) C Uy and (y,1/n)N App, = @ for all pw < 2. For (c), given x € X, 
find the first U) containing x and choose n so large that (z,1/n) C VU); 
then « € H,,: otherwise, there would be a wp < A anday € Hp, with 
d(x, y) < 1/n, showing z € (y,1/n) C U, and contradicting the choice of A. 

Now let Gn» = (Any, 1/(3n)); the open sets {G,,,} form a covering 
for X, since Hy, C Gn,y, and therefore the open sets Qn = U) Gn,a give 
a countable cover for X. According to what we have already proved, {Q,} 
has a nbd-finite open refinement {Q/,} with Q7, C Qn =U) Gn.a for each n. 
Therefore, the family 


Van ={Q,NGn»|n=1,2,...; AE A} 


forms an open cover (since each x belongs to some Q,, and Q, C U, Gn.a). 
Moreover, Vn, C Uy for each (n,A). Finally, {V,,,} is nbd-finite: given 
x € X, since QI, is nbd-finite, there is a nbd W and an integer N with 
WnQ), = @ for all n > N; moreover, (z,1/(6N)) can meet at most one 
Gn,v for each n < N because d(Gnip, Gn,x) > 1/(3n) whenever p < 2. Thus, 
W M(xz,1/(6N)) meets at most N sets V,,.,, which completes the proof. 0 


Observe that with the construction of the sets V,,,,, we have established 
another property of open coverings in metric spaces that is of importance 
in applications. 


(B.10) COROLLARY. Let X be a metric space and {Uy | X € A} an open 
covering. Then {U)} has a a-discrete open refinement (i.e., a refine- 
ment that can be represented as the union of a countable number of 
families A, = {Vn | 4 © A} of open sets, where for each n every 
xe X has a nbd meeting at most ane set of Uy). 
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PROOF. The sets Vz, = Q),N (HAn,x,1/(3n)) satisfy (i) Va, C Uy for all 
(n,); (ii) d(Va,a,Vn) > 1/(3n) whenever p < 4, so the {V,.y} are a 
pairwise disjoint family for each n; (iii) U,,U Vn, = X; and (iv) for each 
n, the family {V;,,, | \ € A} is nbd-finite. O 


For any space Y, the support supp(f) of a map f : Y — R is the 
closed set {y € Y | f(y) 4 0}. Let Y be a space and {Uy | \ € A} an open 
covering of Y. By a partition of unity subordinate to {U,} is meant a family 
of continuous maps kK) : Y — I for \ € A such that: 

(i) supp(«) C U) for each 4, 
(ii) {supp(K) | A € A} is a nbd-finite closed covering of Y, 

(iii) 3°, Ka(y) = 1 for all y EY. 

Let X be paracompact, and let {U) | 4 € A} be any open covering of X. 
Then: 
(a) {U)} has an open nbd-finite refinement {Vy | \ € A} with V, C Uy 
for each X. 
(b) {U)} has an open refinement {V,, | ~ € M} with the property: for 
each x € X, the union U{V, | z € V,} is contained in some Uj. 
(This is called an open barycentric refinement.) 
(c) {U)} has a subordinate partition of unity. 


Some general embedding theorems 


(B.11) THEOREM. 
(a) (Urysohn) Any compact metric space admits an embedding into 
the Hilbert cube I°. 
(b) (Tychonoff) Any compact space can be embedded in a Tychonoff 
cube, i.e., a (possibly uncountable) product of unit intervals. 


(B.12) THEOREM (Kuratowski). Any metric space (Y,d) can be isometri- 
cally embedded in the Banach space C(Y) of all bounded continuous 
real-valued functions on Y taken with the sup norm. 


(B.13) THEOREM (Arens—Eells). Any metric space (Y,d) can be isometri- 
cally embedded as a closed subset in a normed linear space. 


Proor ('). Let 2’ be the set of all finite nonempty subsets of Y. Taking 
»% with the discrete topology, let C'(’) be the Banach space of all bounded 
(continuous) real-valued functions on X equipped with the sup norm. We 
first embed Y isometrically into C(2). 

Choose a point p € Y, and for each y € Y let f, : 3’ + R be the function 
fy(€) = d(y, €) — d(p, €). Then fy € C(2) because 


lfy(€)| = |d(y, €) — d(p, €)| < dy, p) 


(1) This proof is due to Torunczvk 972%. 
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shows that it is bounded. The map 4: Y — C(2Z) given by y > fy is an 
isometric embedding because 


Ilfy — fell = up ld(y.) — d(z,€)| < aly, z) 


and the sup is attained with € = {z} € DY. Thus ||A(y) — A(z) |] = d(y, z) and 
X is isometric. 

Now we observe that (a) fp(€) = 0; (b) for each y € Y, we have fy(£) = 0 
whenever € D {y, p}. 

In particular, A(¥") contains the origin of C(). Let L be the linear span 
of A(7) in C(Z): clearly, D is a normed linear space which need not be 
closed in C(2); but A(Y) C L, and we now show that A(Y) is closed in L. 

Let g € L—X(Y): then g = }o7_, aify, for suitable real a; and y; € Y. 
Because g ¢ A(Y), we have g # fy, for? =1..... n; to show that A(Y) is 
closed in L, it is sufficient to show that B(g,6)N A(Y) = @ for some 6 > 0. 
Let 6 > 0 be smaller than 


min {21lgll- lg — furlls---s4llg — fun ll} 


and assume ||g — f,,|| < 6 for some fy € A(Y); then for this f, we would have 
fy — fy, || = 6 and |lfy|l = If, — fpl] = 6: therefore. because 4 is isometric. 
d(y.yi) > 6 and d(y,p) > 6. But ilg — fyll > lg(é) — fy(€)| for every € € E: 
in particular, for € = {y;,.--,Yn.p} we have g(€) = 0 by (b), so 


lg — fyll = |fy(€)| = dy. (yn... - syns P}) = 4, 


contradicting the assumption that ||g — fy|| < 6. Thus B(g,6)N X(Y) = 9, 
and since g € L — X(Y’) was arbitrary. the proof is complete. O 


Set-valued maps 


Let X, Y be topological spaces. A map S$: Y — 2” is called a set-valued 
map; the sets Sz are the values of S. The image of an A C X is S(A) = 
U{Sx | x € A}, and the graph of S is Gs = {(x.y) € X x Y | y € Sz}. 
The inverse S~! : ¥Y — 2* and the dual S* : ¥ — 2* of S are the maps 
yo Sty={xreX|ye Sr} and yr Sty = X¥ —S—!y. The values of 
S~' (respectively of S*) are called the fibers (respectively the cofibers) of S. 

Note that S is surjective (i.e., S(X) = Y) if and only if its fibers Sty 
are all nonempty. By a fized point of a set-valued map S$: X — 2” is meant 
a point zy € X for which ro € Srp. Clearly, if S has a fixed point, then so 
does S—! 

The union SUT (respectively intersection SNT) of maps $,T : X — 2° 
is the map zx + Sx UTzx (respectively x + Sx Tx). The composition of 
S:X 3 2 and G: Y — 27 is the map t & G(Sx). An S: X — 2 is 
point-compact if each Sz is comowt. 
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A map S: X — 2° is upper semicontinuous (written u.s.c.) if {2 € X | 
Sx C U} is open in X for each open U C Y; it is lower semicontinuous 
(written ls.c.) if {2 © X | Sx C B} is closed in X for each closed B C Y: it 
is continuous if it is both u.s.c. and L.s.c. 

The following results are standard: 

(a) A point-compact u.s.c. map has a closed graph. 

(b) The point-compact u.s.c. image of a compact set is compact. 

(c) The union of finitely many, intersection of any family. composition 

of any two point-compact u.s.c. maps is point-compact u.s.c. 
(d) If S: X — 2¥ is point-compact u.s.c., and T: X — 2” is any map 
with a closed graph, then SMT is point-compact u.s.c. 

(e) Let S : X — 2” be point-compact u.s.c., let {zg} be a net in X, and 

let Ya € SXq for each a. If rg — 2p and ye — Yo, then yo € Sz. 


If S : X — 2Y is any set-valued map, then a function y : X > Y 
satisfying y(x) € Sx for each x € X is called a selection for S. 


(B.14) THEOREM (Michael). Let X be paracompact, E a Banach space, and 
S:X — 2” amap with each Sz a nonempty closed convex set. If S is 
lower semicontinuous, then S has a continuous selection p: X — E. 


C. Linear Topological Spaces 


Vector spaces 


We will use K to denote either the field R of real numbers or the field C 
of complex numbers. A vector space E over the field K is an abelian group 
E together with a map K x E — E (in which the image of (A, z) is written 
Az) satisfying 


Aaz+y)=Art+rAy, Aux) = (Ap)z, 
(A+ p)z = Ar + yz, lz =, 


for all x,y € E and 4, yp € K. The field K is called the scalar field of E, and 
the map K x E — E the scalar multiplication; K is itself a vector space over 
K if the scalar multiplication is defined to be the multiplication in K. We 
say E is a real (respectively complex) vector space if K = R (respectively 
kK=C). 

A subgroup M C E is called a linear subspace if Ax € M for all Ac K 
and x € M; the quotient group, with scalar multiplication defined by setting 
(z+ AL) = Ax + M for each coset, is also a vector space over K, called the 
quotient space E:/M. 

If a,b are elements of EF, the set {x | x = (l—A)a+ Ab, O< A< 1} 
is called the line segment joining 4 to o, 2 subset C C E is conver if for 
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each pair a,b € C, the line segment joining them lies in C’. For any subset 
AC E, the intersection of all convex sets containing A is called the convex 
hull conv(A) of A; it is the “smallest” convex set containing A and can be 
described directly in terms of A as 


conv(A) = {y | y= yo a; €E A, A; > 0, er = [ai arbitrary}. 
i=1 i=1 


The intersection of all linear subspaces containing A is called the linear span 
of A and is denoted by span(A); it is the smallest linear subspace containing 
A and can be described as 


nr 
span(A) = {y | y= S > aaa; 3 € KK, a, E Aj n arbitrary }. 
i=1 
A flat (or linear variety) in E is a subset of the form L + a, where L is 
a linear subspace of EF and a € E. A wedge in E is a convex set P such that 
AP C P for each real \ > 0. A cone in E is a wedge C such that xz € C, 
x #0 implies —z ¢C. 


A finite set {a1,...,@n} in E is linearly independent if the equation 
Ai; +--+ +Anan = 0 
is satisfied only by 4; = --- = A, = 0; an arbitrary subset S C E is called 


linearly independent if each of its finite subsets is linearly independent. 
A maximal linearly independent set S C E is called a basis; each element of 
E can then be written uniquely as a finite sum 2 = es Aisi, where A; € K 
and s; € S. Every vector space has a basis, and all bases have the same 
cardinality; if this is a finite cardinality n, then we call E an n-dimensional 
vector space over K and write dim E = n; otherwise, we write dim E = oo. 
If A C E is a linear subspace, then any basis for A can be enlarged to a 
basis for EF. 

Two linear subspaces M, N of E are complementary if each element of 
FE can be written uniquely as z = x+y, where x € AJ and y € N; we then 
write EF = M@N and call E the direct sum of M and N. Every linear 
subspace M C E has at least one complementary subspace, and all these 
subspaces have the same dimension, called the codimension of M in E. If 
dim E < oo, then dim EF = dim M + codim M. 

Let E, F be two vector spaces over the same field K. A map T: E> F 
is called linear (or a linear operator) if T(Ax + py) = AT (x) + pT (y) for all 
x,y € E and A, p € K. Regarding the scalar field as a vector space, a linear 
map f : E — K is called a linear functional. If M is a linear subspace 
of E, then the map EF — E/M given by zt + x+M is linear. For any 
linear operator T : E — F, its kernel KerT = {x | Tx = 0} C E and its 
image ImT = {Tz | x € FE} Cc F are linear subspaces, and T is injective 
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if and only if KerT = 0. We call a linear operator T: E — F monic (or a 
monomorphism) if it is injective, epic (or an epimorphism) if it is surjective, 
and an isomorphism if it is bijective; the inverse of a bijective linear operator 
is necessarily linear. 


A sequence 
T, +1 


- — E; y Bis —> Eizo 7+: 
of linear spaces and linear operators is exact if the image of each operator is 
precisely the kernel of the next operator. Because every short exact sequence 
T. T. ee i 
0— E, 4 E, 4 E3 — 0 of vector spaces and linear operators splits, it 
follows that Ez. = E, @ E3; as in the case of abelian groups, since any linear 


operator T': E — F gives rise to a short exact sequence 0 — KerT — E > 
ImT — 0, we have £/KerT = ImT. 


Linear topological spaces 


A linear topological space is a vector space E over K equipped with a Haus- 
dorff topology such that the mappings (z,y) Ph x+y of E x E to E and 
(A, z) + Az of K x E to E (with the usual topology on K’) are continuous. 
In this book, by a linear topological space we mean a linear topological space 
over Ft; in some places where complex spaces appear this is stated explicitly. 
Some useful general properties of linear topological spaces are: 
(i) A linear topological space is always completely regular. 
(ii) (F. Riesz) A linear topological space is locally compact if and only 
if it is finite-dimensional. 
(iii) (Tychonoff) If dim E =n < 0, then E is linearly homeomorphic 
to R” (a linear homeomorphism is established by choosing a basis 
{x1,-..,%n} C E and setting )0j_) Aiti te (An,--- An) € R”). 


Minkowski functionals. Seminorms 


Let E be a linear topological space. A set A C E is: 
(i) balanced (or circled) if \A = {Ax | xz € A} CA for all |A] < 1. 
(ii) absorbing if for each x € E there is an r > 0 with x € AA for all 
lal >, 
(iii) bounded if for each neighborhood V of 0 there is a real A = A(V) 
such that A C AV 
Any neighborhood V of 0 contains a balanced neighborhood of 0: and if V 
is also convex, then V contains a balanced convex neighborhood of 0. 
Let K be any convex, balanced, absorbing set in &. The function px : 
E — R defined by 


pK (wr) = inf{A > 0 [re AK} 


602 Appendix: Preliminaries 


is called the Minkowski functional of kK’, and has the properties: 


(a) pe(r+y) <pK(x)+pK(y) for all z,y € £, 
(b) pr(Ar) = |Alpe (x) for allz € E and \€ R. 


Moreover, px is continuous if and only if 0 belongs to the interior of K. 
Conversely, let p: E — R be any function with properties (a) and (b) and 
let W = {.c | p(x) < 1}; then W is convex. balanced, and absorbing, and p 
is the Minkowski functional of W. 

A function p : E — R satisfying (a) and (b) is called a seminorm on 
E; if (b) holds only for all \ > 0, then p is called a sublinear functional. If 
p:E — Ris aseminorm., then the set {x | p(x) = 0} is a linear subspace 
and if it consists only of 0. the function p is called a norm. The following 
result is frequently useful: If p: E — R is aseminorm and {rx | p(z) < 1} is 
bounded, then 7 is in fact a norm. 


(C.1) (Hahn- Banach principle) Letp: E — R be a sublinear functional 
on the linear space E, let M{ be a subspace of E, and let f: M1 —-R 
be a linear functional such that f(x) < p(r) on M. Then f extends 
to a linear functional F : E — R such that F(x) < p(x) on E. 


Normed linear spaces 


Ifp:E — Ris anorm, then the map d: E x E — R defined by d(z. y) = 
p(x — y) is a metric on E; the metric topology on EF determined by d is 
called the topology determined by the norm p. A normed linear space is 
a linear topological space whose topology is determined by a norm. Two 
norms p,q: & — R determine the same topology if and only if there are 
real numbers a,b such that p(x) < ag(x) < bp(x) for all z € E. A norm used 
to determine the topology of a normed linear space is denoted by ||z||. 

(i) A linear operator T : E — F between normed linear spaces is contin- 
uous either at every point of EF or at no point of E. It is continuous on E if 
and only if there is a constant AY such that ||Tz|| < Al||z|] for every z € E. 

(ii) (Hahn Banach) If £ is a normed linear space and ro # 0. then there 
exists a continuous linear functional f : E — R with ||f(z)|| < ||2]] for all 
xz € E and f(zo) = ||xoll. 


Locally convex spaces 


A linear topological space is locally conver if every neighborhood of 0 con- 
tains a convex neighborhood of 0. Every locally convex topology on a vector 
space is determined by some family {pq | a € 2} of seminorms having the 
property that p.(z) = 0 for all a € & if and only if x = 0; in the topology 
determined by such a fami'y of seinio:ms. a set V is open if and only if for 
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each v € V there exists some € > 0 and finitely many qj..... Qn € & such 
that 1), {2 | pa,(z —v) < e} CV. 

Let A be a subset of a locally convex space E. A point x € A is an 
extreme point of A if it is not contained in the interior of any line segment 
having its endpoints in A. The convex closure Conv A of A is the smallest 
closed convex subset containing A. 


(C.2) THEOREM (Krein—Milman). 
(a) If A is a compact convex subset of a locally convex space E, then 
A is the convex closure of its set of extreme points. 
(b) If B is any compact subset of E, and if Conv B is also compact. 
then all the extreme points of Conv B belong to B. 


The weak topology in a locally convex space EF is the smallest topology 
for which all the linear functionals f : E — R that are continuous in the 
original topology remain continuous. The weak topology, which is in general 
smaller than the original one, also makes E into a locally convex linear 
space. We speak of weakly open sets, weak compactness, etc. when referring 
to the weak topology. 


(C.3) THEOREM (Mazur). In a locally convex space E, a conver set C C E 
is weakly closed if and only if it ts closed. 


Banach spaces 


A normed linear space is called a Banach space if the metric determined by 
its norm is complete. The Hausdorff completion of any normed linear space 
is a Banach space; in particular, every normed linear space can be mapped 
by a linear isometry onto a dense subset of a Banach space. 

If E, F are linear topological spaces, then the set of all continuous linear 
operators from E to F,, with the operations 


(S+T)(x) =S(x)+T(z) and (AT)(x) = AT(z), 


forms a linear space “(E,F). If both E and F are normed linear spaces, 
then (E, F) is normed by setting ||T|| = sup{||T(z)]l | |lzl] = 1}, and if F 
is a Banach space, this norm makes .2(£, F) into a Banach space. 


(C.4) THEOREM (Mazur). Let E be a Banach space and A C E a relatively 
compact subset. Then its convex closure Conv A is compact. 


(C.5) THEOREM. Let E, F be Banach spaces and T € 2(E, F). 
(a) (Banach) If T is bijective, then T—' is continuous. 
(b) (Schauder) If T is surjective, then T is an open mapping. 


(C.6) (Closed graph theorem) Let E, F be Banach spaces. A linear operator 
T:E-F is contizuous if and «+. 'y if its graph ts closed. 
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(C.7) THEOREM (Banach Steinhaus). Let E be a Banach space, let F be 
a normed linear space, and let {T,,: E — F} be a sequence of con- 
tinuous linear operators. 

(a) If sup, ||Tn(x)|| < 00 for each x € E, then sup, ||Tnll < °°. 
(b) If limn Tn(x) exists for each x € E, thenT : E — F defined by 
T(x) = lim, T,,(z) is a continuous linear operator. 


Let E, F be Banach spaces, and U C E open. A map f : U — F is 
differentiable at x € U if there is an operator T,; € 2(E, F) such that 


f(y) — f(z) = Try — 2) + R(z, y), 
where 
IR(z wll _ 9 
lly-2ll0 [ly — 2 
The linear operator T; is called the derivative of f at x, and is written 
Df (zx); if Df (x) exists, then f is continuous at x. We say that f is of class 
C} on U if Df(z) exists for each z € U and the map z+ Df(z) of U into 


£(E, F) is continuous. If U is convex, f is C! on U, and ||Df(x)|| < K for 
all x € U, then 


lf) —f(2I< Ally — zl] for ally,zeU 


(the mean value theorem). 


Weak topology in Banach spaces. Dual spaces. Reflexive spaces 


Let E be a Banach space. A sequence {z,,} in E converges weakly to an 
element x € E (i.e., converges in the weak topology) if f(xn) — f(x) for 
every norm continuous linear functional; in particular, norm convergence 
implies weak convergence. 


(C.8) THEOREM. Let E be a Banach space. 
(a) If the sequence {x,} converges weakly to x, then sup{||zn||} < co. 
(b) (Eberlein) A subset of E is weakly compact if and only if it is 
weakly sequentially compact. 
(c) (Krein-Smulian) If A C E is weakly compact, then the weak 
closure of conv A is also weakly compact. 


Let E be a Banach space. The Banach space “(E, R) of all continuous 
linear functionals is called the dual space (or conjugate space) of E, and is 
denoted by E*. For f € E* and xz € E, we write (f,xz) instead of f(z); 
observe that the map E* x E > R given by (f,z) + (f,2) is bilinear, and 
that |(f,z)| < [fll - llzll. 

The dual of E* is called the second dual of E. Corresponding to each 
x € E there is a unique F, ¢ E** = .@(F”. R) defined by F,(f) = (f, 2); 
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the map J: EF — E** given by x + F; is an isometric embedding of E 
into E**, called the canonical embedding. A Banach space is reflexive if the 
canonical embedding is surjective. 


(C.9) THEOREM. 
(a) If E is reflexive, then E* is also reflexive. 
(b) (Mazur-Smulian) A Banach space E is reflexive if and only if 
every closed bounded convez subset of E is weakly compact. 
(c) (Eberlein) A Banach space E is reflexive if and only if each 
bounded sequence in E contains a weakly convergent subsequence. 


For the dual E* of a Banach space E, there is another weak topology, 
called the weak-star topology: this has as subbase of neighborhoods of 0 the 
family 

{W,|z¢E€E}, where W,={f € E* | (f,z) <1}. 


For reflexive spaces, the weak and weak-star topologies coincide. 


(C.10) THEOREM (Banach-Alaoglu). Let E be a Banach space. Then the 
closed unit ball of E* is compact in the weak-star topology. 


Riesz-Schauder theory 


Let E, F be normed linear spaces. An operator T € Y(E,F) is called 
Fredholm if ImT is closed in F and both KerT and CokerT = F/ImT are 
of finite dimension. We call 


Ind T = dim KerT — dim Coker T 


the (Fredholm) index of T. The subset of “(E, F) of Fredholm operators 
of index m is denoted by ©,,(E£, F). 

An operator T € Y(E, F) is called completely continuous (*) if T sends 
bounded sets in FE to relatively compact sets in F The set of all such 
operators is denoted by 4(E, F); when E = F we write #(E) = 4(E, E). 

Some elementary but frequently used properties of completely continuous 
operators are: 

(i) A completely continuous operator is continuous. 

(ii) “(E, F) is a linear subspace of &(E, F). 
(iii) If F is a Banach space, then .%(E, F) is closed in 2(E, F). 
(iv) If E is a Banach space and T € #(E), then I —T € $o(E. E). 


Let E be a real Banach space and T € .#(E). We call 
r(T) = {yw € R| Ker(I — pT) # {0}} 


(1) Note that such operators are now often called “compact”. which is in conflict with 
our terminology of §6. 
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the set of characteristic values of T. It is clear that 0 ¢ r(T) and p € r(T) © 


up is an eigenvaluc of T. 


(C.11) (Riesz Schauder) Let E be a real Banach space and T € X(E). 
1° Any closed interval [a,b] C R contains only a finite number of 
characteristic values of T. 
2° If w¢r(T), then I — pT its invertible. 
3° If wer(T), then: 
(a) there exists the smallest s € IN (called the exponent of 14) such 
that 


N = Ker(I — pT)® = Ker(I—pT)*** fork >1, 
M=Im(I—pT)§ =Im(I-pT)s** fork >1, 


(b) N and M are closed subspaces of E invariant under T, 
(c) the subspace N = Up, Ker (I—pT)! is of finite dimension; the 
integer m, = dim N is called the algebraic multiplicity of p. 


Hilbert spaces 


Denote the complex conjugate of z € C' by z. Let E’ be a complex Banach 
space. A map E x E — C (the image of the pair (x, y) being denoted simply 
by (z,y)) is called an inner product on E if: 

(a) (x, Ay + pz) = A(z. y) + E(x. 2) for all z,y € E and ApeC, 

(b) (z, y) = (y, 2) for all x,y € E, 

(c) (x, x) > 0 and (2,2) £0 ifr £0. 

An inner product in a real Banach space is a real-valued map Ex E> R 
having the properties (a)-(c) (so that the bars can be omitted). 

It follows that ||z|| = (z,2z) is a norm. A real (or complex) Banach 
space with norm obtained from an inner product is called a Hilbert space. 
We list their main properties: 

(i) A norm in a (real or complex) Banach space E is derivable from an 
inner product if and only if it satisfies the parallelogram law: 


Iz + yl? + Ile — yll? = Ql)? + 2llyll?. 


(ii) The inner product on a Hilbert space H is continuous on H x H, 
and |(z.¥)| < |[xll - Ilyll for all 2, y € H. 
(iii) (F. Riesz) Given any continuous linear functional f : H —~ K 
on the Hilbert space H, there exists a unique y € H such that 
f(z) = (2, y) for all ¢ € H. 
(iv) Every Hilbert space is reflexive. 
Let H be a Hilbert space. A subset A C H is called orthogonal if (x,y) =0 
for all x,y € A with z F y; if also ||z|] = 1 for each z € A, then A is called 
orthonormal. 
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Some function spaces 


Let §2 be an open bounded subset of R”. If s = (s1....,5n) is an n-tuple of 
nonnegative integers, we write D® = Dj’ ... Dé", where D; = 0/0x;. Then 
D® is a differential operator of order [s| = )>7_, 5:- 


1. The space C(2). The space of continuous real-valued functions on 2 
denoted by C({2) is a Banach space under the norm |lu|lo = sup,¢g |u(z)|- 
A subset K C C(2) is equicontinuous provided for every ¢ > 0 there is a 
6 > Osuch that {|z1—2|| < 6 implies |u(x1)—u(x2)| < € for every 21.22 € 2 
and every u € K. A subset of C(2) is relatively compact if and only if it is 
bounded and equicontinuous (Arzela—Ascoli theorem). 

2. The spaces L?(§2). Let 1 < p < 00 and denote by L?(2) the class of 
measurable real-valued functions u on 92 for which f[,, |u(x)|? dx < 20. We 
identify in L?(2) functions that are equal almost everywhere on $2. Then 
L?(§2) is a Banach space under the norm 


lullz» = { [war ic" 


A set K C L?(£2) is relatively compact if and only if it is bounded in LD? 
norm and fi, |u(z + h) — u(x)|/Pdz — 0 as h > O uniformly for u € K 
(M. Riesz). The space L?(2) is a Hilbert space with the inner product 


(uv) = f ula}o(a) dx. 
2 


3. The spaces C*(2). Given an integer k > 1 let C*() be the set of all 
real-valued functions u defined in 2 whose partial derivatives of order < k 
all exist and are continuous (1). The class C*(2) is a Banach space under 
one of the equivalent norms 


lulls = >> sup|D°u(z)|= >) [|Deullo, 
|s|<k 7E@ Is|<k 
Jul, = max{||D®°ullo | Is] < &}. 
The embedding (C*t(), || llkz1) ~ (C*®(2),|l lle) is completely contin- 
uous. 


4. The Holder spaces C*+%(9). A function u: 2 — R is Hélder contin- 
uous with exponent a (0 < a < 1) provided we have 


U 
Helle =[lullo+ sup MEV HW — ,, 
2,yeN lz — yl 
ry 


(1) We assume that each u ¢ ¢ 4) Gy tits aC* extension over some nbd of ? in R”. 
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For an integer k > 1 and 0 < a@ <1, let C**%(Q2) be the set of all functions 
u that together with their derivatives up to order k are Hodlder continuous 
with exponent a. The class C**+(Q2) is a Banach space under one of the 
equivalent nornis 


lelleze = D5 WD * alla, lule+a = max{||D*ulla | Is] < F}- 


Is|<& 


The embedding (C*t+®(2). |] +a) 2 (C?*?(2), |] Iln4) is completely con- 
tinuous if k +a > n+ (Schauder). 

5. The Sobolev spaces W*?(2). Denote by C*(2) the set of all functions 
u defined in 2 whose partial derivatives of order < k all exist and are 
continuous in 2. For u € shaie we let 


lullnn = {> WDealtz, f= { 


Is|<k 


s> : D'u(eyPac} 


|s|<k 


and set 


CHP (Q) = {u € C*(Q) | lullep < X}- 


We denote by W*?(2) the completion of Ck (§2) with respect to the norm 
ll lk.p- Note that {um} is a Cauchy sequence in C*-?(2) if and only if 


||D°tm — Deusllp +0 as mk > x (0<|s| <h). 


Because L?(§2) is complete, there exist functions u* € L?(2) such that 
|DSum — us||z» — 0. We can assign to u® € W*?(2) the functions us 
(0 < |s| < k) and call these functions the “derivatives” of u°. One verifies 
that W*?(Q) is a Hilbert space with the inner product 


(u,v) = =[ D'u(x)D*u(x) dz, uv € W*?(2). 


O<|s|<& 


D. Algebraic Preliminaries 


A set. G together with a map (2,y) > 2+y from G x G to G is called an 
abelian group whenever: 
(i) c+(yt+z) =(e@+y) +2 for all z,y,2 EG, 

(ii) cty=ytr for all ry EG, 

(iii) there exists an element 0 € G such that x +0 =z for all c EG, 

(iv) for each x € G there is an xz’ € G such that r+ rx’ = 0. 
The element 0 is unique, as also is the inverse zx’ of each x; x’ is written —2, 
and z+(—y) is written z—y. A set A C Gis called a subgroup of Gifxr—y € A 
for all x,y € A; the set G/A = {z+A | z € G}, with addition defined on the 
cosets z+A = {z+a|ae A} by setting. 4+.!)+(y+A) = (r+y)+A, is also 
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an abelian group, called the quotient group G/A. If {Gi}ier is a collection of 
abelian groups, then their direct product [| G, is the abelian group structure 
defined on the Cartesian product of {G,} by setting {z;}+ {y;} = {7,+y;}. 
The subgroup @G; Cc [| Gi, consisting of the elements {x;} with only a 
finite number of nonzero coordinates, is the direct sum of {G,}. 

Let G, H be two abelian groups. A map y: G — H is called a homo- 
morphism if p(x + y) = v(x) + vy) for all z,y € G. If A is a subgroup 
of G, then the map G — G/A given by x + «+A is a homomorphism. 
We call a homomorphism monic (or a monomorphism) if it is an injective 
map, epic (or an epimorphism) if it is surjective, and an isomorphism if it 
is bijective. If y : G — H is an isomorphism, then the groups G and H are 
called isomorphic and we write G = H. 

For every homomorphism y : G — H, its kernel Kerp = {x € G | 
y(r) = 0} C G and its image Imy = y(G) C H are subgroups; we note 
that y is monic if and only if Kery = {0}, and it is epic if its cokernel 
Coker p = H/Imy is the trivial group {0}. 


Exact sequences 


A sequence 
ce ay Gan Gt aa ee 


of abelian groups and homomorphisms is ezact if the image of each hom- 
omorphism is precisely the kernel of the next homomorphism. For example, 
if p : G — H is a homomorphism, then with 7 : Kery — G being the 
inclusion and p : H — Coker y the quotient map, the sequence 


0>Kery>G% H % Cokery — 0 


is exact. 
An exact sequence of the form 


(x) 0o-c%aG4e"—0 


is called a short exact sequence. Since every homomorphism y : G — H 
gives rise to an obvious short exact sequence 0 — Kery — G — Imp — 0, 
we have G/Ker y = hn y. 

Observe that any 5 consecutive terms in a long exact sequence 


Ys 
G, > G2 — G3 > G4 > Gs 
give rise to a short exact sequence 
0 — Coker 71 — G3 — Ker yy — 0. 


A short exact sequence (*) is said to be split if one of the following 
equivalent conditions is satisfe.i. 
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(i) y has a left inverse vy’, that is, y’y = Ig, 
(ii) y has a right inverse w’, that is, pw’ = lew, 
(iii) G=G’ eG". 


The following behavior of exact sequences is frequently used: 
(D.1) 5-LEMMA. In the commutative diagram 


A, ——> Ap ——> A3 ——> Ay ——> As 


b fb bf 
By — > B, ——> B; ——> B, ——> Bs 


of abelian groups and homomorphisms, with exact rows, if v,, V2, V4, 
vs are all isomorphisms, then u3 is also an isomorphism. 


(D.2) WHITEHEAD -BARRATT LEMMA. If the commutative diagram of abel- 
ian groups and homomorphisms 


ca Oe I i PN ae 


[- [. <> Joo Ja 


-——> A. —> B. 2. 6, —'> A, —*> B; 


has exact rows and the 7; are isomorphisms, then the sequence 


ae Rep pet Bag nes: 


as exact. 


Free abelian groups 


An abelian group G is called free with basis {ga}ae,4. where A is some 
index set, if each g € G can be uniquely written as a finite sum with integral 
coefficients 

S> raJa (Ag € Z. almost all A, = 0). 

aeA 


Some frequently used properties of free abelian groups are: 

(a) If H is an abelian group and G is free, then any map gg ~~ he 
of the basis {g,} of G into H extends to a unique homomorphism 
yp: G—H by setting (>> Aaga) = >> Aaha- 

(b) Every abelian group is isomorphic to a quotient of a free abelian 
group. 

(c) If F is free, then any short exact sequence 0 — G’ + G— F—0 
splits (hence G = G’ @ F). 

(d) Every subgroup of 2 fiec abelia.a sroun is free. 
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Let X be any set of objects. The set F(X) of all formal finite linear 
combinations }>c;x2; of elements of X with c; € Z forms the free abelian 
group generated by X . Because the elements of X form a basis in F(X), every 
map from X to a set Y induces a unique homomorphism y : F(X) — F(Y). 


Tensor and torsion products 


Let A and C be abelian groups, and denote by AoC the free abelian group 
generated by all symbols aoc, where a € A, c € C. Let RC AoC be 
the subgroup generated by all elements (a + a’)oc—aoc-—da’ oc and 
ao(c+c’)—aoc—aoc. The.quotient group AoC/R is called the tensor 
product of A and C, and is denoted by A @ C; the symbol a @ c represents 
the coset aoc+ R. Thus, A@C is a group in which an element of A can be 
“multiplied” by an element of C’, the “multiplication” being distributive. 

Let G be an abelian group, and f : AxC — Ga mapping of the Cartesian 
product of A and C into G such that f(a +a’,c) = f(a,c) + f(a’,c) and 
f(a,e+¢) = f(a,c) + f(a,¢) for all a,a’,c,c’. Then there is a unique 
homomorphism w : A@C' — G such that w(a@c) = f(a,c): for, since AoC 
is free abelian, there is a unique w’ : AoC — G with w’(aoc) = f(a,c), 
and by the linearity of f in each variable, w’(R) = 0, so we can pass to 
the quotient. Thus, a homomorphism of A ® C into any group G is defined 
uniquely by giving the images of the symbols a ® c provided that these 
images are additive in a and in c. 

We now list some properties of the tensor product: 

(a) Ifa =0 or c= 0, then a@c = 0; the converse need not be true. 

(b) n(a@c) = (na) @c=a@nce for all ne Z. 

(c) ® is commutative, associative, and 


(G42) @C = (4a @C). 


(d) A@Z#Aand Z/nZ@ Z/mZ = Z/(m,n)Z, where (m,n) is the 
greatest common divisor of m and n. 

(e) LttO- ASB £, C > 0 be a short exact sequence. Then for any 
abelian group G, the sequence A @ G a BOC £27 C@G—0 
is also exact. Note that in contrast to a, the homomorphism a ® 1 
need not be monic. However, if either C or G is torsion-free, or if A 
is a direct summand in B, then a @ 1 is also monic. 

Let A be an abelian group. By a free presentation of A is meant a short 


exact sequence 0 > RS F ee 0, where F (and R) are free abelian 
groups. This gives the exact sequence 


REGS F2G= 436-0 
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for any abelian group G. The group Ker(a@ 1) is called the torsion product 
of A and G, and is denoted by Tor(A, G). We list some of its properties: 
(a) The group Tor(A, G) is independent of the particular free presenta- 
tion used for A, and is functorial in A and G. 
(b) Tor(A, G) = Tor(G, A). 
(c) Tor(@, Aa: G) = @, Tor(Ae, G). 
(d) Tor(A, G) = 0 if either A or G is free, and 


Tor(Z/nZ, Z/mZ) = Z/(n,m)Z. 


(ec) IfO-ASB £C=30is any exact sequence of abelian groups, 
then for any abelian group G, there is an exact sequence 


0 > Tor(A, G) — Tor(B, G) — Tor(C, G) 
+ AeGt Bpec™ceac Ho. 


Graded abelian groups 


A graded abelian group C is a family {C, | n € Z} of abelian groups with 
C, = 0 for n < 0; a subgroup of the graded group C is a graded group 
B = {B,, |n € Z}, where B,, is a subgroup of C;, for each n; the quotient 
of these graded groups is the graded group C/B = {C,,/B, | n € Z}. 

The direct sum of the graded groups C = {C,,|n € Z} and D = {D, | 
n € Z} is the graded group C@D = {C, @D,, | n € Z}. For reasons coming 
from algebraic topology, the tensor product C' @ D of graded groups has a 
special grading: it is the graded group T = {T,, | n € Z}, where 


Tr = DC; @ Dy-i- 
i=0 
A homomorphism f : C — D of graded groups is a family of homomor- 
phisms f, :C;, > Dn4,, one for each n € Z, where r is a fixed (positive or 
negative) integer called the degree of f 


Chain complexes and homology 


A chain complez C = {C,,.0, | n € Z} is a graded abelian group together 
with an endomorphism 0 : C' — C' of degree —1 such that 00 = 0. In other 
words, we are given a sequence {0, : C, — Cy_1 | n € Z} of homomor- 
phisms such that 0,0,41 = 0 for all n. The map @ (as well as its components) 
is called the dzfferential (or the boundary map); we frequently omit the index 
n on O,. Elements of C, are called n-chains, elements of Z,(C’) = Ker 0, 
are n-cycles, and elements of B,(C) = Im0,41 are n-boundaries. 

A map f : C — C’ of chain complexes (or a chain map) is a map of degree 
zero of graded abelian groups suci that fi = Of, where the last 0 denotes 
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the differential in C’. Thus a chain map is a family {fn : Cn > Cl, |ne€ Z} 
of homomorphisms such that 0n41fn+1 = fnOn+1 for all n. Two chain maps 
f,g:C — C" are chain homotopic if there is a map h : C — C” of graded 
abelian groups of degree +1 such that 0h + hd = f — g; the h is then called 
a chain homotopy from f to g, and we write f ~ g. 

Let C = {Cn, On} be a chain complex. Since for each n € Z the require- 
ment On0n+1 = 0 is equivalent to B,(C) C Z,(C), we can associate with C' 
the graded abelian group 


H,(C) = {H,(C)}, where H,(C) = Z,(C)/Bn(C) for n € Z. 


The group H,(C) (respectively H,(C)) is called the nth (respectively the 
graded) homology group of C’. Every chain map f : C — C’ naturally induces 
amap f, : H,(C) — H,(C’) of degree zero; thus H,(—) becomes a functor, 
called the homology functor, from the category of chain complexes to the 
category of graded abelian groups. We remark that if f ~ g, then f, = 9. 


Long exact sequence 


A sequence 0 — C’ — C' — C” — 0 of chain complexes and chain maps is 
called exact if the sequence 0 — C7, — C, — C7 — 0 of abelian groups is 
exact for each n. 


(D.3) THEOREM. If 0 C’ +> CC” — 0 is an exact sequence of chain 
complexes, then there is a long exact sequence in homology: 


++ Hy(C!) > Ha(C) > Hn(C") & Hn-a(C’) > + 


[The connecting homomorphism 0 is constructed as follows: Let z € Ci! bea 
cycle with homology class [z]. Lift z to a y € Cy; then Oy has zero image in 
Ci'_,, hence it comes from C/,_,. By construction, O[z] = [Oy] € Hn-1(C’).] 

A cochain complet C = {C”,6"} is a graded abelian group C' together 
with an endomorphism 6 : C' — C of degree +1 with 66 = 0. Again 6 is called 
the codifferential (or coboundary operator). Maps of cochain complexes (or 
cochain maps) are defined analogously to chain maps. For a cochain complex 


C = {C",5"} we define its graded cohomology group H*(C) = {H"(C)} by 
H"(C) = Keré"/Imé"', ne Z. 
With the analogous definition of induced maps, H*(—) then becomes a co- 


variant cohomology functor from the category of cochain complexes to the 
category of graded abelian groups. 


Direct systems of abelian groups and their limits 


In this subsection, by “group” we understand an additive abelian group. Let 
D be a directed set and {G, | a € D} a family of groups. Assume that for 
any a < f in D, there is given a homomorphism 7og : Ga — Gg such that: 
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(i) Taa = id, 

(ii) Tay = TpyTap forax fray. 

Then the family {Ga} = {Ga,7tap | a € D} is called a direct system of 
groups over D. 

For convenience, any image of a ga, € Gq under any of the homomor- 
phisms 74, is called a successor of gq. Let S be the set-theoretic union of 
all groups G,,, and call g1,92 € S equivalent (g, ~ g2) whenever they have 
a common successor in the system. This is indeed an equivalence relation 
in S, and its equivalence classes are called bundles. 

The direct imit group G* = lim{Gq, 7g} is defined as follows: The 
elements of G™ are the bundles of S, and addition of bundles [x,]+[zx2] = [z] 
is given by choosing a Gg in which both [z;], [x2] have representatives 2), 
x2 and letting [xz] be the bundle containing 71 + za. This addition makes 
G~ an abelian group, the zero of G* being the bundle containing the zeros 
of all G,. Assigning to every rg € Ga the bundle [z,] containing it, we get 
a canonical homomorphism ug : Gg — G®. These homomorphisms have 
the following properties: 

(i) Ua = UgTag whenever a x G, 
(ii) for any a < PB, we have uq(Zo) = ug(zpg) if and only if there is a y 
such that a, 8 < y and 74(Za) = 7By(x~g). 
The family u = {ug : Gg + G* | a € D} is called the universal trans- 
formation of {G,} into G° We call ga € Go a representative of g € GX 
whenever Ua(ga) = g. 
The main properties of the pair (G™, {ug}) are collected in the following 


(D.4) THEOREM. Let L be an abelian group and {fa : Ga >~ L\|aeD} 
a family of homomorphisms such that fa = feTag whenever a < B. 
Then: 
(I) there ts a unique homomorphism f : G* — L such that: 
(a) fue = fa for each a € D, 
(b) Imf =UIm fa, 
(c) Ker f =U ue(Ker fa), 
(II) f 2s an isomorphism if and only if the following two conditions 
hold: 


(i) L=UIm fy, 
(ii) 2f ga € Ker fy, then ga € Ker tag for some B > a. 


(D.5) THEOREM. Let {Ga}. {Ga} be two direct systems over D, and let 
{he : Ga — Ga | a € D} be a family of homomorphisms such that 
hptap = To ple if a XB. Then there exists a unique homomorphism 
h® 2G > G® with tie preper sy that h®ug = Ugh, for all a € D. 
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(D.6) THEOREM. Let {C,,} be a direct system of chain complexes over the 
directed set D. Then for eachn =0,1,..., 


lim Hn(Ca) = An(lim Ca). 
a 6 4 
(D.7) THEOREM. Let {G1}, {Ga}. and {G"} be direct systems over the 
same directed set D, and assume that for each a € D there is an 
exact sequence Gi, + Ga — Gi, where the maps commute with those 
defining the direct systems. Then the induced sequence 


° / : : i 
lim G, — limG, — lim Gy 
is also exact. 


(D.8) THEOREM. Let N and CL be directed sets. Define an order on N x L 
by (a,k) x (8,1) provided a < B andk X 1. Let Ga.x, be a direct 
system over N x L. Then: 

(a) the maps Gok — lim: Gaz — lima(lim, Gon) induce an iso- 


morphism 
lim Gok = lim(lim Ga.k): 
ak a ok 


(b) there is a natural isomorphism 
Lim (Linn Go.) © ling( img Ga.) 
a ek k @ 
Recall that D’ C D is cofinal in D if for any a € D there is a 8 € D’ such 
that a < £; a cofinal D’ C D is also a directed subset of D. The following 


result permits us to compare the direct limits when the direct systems are 
taken over different directed sets. 


(D.9) THEOREM. If D’ C D is cofinal in D, then for any direct system 
{Go |a€D} we have 


lim{G,, | a € D} & lim{Gg | 8 € D’}. 


Inverse systems of abelian groups and their limits 


Let D be a directed set and {Gy | a € D} a family of groups. Assume that 
for any a ~< f in D, there is given a homomorphism pga : Gg — Ga such 
that: 

(i) Hoa = id, 

(ii) Lya = Uéollyp for a XB X74. 
Then the family {Go Usa} is called an inverse system of groups over D. The 
inverse limit group Goo = lim{Ga, Lge} is defined as follows: An element 
9 € Go is a system {gq} of elements g, = &,, one for each a € D, which 
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match in the sense that ifa <7, then gq = pge(g 3); we call such a system 
{y,} a thread and gy, is the representative of the thread in G,,. Addition in 
G.~ is defined in the obvious manner: if g = {ga}, g! = {94} © Gee, then 
{ga t+g/,} is also a thread, and we set g + 9! = {y, +g/,}. This is easily seen 
to make G~ an abelian group, the zero being the thread consisting of the 
zeros Of all Ga. 

For each a, mapping a thread to its representative in G,, yields a canon- 
ical homomorphism pa : Gx — Ga with the following properties: 

(i) g=g' in G,, if and only if pa(g) = pa(g’) for alla € D. 

(ii) Pa = HgaPs Whenever a < 43. 


E. Categories and Functors 


Several simple notions about. categories and functors are needed in order to 
express, quickly and precisely, the various mathematical frameworks within 
which we work. 
A category K is a class (uot necessarily a set!) of objects (written 1, B, 
C,...) together with: 
1° a family of sets K(A. B), one for each ordered pair of objects (the 
elements of K(A, B) are called morphisms from A to B in K and 


denoted by f: A— Bor A&B), and 

2° a function C‘: K(A. B) x K(B,C) — K(A,C'). one for each ordered 
triple of objects (C‘(f.g) is written go f or gf and called the compo- 
sition of f and g), satisfying the following two conditions: 


(a) The composition law is associative: if A Ew 5 eqns D, then 
ho(gof)=(hog)of. 


(b) For each object B there is a morphism 1g € K(B.B) such that 
folp = f for every f : B — C, and 1g 0g = g for every 
g:A—B. 


We list a few examples: 

(i) The class K of all sets, with K(.1, B) being the set of all maps of 
A into B with the customary composition law, obviously forms a 
category Ens. 

(ii) The class K of all topological spaces, with K(.4. B) the set of all 
continuous maps of A into B and with the usual composition law, 
forms a category Top. 

(iii) For any category K, the opposite category K* is that having the 
same objects as K, morphisms K*(A, B) = K(B, A), and the same 
composition law as in K. 
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(iv) There are many categories in which all objects have some type of 
algebraic structure, such as the category Ab of abelian groups (in 
which all morphisms are homomorphisms) or that of vector spaces. 
or modules over a fixed ring. whose definitions are obvious. 


Ifu: A— Bandv: B— A are morphisms in a category K such that 
vou=1y4. 


then v is called a left inverse of u, and u is a right inverse of v. If u admits 
a left inverse vy and a right inverse v,. then u is called an isomorphism. 
In this case vy = uj(uv,) = (wu)u, = v,, and the object vr = r,. denoted 
by u—!, is called the inverse of u. Two objects A.B € K are equivalent 
(written A = B) if there is an isomorphism u: A — B in K; the relation is 
indeed an equivalence relation in K. The above notion of equivalence vields 
the customary concept of isomorphism in Ens, Top and Ab. 

When several morphisms between various objects in a category are con- 
sidered simultaneously, it is convenient to display the morphisms as arrows 
in a diagram, such as 


A—>B 

D= f | 

C—+D 
The diagram D is said to be commutative (or to commute) if uf = vg. More 
generally, a diagram commutes if for every ordered pair (X,Y) of objects in 


that diagram, all chains (if any) of consecutive arrows running from X and 
ending at Y compose to the same morphism of X into Y 


Given a diagram 


A 


we say that a morphism g : B — C' completes the diagram, and write 


wa 
A 


whenever the latter diagram commutes. The same terminology applies to 
more complicated diagrams; a morphism that completes a given diagram is 
usually denoted by a dashed arrow. 
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Let C be a category, and let a, : X; — Z, ag : X2 — Z be a pair 
of morphisms with a common codomain Z. We say that a commutative 
diagram 


psx; 


x,—--Z 


is a pull-back for (a,Q2) if any commutative diagram of the form 


aN 
" X. 
B Be 2 
[a | 2 
x,—-2Z7 


can always be completed by a unique morphism y. The uniqueness of the 
factorization through the pull-back implies that up to an isomorphism in 
the category C, the object P is uniquely determined by the pair (a), a2). 


Natural transformations of functors 


Let K, L be two categories. A (covariant) functor T : K — L is a rule that 
assigns to each object A € K an object T(A) € L and to each morphism 
u € K(A, B) a morphism T(u) € L(T(A).T(B)) so that 

(a) T(14) = Iza) for each A € K, 

(b) T(uv) = T(u)T(v) whenever uv is defined. 


We list simple but important examples: 


(i) The forgetful functor U : Top — Ens. The function that assigns 
to each topological space its underlying set and to each continu- 
ous map the underlying set-theoretic map, determines a functor U 
from Top to Ens called the forgetful functor. Similarly, we have a 
forgetful functor from Ab to Ens. 

(ii) The functor F : Ens — Ab. For any set A, let F(A) be the free 
abelian group generated by A. The defining property of free abelian 
groups implies that if f : A — B is any function, then there is 
a unique homomorphism Ff : F(A) — F(B) with the property 
that (Ff)? = jf, where i: A — F(A) and j : B — F(B) are the 
inclusions. 
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(ili) The functor Syy : Top — Ens. For a fixed space J. we define 
Su: Top > Ens by 


Saxr(X) = Top(M,X), X € Top. 
and for f : A — B, Sas(f) : Top(AZ, A) — Top(AS. B) is given by 
[Sa (f)(u) = fu, ue Top(A, A). 


If K* is the opposite category, a functor T : K* — L is called a con- 
travariant functor on K; it can be interpreted as a functor on K that reverses 
the direction of each morphism when sent to L. 

A functor T : K — L transfers commutative diagrams in K to commu- 
tative diagrams in L. Moreover, if u is an isomorphism in K, then T(z) is 
an isomorphism in L; the converse is not necessarily true. 

Let S,T : K — L be two functors. A natural transformation t : S — T 
of S into T is a function that assigns to each A € K a morphism t4 € 
L(S(A), 7(A)) so that for all A, B in K and u € K(A, B) the diagram 


$(A) 2+ $(B) 


t4 t¥ 
T(A) —™, T(B) 


is commutative. We denote by Nat(S,T) the set of all natural transforma- 
tions of S into T. The natural transformation t : S — T is called a natural 
equivalence if each t4 is an isomorphism in L. 

We can form a category of functors from K to L, denoted by L¥, whose 
objects are functors and whose morphisms are natural transformations t : 
S — T. Two functors S, T in this category are isomorphic if there are 
natural transformations t: S — T and s:T — S such that st = lg and 
ts = lr. It is easily seen that S and T are isomorphic if and only if there 
is a natural transformation t : S — T such that t4 : $(A) — T(A) is an 
isomorphism in L for each A in K. 


EXAMPLE. Any directed set D may be regarded as a category whose objects 
are the elements a, {,... of D, the morphisms from a to f are given by 
D(a, B) = {(G,a)} ifa X< B, and D(a, 8) = 9 otherwise, and the composition 
of morphisms is defined by (7, 2)(G, a) = (7, a) whenever a < 6 x. With 
this terminology, a direct system of abelian groups over D may be interpreted 
as a functor T : D — Ab, and a morphism of two direct systems T, S of 
abelian groups as a natural transformation T — S of functors. 
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set, 593 
direct limit, 402 
limit group, 614 
product, 609, 600, 609, 612 
system, 402, 614 
Dirichlet problem, 181 


disconnected between A and B, 319 


disconnection, 360 

discrete Banach theorem. 19 

discrete topology, 590 

distal family, 172 

distance, 594 

divisible family, 457 

Dold theorem, 333 

domain invariance, see invariance 
of domain 

dominating space, 468 

Dowker theorem, 287 

drop, 29 

dual class, 175 
of set-valued map, 37, 598 
space, 604 


Dugundji comparison principle, 391 


extension theorem, 163, 194 
Dugundji-Fan theorem, 244 
dynamic programming, 22 


Eberlein theorem, 604, 605 

E*-cohomology. 560 

Et-compact field, 560 
homotopy, 560 


F~-cempactly homotopic fields. 560 
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edge, SG number, 229. 418, 421 
Eells Fournier theorem, 490 eventually compact map, 427 
Et -finite field, 562 exactness axiom, 10, 492, 495 
E+ -finitely homotopic fields. 563 exact sequence, 601, 609, 613 
eigenvalue, 22-1 excision, 21% 
eigenvector, 322 axiom, 270, 308, 463 
Eilenberg Montgomery excisive family, 456 
coincidence theorem, 548 pair, 384 
theorem, 541. 543 existence axiom, 270. 308, 361 
Ekeland theorem, 30 expanding map, 18, 32 
elementary KKM-principle, 66, 1 set-valued map, 32 
relation, 507 exponent of characteristic value, 606 
elliptic coniplex, 581 extendable map, 7, 92 
embedding, 591 extension object. 529 
end of triad, 498 of map, 589 
endomorphism, 581 of orientation, 514 
enlarged sequence, 500 extensor space, 185, 303 
epic, 601, 609 extreme point, 603 
epiniorphism, 601. 609 
€-approximation, 309 face, 86. 373 
£-chainable space, 19 factorization, 6 
£-coincidence point. 537 Fan Browder theorem, 143 
€-displacement, 102 Fan coincidence theorem, 143 
€-fixed point, 119 family, 177 
€-map. 102, 129, 546 intersection theorem, 150 
in the narrow sense, 129 map. 142 
=-net, 595 matching theorem, 177 
€-normal map, 556 minimax inequality, 145 
(€: r)-isolating nbd, 272 theoreni, 146 
system, 273 Fan Iokhvidov theorem, 189 
equiconnected space, 302 F.C. Liu minimax inequality, 145 
equiconnecting data, 282 F-concave family, 12 
equicontinuous family, 44, 173 f-equivalent fixed points, 487 
sequence, 185 F-family, 177 
subset. 607 F. Hahn theorem, 173 
equivalent metrics, 594 .F*-homotopy. 488 
norins, 55 ¥-invariant set, 172 
objects, 370, 617 fiber, 37. 586, 598 
equivariant degree, 573 product, 534 
map, 553 space, 586 
ES(compact)-map, 186 fibration, 296 
essential component, 329 field associated with map, 11 
field, 103, 128, 358 finite-codimensional cohomology, 491, 505 
fixed point, 329 finite covering, 593 
fixed point class, 488, 577 intersection property, 39, 593 
map, 5, 121 type pair, 406 
space, 296 type vector space, 418 
Euclidean nbd, 363 finite-dimensional map, 112 
neighborhood retract, 301 set-valued map, 166 


Euler characteristic, 232, 405 finitely closed set, 39 
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five-lemma (5-lemma), 610 
fixed point, 1 
fixed point 
class, 487, 577 
for family, 44, 171 
for semiflow, 234, 457 
free homotopy. 120 
index, 305, 308, 317 
of set-valued map, 37, 598 
property, 108 
space, 2, 102, 108 
flat, 600 
F-map, 142 
F"-map, 142 
#*-map, 488 
forced oscillation, 580 
forgetful functor, 403, 618 
fraction, 533 
Fredholm alternative, 130, 135 
index, 605 
map, 367, 605 
free abelian group, 610. 611 
group functor, 403 
presentation, 611 
F. Riesz theorem, 606 
Frum-Ketkov and Nussbaum theorem, 100 
full subcategory, 493 
functor-chain, 403 
fundamental theorem of algebra, 243 


Gale—Debreu theorem, generalized, 180 
game theory, 192 
general homotopy invariance, 363 
homotopy invariance theorem, 318 
generalized degree, 527 
homotopy invariance theorem, 351 
image, 438 
kernel, 327 
Lefschetz number, 418, 421, 537 
limit, 47, 50 
generated by metric, topology, 594 
generic map, 252, 552 
genus, 247, 248 
geometric KKM-principle, 40, 48 
KKM-theory, 48 
G-hereditary property, 484 
G-invariant set, 44 
graded abelian group, 612 
cohomology group, 613 
homology group, 613 
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singular homology group, 374 
graph of set-valued map. 37, 598 
Grassmannian. 558 
group of bounding n-cycles. 376 

of coefficients, 386, 410. 528 

of n-boundaries, 206 

of n-cycles, 206, 375 

of n-dimensional chains, 205 

of singular n-boundaries, 373 

of singular n-cycles, 373 


Haar measure, 50 
Hahn-Banach principle. 602 

theorem, 73, 84. 602 
Hamiltonian map, 579 
Hammerstein operator. 114 
Hanner—Dugundji domination theorem, 301 
Hanner theorem, 286. 484 
Hardy-Littlewood-Pélya theorem. 49 
Hartman Stampacchia theorem, 49. 67, 7S 
Hartman theorem. 80 
Hausdorff metric, 28 

space, 591 

theorem, 595 
h-category, 492 
h-dominated set, 360 
hemicontinuous map, 67, 78 
h-equivalent objects, 492 

sets, 360 
Hessian, 460 
h-function, 406 
h-functor, 492 
Hibert cube, 4, 7. 109 

space, 606 
Himmelberg theorem, 190 
h-invertible morphism, 492 
Hdlder continuous function, 607 

norm, 345 

space, 345, 607 
homeomorphic spaces, 591 
homeomorphism, 591 
homological degree, 400 
homologically trivial map, 421 
homologous chains, 219 

cycles, 206, 373 
homology class, 206. 37 

functor, 613 

group, 206, 215, 376, 403. 613 

of finite type. 565 

-epience of pair. 216, 376 
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homology sequence of triple, 217, 377 
theory, 386 
homomorphism, 609, 612 
homotopically nontrivial map, 299 
homotopic fields, 128 
in «/(U), maps, 552 
in F4/(U), maps, 553 
in. § 6.0/(U), maps, 556 
maps, 92, 367 
homotopy. 5, 92 


axiom, 270, 308, 335, 358, 361, £10, 463, 


491, 495, 521 

class, 92 

equivalent objects, 192 
equivalent pairs, 387 
extension lemma, 554 


extension property for compact maps. 
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in h-category, 192 

invariance, 405 

invariant functor, 492 

invertible morphism, 492 

in VMO, 583 
Hopf Hurewicz map, 528 
Hopf index theorem, 458 

theorem, 241 
Hopf-Lefschetz theorem, 35 
Hopf -Rothe theorem, 358 
h-subcategory, 492 
Hurewicz- Dugundji-Dowker theorem, 412 
hyperbolic isomorphism, 22 


identification, 293 
nrap, 293 
topology, 292 
identity map. 589 
IF-system, 22 
image of homomorphism, 609 
of map, 589 
of operator, 600 
of set-valued map, 37, 598 
generalized, 438 
implicit function theorem, 13, 79 
inclusion, 589 
indecomposable clement, 391 
index for Rs-maps of conpact ANRs, 550 
for Z-acyclic maps of ENRs, 550 
of critical point, 460 
of fixed poimt class, 577 
of Fredholm map, 367 
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pair, 575 
induced homomorphism, 209, 372, 504, 545 
inductive topology, 592 
inessential field, 128, 358, 522 
fixed point class, 577 
map, 5, 103, 121 
infinite polyhedron, 475 
(x — n)-cohomology system, 509, 515 
injective map, 589 
inner product, 606 
integrably bounded function, 183 
interior, 590 
intersection of set-valued maps, 598 
intersection property, 65. 78 
theorem, 132, 176 
invariance of dimension, 99, 275 
of domain, 11, 82, 135, 140, 275, 547 
of domain, generalized, 360 
invariant direction, 125, 322 
mean, 47, 50 
measure, 48 
set, 426 
subspace, 160 
subspace problem, 193 
inverse acyclic map, 531 
function theorem, 59 
limit group, 615 
of morphism, 370, 617 
of set-valued map, 37, 598 
system of groups, 615 
involution, 553 
inward directed vector, 460 
in the sense of Fan, map, 170 
map, 149 
isometric embedding, 594 
spaces, 594 
isometry, 594 
isomorphic groups, 609 
isomorphism, 601, 609 
in category, 370, 617 
isotoue map, 25 
iterate, 10 
iterated function system, 22 


J-deformation, 407 
Jiang subgroup, 577 
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Kakutani field, 366 
map, 166, 195 
theorem, 45, 49, 174 
kernel, 600, 609 
generalized, 327 
KKM-map, 37, 96 
Klee theorem, 63 
K-map, 166 
Knaster Kuratowski-Mazurkiewicz 
map, 37 
theorem, 98, 101 
Knaster-Tarski theorem, 25, 35 
Kneser conjecture, 192 
Kneser-Fan theorem, 47 
Krasnosel'skit-Rabinowitz theorem, 344 
Krasnosel'skii theorem, 273, 325, 330 
Krein-Krasnosel'skii-Milman theorem, 153 
Krein-Milman theorem, 172, 603 
Krein-—Rutman theorem, 190 
Krein-Smulian theorem, 604 
Kronecker characteristic, 357 
Kryloff- Bogoliouboff theorem, 50 
k-set contraction, 336 
Kinneth formula, 397 
Kuratowski Dugundji theorem, 436 
Kuratowski lemma, 483 
measure of noncompactness. 133, 335 
theorem, 283, 597 
Kuratowski--Mazurkiewicz separation theo- 
rem, 319 
Kuratowski -Steinhaus theorem, 152 
Kuratowski—Zorn lemma, 590 


A-slice, 351 
Laplace operator, 115 
Lax -Milgram--Vishik theorem, 66 
Lebesgue lemma, 90 
number, 90 
theorem, 90 
Lefschetz formula, 460 
fraction, 537 
map, 421, 484, 542, 549 
number, 227, 531, 542, 548, 549 
number, generalized, 418, 421, 537 
pair, 486 
power series, 435 
space. 422, 474 
theorem, 573 
zeta function, 440 
Lefschetz—Hopf fixed point index, #7» 
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fixed point theorein, 228 
theorem, 243, 245 
left adjoint functor, 402 
homotopy inverse. 360 
inverse, 610. 617 
translate, 48 
left-amenable group. 1X 
left-invariant mean, 48 
length of manifold, 5244 
Leray Alexandroff invariance theorem, 513 
Leray composition theorem, 271 
endomorphism, 418 
functor, 4:38 
theorem, generalized, 360 
trace, 416 
Leray Schauder alternative, 4, 124, 54 
category, 491 
continuation principle, 320 
degree, 349. 366 
fixed point index, 311 
formula, 328 
index, 355, 356 
principle, 6, 123. 135, 300 
principle, generalized, 189, 292 
space, 299 
theorem, 348 
L-essentia] map. 136 
L-homotopic maps, 136 
lifting, 581 
limit, generalized, 47, 50 
linear functional, 600 
operator, 600 
span, 600 
subspace, 599 
topological space, 601 
variety. 600 
linearly independent vectors, 600 
line segment, 599 
Lipschitz constant, 9 
Lipschitzian map. 9, 108 
local bifurcation theorem, 3-10 
index, 253, 270, 326, 163 
locally compact map, 427 
compact space, 593 
convex space. 1-41. 602 
equiconnected space, 302 
finite polyhedron, 475 
Lomonosov theorem. 160 
lower bound, 25 
-cmicontinuous function. 27, 591 
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lower semicontinuous set-valued inap, 599 

L?-Carathéodory function, 115, 183 
solution, 183, 184 

Lusternik Schnirelmann- Borsuk theorem, 
91, 93 

Lusternik Schnirelmann category, 105, 524 


map, 1 
of triads, 495 
Marcinkiewicz Sobolev space, 585 
Markoff Kakutani theorem, 43. 49, 84 
matching property, 104 
maximal eleinent, 589 
monotone set-valued operator, 68, 79, 
Rd 
Mayer Vietoris cohomology sequence, 196 
homomorphism, 408, 496, 561 
theorein, 389 
Mazur- Orlicz theorem, 49, 72, 84 
Mazur~Schauder theorem, 78 
Mazur-Smulian theorem, 605 
Mazur theorem, 174, 603 
mean, 47, 583 
value theorem, 604 
mesh, 101, 198 
metric, 594 
interval, 33 
space, 594 
metrically convex space, 33 
metrizable space, 594 
Michael theorem, 484, 599 
minimal closed #-invariant subset, 172 
minimax inequalities, 144 
minimizer, 30 
minimizing sequence, 30 
Minkowski functional, 602 
Minty Browder theorem, 67 
Miranda theorem, 79, 100 
Misiurewicz-Przytycki theorem, 490 
mod 2 cuplength, 580 
mod 2 degree, 368 
model object, 379 
mod p theorem, 231, 460 
moments problem, 73, 84 
monic homomorphism, 609 
operator. 601 
monomorphism, 601, 609 
monotone map, 61, 66, 75, 78. 82 
set-valued operator, 68, 79 
morphism, 370, 616 
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Morse equality, 461 

function, 460 

functional, 574 

index, 574 

incqualities, 407 

polynomial, 460 
m-spccial ANR, 297 
multiplicativity, 308, 364 
multiplicity of fixed point, 441 
n-acyclic functor-chain, 404 


Nadler theorem, 28 
Nash equilibrium, 150 
equilibrium theorem, 151, 191 
theorem, generalized, 178 
natural chain map, 379 
equivalence, 371, 619 
transformation, 371, 619 
nbd, 591 
NB-map, 567 
n-boundary, 612 
n-chain, 612 
n-cycle, 215, 612 
n-diinensional vector space. 600 
negative simplex, 88 
negligible set, 62 
neighborhood, 591 
extensor space, 303, 465, 471, 483 
finite covering, 595 
nerve, 204, 221, 479 
NES(compact)-map, 486 
NES(compact metric)-map, 465 
NES(compact metric) space, 540 
net, 593 
neutral simplex, 88 
Nielsen number, 488, 577 
Niemytzki operator, 114 
Nikodym theorem, 75 
nilpotent endomorphism, 414 
n-locally connected space, 301, 436 
noncontracting family, 172 
nondegenerate critical point, 460 
nonexpansive map, 9, 51, 75 
nonlinear alternative, 4, 14, 34, 54, 74, 123, 
133, 135, 138, 169, 177 
alternative for coincidences, 136 
Poisson equation, 345 
nontrivial solution, 339 
subspace, 160 
“eer, G02 
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normal extension, 443 
fixed point, 442 
homotopy, 556 
map, 556 
simplex, 443 
space, 591 
structure, 77 


normalization axiom, 247, 270, 308, 357. 


361, 521 
normed linear space, 602 
n-simplex, 214 
n-skeleton, 475 
nullhomotopic map, 92 
numerical-valued index, 247 
Nussbaum theorem, 325 
(n, €)-spanning set, 490 


object, 370, 616 
odd map, 136, 268, 352 
open covering, 593 
embedding, 591 
half-space, 170 
map, 591 
set, 590 
simplex, 86 
opposite category, 370, 616 
orbit, 10, 22, 44, 426 
order, 345 
ordered simplex, 205 
ordinary cohomology theory, 410 
homology theory, 386, 387 
level, 407 
orientable c-structure, 368 
orientation of Banach manifold, 368 
of normed linear space, 507 
oriented degree, 368 
simplex, 205 
Orlicz-Sobolev space, 585 
orthogonal set, 606 
orthonormal set, 606 
outward directed vector, 460 
in the sense of Fan, map, 170 
map, 149 


pair, 4, 120 

of polyhedra, 250 
Palais-Smale condition. 574 
paracompact space, 595 
parallelogram law, 606 


partially extendable map, 18-4 
ordered set. 589 
partial order, 589 
partition of unity. 597 
Peano theorem. 155 
period, 229 
periodicity index. 432 
periodic point, 229 
problem, 181 184 
transformation, 152 
Perron-Frobenius theorem, 193 
perturbed Galerkin equation, 158 
Galerkin method. 158 
@-map, 176 
Phragmén Brouwer theorem, 530 
PL-generic map, 252 
Poincaré-Birkhoff theorem, 578 
Poincaré-Brouwer theorem, 238 
Poincaré Hopf theorem, 402 
Poincaré polynomial, 406 
point-compact set-valued map, 598 
polyhedral domain, 251 
polyhedron, 197, 250 
polytope, 214, 476 
positive simplex, 88 
preorder, 589 
preordered set, 589 
presentation, 379 
projection, 589 
projective topology, 592 
proper subtriad. 497 
wedge, 322 
p-saturated set, 293 
pseudo-identity map, 210 
pseudomanifold, 220 
pull-back, 534, 618 


q-critical level. 407 
q-skeleton, 250 
g-type number, 407 
quasi-bounded map, 125. 132 
quasi-component, 319 
quasi-concave function, 38 
quasi-convex function. 38 
quasi-homeomorphic spaces, 109 
quasi-linear differential equation, 347 
quasi-norm, 132 
quotient graded group. 612 
group, 609 
sp see, 293, 592, 599 
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Rabinowitz Nussbanm theorem, 342 
Rabinowitz theorem, 27-1 

radial projection, 239 

ray, 350 

Rs-map. 550 

r-domination, 280 


realization of abstract complex, 203, 477 


real vector space, 599 
reduced homology group, 388 
homology sequence, 217 
refinement, 595 
refining function, 411 
reflexive space, 605 
regular class, 175 
covering, 297 
pont, 367, 551 
space, 591 
value, 251, 363, 367, 551 
zeTo, 55-4 
regularly shrinkable set. 360 
relative bijection, 294 
dimension, 559 
homeomorphism, 408 
Lefschetz theorem, 459 


Mayer-Vietoris homomorphism, 497 


Morse index, 57-4 
relatively compact set, 593 
representation of map. 361 
representative, 614, 616 
repulsive fixed point, 453 
restriction, 589 
retract, 3, 591 
retraction. 3. 107, 591 
R-homotopy. 367 
Riesz- Schauder theorem, 606 
right. homotopy inverse, 360 

inverse. 610, 617 
R-map, 367 
rotation, 238 
Rothe map, 367 
Rouché theorem, 267, 350 
r-skeleton, 198 
Ryll-Nardzewski theorem, 196 


Sadovskii theorem, 133 

Sard theorem, 551 

scalar field, 599 
inultiplication, 599 

Schaudcer approximation theorem, 117 
domain invariance theorem. 130 
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estimates, $65 

fixed point theorem, 119 
invertibility theorem, 58 
projection, 116, 13-4, 354 

theorem, 603 

theorem. generalized, 165, 194, 291 


Schauder Tychonoff theorem, 148, 177, 195 


theoreni, generalized, 186, 475 
Schnirelimann theorem. 296 
Scliwarz genus, 248 
second dual, 604 
selecting family, 177 
selection, 599 
semiflow, 233, 457 
seminori, 602 
semiparallelogram law, 80 
separable space. 590 
separating family, 5&9 

points, 21 
sequentially compact space. 59-4 
set contraction, 133 
set-valued contractive map. 36 

involution, 545 

map, 37. 598 
shadowing property, 22 
short exact sequence, 609 
shrinkable nbd, 470 
shrinking orbit, 20 
Shub Sullivan theorem. 457 
simplex, 85, 475, 476 
simplicial approximation, 202 

complex, 197, 221 

decomposition. 197 

map, 202, 215, 476 

subdivision, 214 

vertex map, 88 
singular cohoinology group, 411 

complex, 374 

homology functor, 374 

homology group, 373, 377 

n-chain, 372 

n-chain functor, 373 

n-siimplex. 372 

point, 272, 339 

set, 339 
singularity, 103, 241 
Sinale- Sard theorem, 368 
smooth map, 551 

partition of unity, 551 
nao es space, 608 
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space, 1 

special compact field, 358 
neighborhood, 340 
pair of polyhedra, 250 
PL” map, 251 

spectrum of CW-complexes, 528 

Sperner labeling, 101 

Sperner lemma, 101, 107 

split exact sequence, 609 

Square roots in Banach algebras, 21 

S-space, 137 

stability of attractors, 22 
of open embeddings, 60 

stable attractor, 426 
cohomotopy, 528 
fixed point, 329 

Stampacchia theorem, 49, 66 

standard approximating system, 501 
Euclidean n-simplex, 372 
form of simplex, 87 
map, 205, 221, 480 
realization, 203, 477 
retraction, 3, 53 
s-simplex, 86 

star, 198, 476 

star-shaped set, 77 

start of triad, 498 

stationarily homotopic maps, 282 

Stone theorem, 595 

strictly differentiable map, 36 
monotone map, 75 
separated sets, 170 

Strict minimizer, 30 

strong deformation retract, 289 
excision, 386, 410, 492, 495 
normalization, 335, 463 
topology, 478 

strongly acyclic set-valued map, 550 
indefinite Morse functional, 574 
KKM-map, 38, 96 
Lefschetz map, 422 
monotone map, 61, 75 

structure, 391 
category, 391 

subbase, 590 

subdifferential, 36 

subdivision, 100 

subgroup, 608, 
of graded group, 612 

sublinear functional, 70, 602 


689 


subnet, 593 
subpolyhedron, 198, 475 
subpolytope, 476 
subtriad, 497 
successive approximations, 23 
successor, 614 
sufficiently many linear functionals, 42 
superreflexive space, 78 
support functional, 36 
of map, 597 
of simplicial decomposition, 197 
of singular chain, 372 
of singular simplex, 372 
point, 36 
supporting drops theorem, 29 
supremum. 25 
surjective map, 140, 589, 
set-valued map, 37, 598 
suspension, 218, 293 
sweeping, 132 
symbol of differential operator, 581 
symmetric set, 136 
triangulation, 88 


T-admissible homotopy, 553 
map, 553 
tangent vector, 36 
Tarski-Kantorovitch theorem, 26 
tensor product, 611 
T-equivariant degree, 557 
thread, 616 
Tietze Urysohn theorem, 592 
T-invariant set, 553 
(T. k)-simple covering, 554 
set, 554 
topological entropy. 490 
invariance of simplicial homology, 392 
KKM-principle, 97, 190 
space, 590 
transversality, 4, 135 
transversality for coincidences. 136 
transversality theorem, 122 
topologically complete space, 594 
topology, 221, 590 
generated by family, 592 
torsion product, 612 
totally bounded space, 595 
ordered set, 590 
trace, 223, 225 
triad 195 
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triangulated space, 214, 476 
triangulation, 87, 214, 476 
triple, 406 
trivial solution, 273, 338, 339 
t-slice, 318, 339 
tube lemma, 281 
two-point boundary value problem, 156 
Tychonoff cube, 4 

product, 592 

theorem, 147, 593, 597 
type number, 407 


unicoherent simplicial complex, 220 
uniformly convex norm, 64 
convex space, 76 
elliptic operator, 346 
union, 598 
unit n-ball, 87 
n-sphere, 87 
universal coefficients theorem, 395 
family, 402 
map, 102, 108 
transformation, 614 
upper bound, 25, 590 
demicontinuous set-valued map, 190 
semicontinuous function, 27, 591 
semicontinuous set-valued map, 166, 
542, 599 
Urysohn integral operator, 113 
lemma, 592 
theorem, 597 


value of set-valued map, 37, 598 
vanishing mean oscillation, 583 
variational inequalities, 66 
vector field, 103, 241, 246 
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space, 599 
vertex, 198 
scheme, 203, 477 
vertical boundary, 256, 318 
map, 587 
Victoris cohomology group, 412 
complex, 411 
fraction, 547 
homology, 459 
homology group, 412 
map, 534 
mapping theorem, 535 
VMO, 583 
Volterra integral equation, 55 
von Neumann-Sion minimax principle, 143 
von Neumann theorem, 40 
V-small simplex, 382 


Walras excess demand theorem, 
generalized, 179 
weaker topology, 590 
weakly almost periodic function, 196 
nilpotent endomorphism, 414 
weak-star topology. 605 
weak topology, 592, 603 
wedge. 322, 600 
Weierstrass—Stone theorem, 21 
well ordered set, 590 
well posed problem, 347 
Whitehead-Barratt lemma, 610 
Wiener map, 586 
measure, 586 
space, abstract. 586 


Zermelo theorem, 590 
zero homotopy class, 522 
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